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PREFACE. 


This book has been written as a companion volume to my 
Treatise on tbe Differential Calculus, and in its construction 
I have endeavoured to carry out tbe same general plan on 
which that book was composed. I have, accordingly, studied 
simplicity so far as was consistent with rigour of demonstra- 
tion, and have tried to make the subject as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the Student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced a number of the 
leading fundamental properties of the more important curves 
and surfaces, so far as they are connected with the Integral 
Calculus. This has led me to give many remarkable results, 
such as Steiner’s general theorems on the connexion of pedals 
and roulettes, Amsler’s Planimeter, Kempe’s theorem, 
Landen’s theorems on the rectification of the hyperbola, 
Genocchi’s theorem on the rectification of the Cartesian oval, 
and others which have not been usually included in text- 
books on the Integral Calculus. 

A Chapter has been devoted to the discussion of Integrals 
of Inertia. For the methods adopted, and a great part of the 
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Preface. 


• n • riLonW T am indebted to the kindness of Pro- 

ta laid me under very deep obligafoons by oontnbutmg a 
fLte on Mean Value and Probability. I am glad to be 
able^to lay this Chapter before the Student, as an mtroduo- 
tfon to tills branch of the subject by a Mathematician whoso 
5£Ed admirable Papers, to the ***** T~~ 
til, .868-6,, and elsewhere, have so largely eontnbnted to 
(he recent eitendon ot this important appheat.cn of flu- 

& rlht£n a short Chapter on Multiple Integration 
has been introduced, which I hope will be found a useful 
addition to the Book. 


Trinity College, 
April, 1884. 
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INTEOBAL CALCULUS. 


CHAPTER I. 

ELEMENTARY EOEMS OE INTEGRATION. 

x. integration. — The Integral Calculus is the inverse of 
the Differential. In the more simple case to which this 
treatise is principally limited, the object of the Integral 
Calculus is to find a function of a single variable when its 
differential is known. 

Let the differential be represented by F (x) dx, then the 
function whose differential is F{x)dx is called its integral, and 
is represented by the notation 

| Fix) dx. 

Thus, since in the notation of the Differential Calculus we 
have 

df{x) =fif)dx , 

the integral of f'(x) dx is denoted by /(*) ; i.e. 

J/» dx =/(*). 

Moreover, as fix) and fix) + C (where C is any arbitrary 
quantity that does not vary with x) have the same differen- . 
tial, it follows, that to find the general form of the integral of 
f'ix) dx it is necessary to add an arbitrary oonstant to f{x) ; 
henoe we obtain, as the general expression for the integral 
in question, 


fix) dx m fix ) + C. 


(i) 



2 Elementary Forms of Integration. 

„„ J^^f^sequent integrals the constant C will be omitted 

o/ae pnlhm ’ “ ■ be 
- **■ 

cc + dx ©iff Poin 1V \ e ^ unc ^°p when x is changed into 

TSemSt r. i 8 ” 8 f V°™ ° f MS»entiaUon. 

anoe with the Differentil'nlt™! - ^”? lllaKt a 'i l ' aint ‘ 
integrals of nnnv aw al , us ™ 1 ^ at once suggest the 
sSest calf ? 7 d ; lf ! erentials - We commence with the 
.tool t ’ arbitrary constant being in all cases under- 

established 6 in^hapter 6 i el I)iff U p r; r ^ orms of differentiation 
once the follow^gStegral^- ™ ^ down at 


x m dx 


m + i 


I 

[dx , 

! ~ = log 4 ). 

J sin mxdx = - 


r dx 

)x m ~ 


- i 


(m - i)x m ~ 1 ' ^ 

(b) 


cos mx 
m ’ 


I 


cos mx dx = 


sin mx 


m 


dx 

sin 2 # 


• cot x. 


(o) 

(d) 


nitz, theTymbofof integratwn^tenffw 633 ? f , illte SJ ati . 011 waa treated by Leib- 

sum, in the same way as® the symbol o/differmt^t*® 4 tl 4 let . te . r of the word 
the word difference. y difterentiation d rs the initial letter in 



Fundamental Forms . 


3 


y cv 


dx m -.X 
= sm 1 

a 
x 


dx 


I a* + x* 


= - tan“ : 


e x dx 


= 


a* da? = 


log a 


(«) 

(/) 

fo) 


These, together with two or three additional forms which 
11 be afterwards supplied, are called the fundamental* or 
nentary integrals, to which all other forms, f that admit 
integration in a finite number of terms, are ultimately ro- 
uble . . 

Many integrals are immediately reducible to one or other 
these forms : a few simple examples are given for exercise. 


Examples. 


i. 


2 . 


dx 

y 



Aus . — 

x 

» VS. 


3 * 


4. 


5. 


6 . 


*7- 


8. 


j tan#$r. 

f a;**- 1 dx 

J « + 

r #<## 

J -/ 1 

r dx 

J a + bx r 

[ s * n 0 j? 

J 00s 3 0 

j 


„ - log (cos#). 

» ^ lo s(« + Sa: ’*)- 


» --/ »-**• 



* The fundamental integrals are denoted in this chapter hy the letters a , 5 , c, 
5 * the other formulae by numerals 1, 2, 3, &c. , 

f By integrate forms are here understood those contained in the elementary 
►rtion of the Integral Calculus as involving the ordinary transcendental funo 
ms only, and excluding what are styled Elliptic and Hyper- Elliptic function!, 

[la] 
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Elementary Forms of Integration. 


cdx 


sj 

Ans . — — 
xi 

r dx 

A 

I « - 1* 

„ nx n . 

1 x n 


r dx 


J x -a 

„ log (x - a). 


3. Integral of a Sum — It follows immediately from 
j j'i 2 ’ D . . D ‘» ^at integral of the sum of any number 

of differentials is the sum of the integrals of each taken sena- 
rately. For example— * 

J (Ax m + Bx n + Car + &c.) dx=A\x m dx + B\x n dx + CJx r dx+&c. 

Ax mn Bx n+1 CaT* 1 

— 1" + + &c. (9} 

m + i n + 1 r + 1 \ 2 / 


Hence we can write down immediately the integral of anv 
function which is reducible to a finite number of terms con- 
sisting of powers of * multiplied by constant coefficients. 
Again, to find the integrals of cos 2 xdx and sin 2 *<fe; here 

I - **'] (4) 

A few examples are added for practice. 


Examples. 



(l — x 2 ) 2 dx 

X 

(x — 2 ) dx 

X\/ X 


Am. log x - x 2 -j — . 

4 

»> W x + ~ 7 =* 
v x 


3* / ta vPxdx = / (sec 2 x — 1 ) dx. 


tan x - x. 



Integration by Substitution. 


5 


4. Jcos mx coamdx. 

sin (m -f n)x ^ sin (m — n) x 
2 (m + n) 2 [m-n) 

5. J sin. mx minxdx. 

sin (m — n) x sin (m + n) x 

” 2 (m - n) 2 (m + n) 

6 . \h±f dx . 

J 'Va~% 

„ a sir 1 — a/# 2 -# 2 . 
a 

Multiply the numerator and denominator by a + x. 

7. J x \/ x + a dx. 

1 % 2 3 * 

A ns. -(* + «) - - a (x + of. 

%. f dx 

J x + a 4 - 's/ x 


Multiply the numerator and denominator by the complementary surd 


\/ x + a -\/x. 

A f a + bx 

9- | “7 — 77- dx. 

J a 1 + bx 

A bx ah’ ba\ , . . 

Ans. ^ ^ log {a* + b’x). 


Here 


a + lx _ b abf — la' 
a! + b'x b' V (a! + I'm) ’ 


4. Integration by Substitution. — The integration of 
many expressions is immediately reducible to the elementary 
forms in Art. 2, by the substitution of a new variable. 

For example, to integrate ( a + lx) n dx, we substitute s for 
a + bx ; then dz = bdx, and 


J (a + bx) n dx =| 


g"* 1 

(« + i)b 


Again, to find 


!t? d% 

(a + bx) n> 


(a + bx) nn 
(n + i)b ‘ 


we substitute z for a + bx, as before, when the integral be- 
comes 

1 f (g - aydz 

S S J g“ ’ 

1 ( 1 2 a a 3 \ 

P( (» - 3) g”- s (n - 2) s’*- 3 + (n - 1) s’ 1 " 1 ) • 


or 



6 Elementary Forms of Integration. 

On replacing % b j a + bx the required integral can bo ex- 
pressed in terms of x. 

Tbe more general integral 

x m dx 

J (« + bx) n ’ 

where m is any positive integer, by a like substitution be- 
comes 


i 


'(s - a) m dz 


Expanding by the binomial theorem and integrating each 
obT* 1, 8 ^p ara ^ e ^ re( l u ^ re d integral can be immediately 

Again, to find 


f 


dx 

as* ( a + to)** 


we substitute 2 for - + b, and it becomes 
x 


(2 - by 


Hz 


which is integrable, as before, whenever m + n is a positive 
integer greater than unity. 

Thus, for example, we have 


dx 


J x(a + bx) a log \g 4 bx 

It may be observed that all fractional expressions in whioh 
the numerator is the differential of tho denominator oan be 
immediately integrated. 

Eor we obviously have, from (J), 




(5) 



Integration of - 


rife 


a? 3 - or 

Examples. 


i.- 


sin x dx 


+ b cos x 
f ifidx 

J */ <$ - a; 8 


, log (a 4 - b cos x) 

Am, — — , 

b 


1 • i 

- BUT 1 


3- 

! ios *?- 

„ ‘(log*) 3 . 

4 . 

f dx 

J x log X 

» log (log*). 


f x 2 dx 

log ( a + bx) 

5* 

J (a + bxf 

” b* 


6. 

7- 

8 . 


r dx 

J x 2 (a + l 


X* (a + bx) 2 ' 
xdx 


ib , « + bx 

» r 3 lo s— r- 


2 i 3 (a + fo?) 2 * 
a -1- 2## 


! xc 

W+ 


I: 


(a + A®)i' 
xdx 

(a + bxf 
dx 


(fix {a, + bx)° 
z (a 4- 2 ^ (a + bx) % 

3# 2 

3 (a + 5 $)'^ 3 a(a J rbx)^ 

_ — . 




ix - a 


x\/ 2 ax — d z 

Assume zax - a 2 = s 3 , then = zdk, and tke transformed integral is 

J zdz 
d 2 + z 2 * 

. ^ dx 

5. Integration of — — 


Since 
we get 


X = (I 

$ 3 - a 2 2 a lx - a x 4 - a}* 


s 


dx 

x 2 - a 2 


i . a? - a 
— log——. 
2a 0 x + a 




This is to he regarded as another fundamental formula 
additional to those contained in Art. 2. 
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Integration of ~ 

9 a + 2 bx + ex 2 


In like manner, since 

i = i ( i i 

(x - a) (x - (3) a ~ ft \x - a x - 
r 

we have 


0 


f (* - a 


)(*-/3)"«-/3 l0g ^‘ 

Examples. 

i . x - 3 
_ log — A , 

6 d * + 3 

1 i * - 3 

I log ^n- 

Xog^±i. 

° x + 5 

i . ®- 

"7^ log 

2 V 3 * + 

dx 


■ j 


j* 

Ans. 

J tf 2 - 9’ 

1 * d# 


J (a; + a)(* - 3) 

» 

r dx 


J x* 4 -j- 20’ 


[ dx 


U 2 ~ 3 * 

>> - 


(ft. 


6. Integration of . 

<3? + 2&S 4- CO? 2 * 

This may be written in the form 

cdx 

(ox + b ) 2 + ac - b 2 ’ 

or, substituting * for ae + b , 

dz 

z 2 + ac - b 2 ' 

or negative^ ^ orm ^ or (*) ac °ording as ac - 6® is positive 
Hence, if > b 2 we have 


dx 


a 4- ibx + cx 2 


tan' 


_ x c# + i 


v^=T 2 ./Wr* 


(7) 





If ac < 6*, 

f = 1 log ^S , (8) 

J 0 + 2&a? + cx 2 2 y^b 2 - ac ° cx + b + */b 2 ~ ac 

This latter form can be also immediately obtained from (6) . 
In the particular case when ac = b 2 , the value of the inte- 
gral is 

- i 

cx + b‘ 


7. Integration of 


(p + qx) dx 
a + 2 bx + cx 2 ' 


This can at once be written in the form 

q (b + cx) dx pc - qb dx 

c a + %bx + cx 2 c a + zbx + cx 2 * 

The integral of the first term is evidently 


— log (a + 2 bx + cx 2 ), 

2C ° 

while the integral of the second is obtained by the preceding 
Article. 

For example, let it be proposed to integrate 

(x cos 6 - i)dx 
X 2 -2X cos 0 + 1 


The expression becomes in this case 

cos 0 (x - cos 6 ) dx sin 2 Odx # 

x 2 - zx cos 6 +T~ ~ (x - cos d ) 2 + sin 2 9 9 

hence 


rjscosfl-i)^ = co80 _ 2a; cos Q + l} 
J a? - 2X cos 0 + 1 2 


- sin 0 tan -1 - 


cos 0 
sin0 


( 9 ) 
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Elementary Forms of Integration. 


When the roots of a + ibx + cx 2, are real, it will be found 
simpler to integrate the expression by its decomposition intc* 
partial fractions. A general discussion of this method will 
be given in the next chapter. 


Examples. 


p dx 

J i + # + #‘ 2 * 

a. f_*_. 

J I + X - X 1 

f dx 
J X 2 -1- X — 12* 


• LW 


4* + 5 
dx 


- !rf 


5# 2 + 4# 4 * 8 
x 2 dx 


7. 


*• fi 


x 6 
x z dx 

x 8 — at - 6 * 
dx 

• 2X + 20? 2 * 


Am. -A. tair* . 

V 3 ' v 3 ' 

2X - I 5 


” v'S 


log 


V2# - i - 5 

” ? log C“Ti)- 

„ tanr 1 (a?+2). 

.. 

i* (H 5 )- 
- > ( 32 )- 

„ tan -1 ( 2 a; - 1 ). 


8. Exponential Value for sin 0 and cos 0. — By com* 
paring the fundamental formulae (/) and (A) the well-knowii 
exponential forms for sin 0 and cos 9 can be immediately 
deduced, as follows : 

Substitute z */ - 1 for x in both sides of the equation 



-log 

2 ° \I - X 


+ const; 



11 


or, by (/), tan' 1 


Exponential Forms of sin 9 and cos 9. 

i + %\/ i 


xS- 


■■ log 


- Z \/ - 


+ const. 


Now, let s = tan 9, and this becomes 

9 


i , / x + \/ ~ i tan 6\ , 

When 0 = o, this reduces to o = const 
Hence e 2 ^ 1 = CQS 0 = (cos 0 + */- i sin 0) 2 , 

cos 0 - V- x sin 0 
ePfi = cos 0 + -v/- 1 sin 
- cos 0 - v/^1 sin 0. 
dx 


or 


9. Integration oC 


a? 2 ± cr 


Assume* 
then we get 

hence 


*/x 2 ± a? = z - x, 

± a 2 = s 2 - 2 xz, 

v 7 do; & 
($5 - x)dz = zdx , or 


V. 


dil? 


a ? 2 ± a 2 


2 - a? 3 

= log z = log (x+ <\/x 2 ± d 2 ). (i) 

2 


This is to be regarded as another fundamental form. 

By aid of this and of form (e) it is evident that all ex- 
pressions of the shape 

dx 

a + 2 bx + ex 2 


* The student will better understand the propriety of this assumption after 
reading a subsequent chapter, in which a general transformation, of which the 
above is a particular case, will be given. 
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can be immediately integrated; a, b , c, being any constants, 
positive or negative. 

The preceding integration evidently depends on formula 
\V> or (e), according as the coefficient of x 2 is positive or 
negative. 

Thus, we have 


dx i / ___ \ 

./« + 2bx + ot 2 “ ^ lo 2 [ cx + 1 + + 2ix + O )> ( IO ) 


.S 


dx i 

— — : = — - Sin" 

a + zbx - cx 2 a/c 


cx ■ 


a / ac + by 


(ii) 


c being regarded as positive in both integrals. 

When the factors in the quadratic a + zbx + cx* are real, 
and given, the preceding integral can he exhibited in a 
simpler form bj the method of the two next Articles. 


io. Integration of 


dx 

*/{x - a) (x - /3) 


Assume 


x - a = s 2 , then dfe = ; 

dx 


= ; 


hence 


— a 

dx 2d% 


\/(x - a)(x - l 3) a/s 2 + a - ft 9 


dx 


y{x — a) (a? — /3) J a/ + a — (3 


= 2 log (a + a/s 2 + a - j3), by (i), 

^ 

-/(F- a) (a - 0) = 2 l0 ^ (a/* -« + -/* - /3). (is) 


or 


Exponential Forms of sin 0 and cos 0. 
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1 1 . Integration of 


dx 


•v/(a? - a) (fi - x) 
As before, assume x - a = z 2 , and we get 
dx 2dz 


*/(x-a)($-x) \/[5 - a - z* 


Hence, by ( e ), 




dx 

: 2 sin -1 /* “ a 


- 

•/ (x-a)(j3-x) 

\j3-a 

Otherwise 

, thus : 


assume 

X 

= a cos 3 O + i 3 sin 2 0 , 


then 


- x = (/3 - a) cos *0, 

x - a = (fi - a) sin"0, 

and 

dx ■■ 

= 2(0 - a) sin 0 cos 

Odd; 

hence 


dx 

-/(*-«) 0- 

— x = 2^0; 

*) 


(*3) 


-I 


dx 


V / (x- a) (13 -x) 


= 20 = 2 sin" 1 ^' 


'X - a 

j3- a 


12. Again, as in Art. 7, the expression 

(p + qx) dx 
*/a + 2bx + ex* 

can be transformed into 


q (6 + cx) dx f pc - qb dx 

" .■ i ~ "i” Tl - , 

c a/ a + zbx + cx* c */ a + zbx + cx* 

and is, accordingly, immediately integrable by aid of the 
preceding formulae. 
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Examples. 


Ans. 2 log (v/ # — <z). 


I \/ ax —x 1 
I* dx 

' \/ — X 2 — 2 


2 sin~i a/ x - i. 


4- ( *? ■ — . „ log (2^4- i +2^1 + a? I 

J V i + x + x* 

5 * | dx-\/ (x + a){x + b) + (a - b) log [\/ x + a 4- a 

Multiply the numerator and denominator hy \f & + a. 


. . . 2X+ 1 

Ans. sin 1 — . 

V 5 


' (a+ bx){af -b'x) 


— aa-> < &'(« + to) 

V \ ah' + ba* * 


8. Show, as in Art. 8, hy comparing the fundamental formula (e) ant* 


13. Integration of 


Let then 

z 


{x - p) */ a + 2 bx+ cx 2 


dx dz , 1 + pz 

and x = . 

x - p z z 


(x -p)%/ a + 2lx 4 - cx 2 J *yaz 2 + 2bz{ 1 +pz) +c(i + 


} \/ a + 2 b'z h- c'z 2 ’ 

where d = c, V = b + cp, c' = a + zbp + cp 2 . 

The integral consequently is reducible to (10), or (11)* 
cording as o' is positive or negative. 



dx 


Integration of (g + ^ 
Examples. 
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! 




x* — d l 

i dx 
x*/ a ? 2 - 


Am. - cos ” 1 (~ ) . 
a \xj 


*y $ + * 

dx 


3* f ; — ‘ 

J (i + *, 


(i + a;) *s/ 1 - 

dx 


>> lo n 7 )■ 

h -x 
” x + a?‘ 

j* ^ ^ 

^ J x\/ a + zbx + cx* V a + bx + \/ a\/ a- J r'ibx J rCX 

f dx , i . _ T / A 

r \ — . Ans. sm 1 — 1 • 

J x^/cx 2 + 2 71 " " a \xk/ ao 4- 5 2 ' 


)■ 


-~6 


! ax 
(i + x)\/i 

-* ! 


25a; — a 
dx 


+ 2a? - a; 2 


t?a? 


(i + a?) *<y i + a; - a ? 2 


siir 1 ^ 


sm’ 1 

\x\/ ao 4- 5 2 - 


ix-y 2N 


sin’ 1 

\TTi] 

1* 

(-J. 

+ 3 x ) 



(i + a?) y' 5 ' 


14. The transformation adopted in the last Article is one 
of frequent application in Integration. It is, accordingly, 
■worthy of the student’s notice that when we change x into 

i dx dz . . „ i dx <fe 

- we have — = - — ; and, in general, if at “ = -, — = - — • 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let us take the integral 

f dx 
J x{a + hx n )' 


Here, the substitution of - for x” gives 
7 % 


I 

‘ft 


dz 

az + b " 
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The value of which is obviously 

- — log (az + J), or — log ( — \ . 
na &v no 6 \a+bx n J 

Again, to integrate 

dx 

Xy/ax n + b* 

assume x n = and the transformed integral is 

2 r 

n J </ a -v bz 2 

This is found hy (e) or (i) according as b is positive or 
negative. 

dx 

15. Integration of 

(a + 

Let a? = ~ and the expression becomes 

zdz 

(az 2 + c)%' 

the integral of this is evidently 

i x 

AT’ 

a (az 2 + c)# a (a + cx 2 )% 

Hen “ j(T^5-.-^IT35l- <-«> 

1 6. To find the integral of 

dx 

(a + 2 bx+ cx 2 )** 

This can be written in the form 

c*dx 

{ac -b 2 + (cx + b) 2 }* 9 

which is reduced to the preceding on making cx + 6 = %. 



dd 


Integration of 


Hence, we get 




dx 


b + cx 


I {a + zbx + cx 2 )% (etc - b 2 ) (a + 2bx+ cx 2 ) 1 * 
Again, if we substitute ~ for x , 
xdx 
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(15) 


[a + ibx + cx 2 )% 

ctnd, accordingly, we have 
xdx 


becomes 




( az 3 + 2&s + 0 )** 


a + bx 


i (a + 2bx + cx 2 )% {etc - b 2 ){a + 2bx + oo? 3 )^ 

Combining these two results, we get 

{p + qx) dx _ bp - aq + {cp - bq) x 
{a + 2bx + ~ctff = (<w - & 2 ) {a + 260 + 0®*)*’ 


f 


(16) 


d!0 _ <70 

17. Integration of ^ and — fi 


It will be shown in a subsequent chapter that the integra- 
tion of a numerous class of expressions is reducible either to 

that of -i, or of -^- a : we accordingly propose to inves- 
sm 0 00s V 1 n X! J. i3 1 

tigate their values here. For this purpose we shall hrst find 
the integral of 


Here 


dd 

dO cos 2 0 _ d (tan 0) . 
sin 0 cos 9 ~ tan 0 tan 0 

dd 


J dO 

sin0 cos~0 = l0g (taB 0) ‘ 


(* 7 > 



to i 3 


18 


Elementary Forms of Integration. 


Next, to find the integral of 
d 9 

sin O' 


This can be written in the form 
dO 

___ 

2 sin- cos - 
2 2 

and, by the preceding, we have 


sm 


0 = log (tan 


Again, to determine the integral of 


dO 

cos 0 

d(j> 


08 ) 

we substitute 
the integral 


- $ for 0, and the expression becomes -r^ 
of this, by ( 1 8), is 

- log ^tan or log ^cot or log jcot ^ 

Accordingly, we have 

1 c4re ■ io « H S " f)! ■ io « |*“ (j + !)! ' ■ (i9 > 

This integral can also be easily obtained otherwise, as 
follows 


f d 6 

’ cos 0 d 9 f 

J cos 6 , 

cos 2 0 J 


COS 2 0 

Let sin 9 = a?, and the integral becomes 


dx 1 . 

rrp- 3 l0 * 


I + x\ I . 

—J - 1 10 « 


i + sin & 

1 - sin 0/ 


The . student will find no difficulty in identifying this 
result with that contained in (19). 



d9 

Integration of 


19 


1 8 . Integration of 


dd 


a + b cos 6' 

This can be immediately written in the form 
dO 

Q Q* 

(t a + V) cos 2 - + {a - b) sin 2 - 

sec 2 - dd 
2 


or 


a + 6 4- (a - b) tan 2 

0 


r 


on substituting z for tan - tliis becomes 

idz 


a + b + (a - ft) z* 

Consequently, by Ex. 6, Art. 2 , we get 
( 1 ) when a > 5, 


dd 


: tan' 


\ a + b cos 0 y a * _ p 
( 2 ) when a < 5, by formula (A), 


"U 


\a - 1 , 0 

; tan- 

a + 0 2 


( 20 ) 


<Z0 


; + 6 cos 0 


log <; 


[" ■+ a + \/b - aim.- | 

< — ^M 21 

</& + a- */b ~ a tan - J 


If w© assume a = J cos a, we deduce immediately from 
tbe latter integral 

f a- d 

„ cos 

r <?0 1 , J 2 

J cos a + cos 0 ~ sin a ® a + 0 
J cos — 

The integral in ( 20 ) can be transformed into 


u 


dO 


+ 5 COS 0 - b 2 

[2 a] 


COS - 


( 5 + a cos 0 ) 
(a + 6 cos 0J* 
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In a subsequent chapter a more general class of integxf^ 4 "* 
which depend on the preceding will be discussed. 5 

19. Methods of Integration.— The reduction of i 1 ** 1 * 
integration of functions to one or other of the fundament *** 
formulae is usually effected by one of the following methods :—•* 

(1) . Transformation by the introduction of a new v***" 

riable. 

(2) . Integration by parts. 

(3) . Integration by rationalization. 

(4) . Successive reduction. 

(5) . Decomposition into partial fractions. 

Two or more of these methods can often be combiner? 
with advantage. It may also be observed that these differed 
methods are not essentially distinct: thus the method 
rationalization is a case of the first method, as it is always 
effected by the substitution of a new variable. 

We proceed to illustrate these processes by a few elc*~ 
mentary examples, reserving their fuller treatment for suit** 
sequent consideration. 

20. Integration by Transformation.— Examples of 
this method have been already given in Arts. 4, 10, &c. Out** 
or two more cases are here added. 

Ex. 1. To find the integral of sin 2 # cos *xdx. 

Let sin x = y, and the transformed integral is 

\f(i -tf)ay = \yHy-\yHy=t-ylJ^_ 5 E!® 

j J J 3 5 3 5 

Ex. 2. f **L, 

J x + e 2 * 

Let e* = y, and we get 

IrT7 = tan 't= tan ' 1 (^)- 

21. Integration by Parts. — We have seen in Art. 

Diff. Calc., that a 

d (uv) = udv + vdu ; 

hence we get 

uv = J udv + J vdu 9 


f udv = uv — J vdu . 


( 22 > 


or 
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■ Consequently the integration of an expression of the form 
udv can always be made to depend on that of the expression 
vdu. r 

The advantage of this method will he best exhibited by 
applying it to a few elementary cases. 

-Ex. i. f siu^xdx = * sin -1 ® - f — . 

J J >/ 1 - ® 2 

= x sin -1 ® + </\ - a 2 . 

Ex. 2. jxlogxdx. 


Eet u = log x, v = — , and we get 




Ex. 3. 

j* e ax xdx. 

Let 

e ax 

x^u, — = v, then 
a 


\ xe ax dx~ — -[~dx~ ~ 


J a J a a 


Ex. 4. 
Let 


J e ax si 


sin mxdx. 


sm mx - u, — = v. then 
a 


i 


e ax sin mx dx « 


e ax sm mx m 


a 


m C 


e ax cos mxdx. 


Similarly, J e ax 00s mx dx « 


e ax cos mx m C 
+ — \e ax sm mx dx. 
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Substituting, and solving for J e ax sin mxdx 9 we obtain 
e ax ( a sin mx - m cos mx) 


e nx sin mxdx = • 


In like manner we get 


d 2 + m 2 


e ga? (g cos mx + m sin mo?) 
a 2 -h m 2 ' 


| cos = 

Ex. 5. | a/ a 2 + a? 2 cfe. 

Let \/a 2 + x 2 = u, then 


( 23 ) 


(24) 


x 2 dx 

x 2 dx 

y o 


j ^/a 2 + x 2 dx = x \/a 2 + x 2 - j 
also f 'v/a 2 + x 2 dx « a 2 f — ^= + f 

J J y a 2 + 1^ 2 J a/ a* + 

Henoe, by addition, and dividing by 2, 

j-v/0 2 + x 2 dx - x ~ a .^— + ~ log(# + / a 2 + a? a ). (25) 
He. 6. j* log (x + */ x 2 ± a 2 ) dx . 

Here j* l 0 g + y^ 2 ± a 2 ) dx - x log (x + y a? 2 ± a 2 ). 


xdx 


y # 2 ± a 2 

> 0 log (a? + y # 2 ± a 2 ) - y # 2 ± a 2 . 


(26) 
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Examples. 


- ] 

x n log x dx. Am. 

x « +1 /_ I \ 

»+ 1 ( n + ij * 

] 

tan r l xdx. „ 

p 

x tan’ 1 # - - log (i + x 2 )„ 

x^ 

3- 1 

xtan?xdx. „ 

x tan x + log (cos x) — — . 


’ sin -1 x dx 

'ccsin- 1 # i . .. 

- - + ~ 1°S ( r **) 

•S i - * a 2 

4 - 1 

1 (i - x'lfi’ ?? 

Let x ■ 

= sin y , and the integral "becomes 



[ ^ cwpy = \' yd ( tan 2 /) = y t an y + lo s ( cos y)* 

5* 

e x x 2 dx. ), 

e x (#2 — 2X + 2). 


22. Integration by Nationalization. — By a proper 
assumption of a new variable we can, in many cases, change 
an irrational expression into a rational one, and thus inte- 
grate it. An instance of this method has been given in 
Art. 8 . 

The simplest case is where the quantity under the radical 
sign is of the form a+bx: such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 

x n dx 
{a + bx)# 

where n is a positive integer. Suppose a + bx = z 2 , then 

* 2% dz - z 2 - a 

ax = — z — , and x = — i — : 
b b 

making these substitutions, the expression becomes 

2 (z 2 - a) n dz 
jSi * 
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Expanding by the Binomial Theorem and integrating th 
terms separately, the required integral can be immediate! jy' 

found. It is also evident that the expression c a** 

{a + bx)q 

be integrated by a similar substitution. 

x 2mi dx 

23. Integration of ^ 

where m is a positive integer. 

Let a + cx 2 = z 2 ; then xdx = — , x 2 = ; and tl*#* 

0 c 

transformed expression is 

(z 2 - a) m dz 
c m+ 1 


This can be integrated as before. It can be easily sew# 

Q&Wb 1 

that the expression ; is immediately integrable hy 

(a + cx 2 Y 

the same substitution. 

A considerable number of integrals will be found to It#* 
reducible to this form : a few examples are given for iUusfcm** 
tion. 


*» r. 


2. 


-3- 


1 

j 

1 


sfidx 

V 1 - a 2 

x 5 dx 

i+x 1 

a?dx 

[a -f- cx 2 )* 


Examples. 


Am. 


(1 - 
3 


- (1 - x*)k 


2 z 3 


+ z ; where z = ^ 1 + 


- {la + 3 cx 2 ) 
3 c 2 (a + cx 2 ^ 


24. It is easily seen that the more general expression 


f(x 2 ) xdx 
a 2 + cx 2 ’ 


where f[x 2 ) is a rational algebraic function, can be ration** 
alized by the same transformation. 
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(HtC 

***** ‘f (T h- ft.) (a + «-)T 

-Again, if we make x = i the expression 

dx 

x n {a + ar 2 )£ 

ixsforms into 

z n ^dz m 
{az 2 + eft 9 

1 is reducible to the preceding form when n is an evenposi- 
' integer. 

Hence, in this case, the expression can be easily integrated 
the substitution ( a + cx 2 ft = xy. 

It will be subsequently seen that the integrals disoussed 
this and the preceding Articles are cases of a more general 
xrt, which is integrable by a similar transformation. 


Examples. 


X. 


a. 


! 

! 


dx 

dx 

x* (i 





(2# 2 + i). 


»> 


+ l)» 
15a 


.1 + 1 
a ; 2 a ; 4 


)• 


dx 

25. Integration of r-r 77-777 5*7. 

u (A + te 2 ) (a + c# 2 )® 

As in the preceding Article, let (< % + *cx 2 ft = xz, or 
h c# 2 -x 2 z 2 : then, if we differentiate and divide by 2 x, we 
all have 

7 „ 7 7 dx dz 

cdx = s 2 ## + as, or — 

XZ C - ST 


dx __ dz 
[a + <?# 2 )& c - s 2 ’ 

dL the transformed expression evidently is 

dz 

(Ac - (7#) - As 2 * 


(27) 
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This is reducible to the fundamental formula (A), or (/% 
Ac-Ca . ... 

according as ^ — is positive or negative. 


A 

Hence, (i) if 


o, the integral is easily seen to b^ 


log 


y/ A (a + ex 2 ) + x\/ Ac - Ca \ ( 2 gy 


2y/ A (Ac - Ca) \*/ A{a + ex*) - x y/ Ac - Ca, 

A p — Ay 

( 2 ). If - — - < o, the value of the integral is 

-O. 

i . , x *y Ga - Ac 

. — - — - tan ” 1 » - - ; . 

y /A(Ca-Ac) y/. A(a + cx 2 ) 


(29) 


Examples. 


I. 

f dx 

Am 1 tan-’ f \ 

J (1 +a 2 )(i - a 2 )*’ 

y/ 2 \y/ 1 — x 2, J 

• 2 . 

r dx 

1 ton-’ (- - S * - 

J (3 + 4*3) (4 - 3*3)1' 

” S-/3 V»-V 

- 3- 

(* dx 

r 2y/ 3 + 4 X* + $x 

J (4 - 3^) (3 + 4» 2 ) i- 

20 2 y/ 3 4- 4® 2 - S x 


26. Rationalization by Trigonometrical Trans* 
formation. — It can b e easily seen, a s in Art. 6, that tlxet 
irrational expression y /a + zlx + ex* can be always trans- 
formed into one or other of the following shapes: 

(l) (a 2 — z 2 )\ (2) (a 2 + s 2 )*, (3) (s 2 - a 2 )* ; 

neglecting a constant multiplier in each case. 

^ Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable! 
of being rationalized by a trigonometrical transformation x 
the first of the forms, by making % = a sin 0 ; the second, bjr 
s * a tan 0 ; and the third, by s = a sec 0. 
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For, (x) when 2 = a sin 9, we have (a 2 - s 2 )^ = a cos 6, and 
dz= a 00s Odd. 

(2) . When s = a tan 9, . . . . («r + s 2 )& = a sec 9, and 

, adO 
as = — 73. 
cos 4 (7 

(3) . when z = a sec0, . . . . (s 2 - a*)i = a tan 9, and 
dz - a tan 9 see OdQ. 

A number of integrations can he performed by aid of one 
or other of these transformations. In a subsequent place this 
class of transformations will he again considered. For the 
present we shall merely illustrate the method hy a few ex- 
amples. 

Examples. 

dx 


\ i 




(I + X 2 )*' 

Let x = tan 0, and the integral becomes 


r cos 0 dd _ f <#(sin 0) _ _ i vJJjt. 

sm s fl 


■ 


sin 2 0 sin0 
dx 


i 


(a 2 - x 2 )® 


Let x = a sin 0, and we get 


x 


dd tan 9 

cos 2 9 a 2 a 2 \/ d l - x 2 


TMs has been integrated by another transformation in Art. 15. 

I dx 
x 2 (x 2 - l) i# 

Let x = sec 0, and the integral becomes 

| cos 2 9 d 9 ; or, by (3) Art. 3, 


sin 9 cos 6 0 ^ 

2 2 ’ 


accordingly, the value of the integral in question is 

k / x 2 - 1 1 . 

— u - sec -1 2: 
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✓ 4- 


e a tan” * dx 
(r + # 2 )^ 

Let x — tan 6, and we get 

J cos 9 e a $ dd ; or by (23), ~ 


9 (a cos 9 4 sin 9) 
I +« 2 ’ 


Hence 


f dx 


J ^ 


+ 


*2\*1 


(« -f- x) e a tan” 1 a; 
(l+ » 2 ) (I + # 2 )i 


<- 5- f <fcesin _1 (— — V. 

J \a±xj 

a~+x ~ S * n2 d ’ or x ~ a tan2 e > an & integral becomes 

a S 0 d(tfrn? 6 ), or a f0^(sec 2 0) : (since sec 2 0 = 1 + tan 2 0). 

Integrating by parts, we liavo 

l9d (sec 2 6) = 9 sec 2 0-J sec 2 Ode = 9 sec 2 9 - tan 9 * 
hence the value of the proposed integral is 

(<* + *) tan -1 (~) * — 

It may Tie observed that the fundamental formulae (e) and (/) can he at once 
obtained by aid of the transformations of this Article. W 7 1 at once 

27. Remarks on Integration— The student must 
not, however, take for granted that whenever one or other of 
the preceding transformations is applicable, it furnishes the 
simplest method of integration. We have, in Arts. 9 and 1 3, 
already met with integrals of the class here discussed, and 
have treated them by other substitutions: all that can be 
stated is, that the method given in the preceding Article will 
often be found the most simple and useful. The most suit- 
able transformation m each case can only be arrived at after 
considerable practice and familiarity with the results intro- 
duced by such transformations. 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
f&TfU ° n ^mmafaon, however, it will always be found 
that they only differ by some constant; otherwise, they could 
not have the same differential. y 



Observations on Fundamental Forms . 


29 


28. Sfffglter Transcendental Functions. — Whenever 
the expression nnder the radical sign contains powers of # 
beyond the second, the integral cannot, unless in exceptional 
cases, be reduced to any of the fundamental formulae ; and 
consequently cannot be represented in finite terms of #, or of 
the ordinary transcendental functions : i. e. logarithmic, ex- 
ponential, trigonometrical, or circular functions. Accord- 
ingly, the investigation of such integrals necessitates the 
introduction of higher classes of transcendental functions. 

Thus the integration of irrational functions of #, in which 
the expression under the square root is of the third or fourth 
degree in x , depends on a higher class of transcendentals 
called Elliptic Functions. 

29. The method of integration' by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next chapter. 

30. ©tjservatioiis ©n Fundamental Furnas. — From 
what has been already stated, the sign of integration (J) may 
be regarded in the light of a question : i. e. the meaning of 
the expression J Fix) dx is the same as asking what function 
of x has F(x) for its first derived. The answer to this ques- 
tion can only be derived from our previous knowledge of the 
differential coefficients of the different classes of functions, as 
obtained by the aid of the Differential Calculus . The number 
of fundamental formulae of integration must therefore, ulti- 
mately, be the same as the number of independent kinds of 
functions in Algebra and Trigonometry. These may be 
briefly classed as follows : — 

( 1) . Ordinary powers and roots, such as x m , x q , &c. 

(2) . Exponentials, a x , &e., and their inverse functions; 

viz., Logarithms. 

(3) . Trigonometric functions, sin#, tan#, &c., and their 

inverse functions ; sin" 1 #, tan" 1 #, &c. 

This classification may assist the student towards under- 
standing why an expression, in order to be capable of inte- 
gration in a finite form, in terms of # and the ordinary 
transcendental functions, must be reducible by transforma- 
tion to one or other of the fundamental formulae given in 
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this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only he integrated by the 
aid of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads ; and that the proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be found an instructive exercise for the beginner. 

31 . Definite Integrals. — We now proceed to a brief 
consideration of process of integration regarded as a sum- 
mation, reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, u, to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value /3, its total increment is obviously repre- 
sented by fi - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we 
consider each increment to be. 

This result is denoted in the case of finite increments by 
the equation 

S (Au) = /3 - a; 

a 

and in the case of infinitely small increments, by 
P 5 

du = (3 - a ; 


( 30 ) 
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in which (3 and a are called the limits of integration : the 
former being the superior and the latter the inferior limit. 

Now, suppose u to be a function of another variable, x y 
represented by the equation 

u =f(x) : 

then, if when x = a, u becomes a, and when x = b, u becomes 
}3, we have 

=/ 0 ), 0 =/(&). 

Moreover, in the limit, we have 

du = fix) dx y 

neglecting* infinitely small quantities of the second order 
(See Diff. Calc., Art. 7). * 

Hence, formula (30) becomes 

JV(®) *=/(&) -/(«); (31) 

in which b and a are styled the superior and the inferior limits 
of x , respectively. 

rb 

It should be observed that the expression f{x)dx y re- 

Jo; 

b 

presents here the limit of the sum denoted by S (f(x) Ax ), 

a 

when Ax is regarded as evanescent. 

In the preceding we assume that each element f{x) dx is 
infinitely small for all values of x between the lim its of inte- 
gration a and b ; and also that the limits, a and b , are both 
finite. 

A general investigation of these exceptional eases will be 
f ound in a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever f(x ), i.e. the integral 
of f'{x)dx , can be found, the value of the definite integral 

Ca 

\f{ x ) dx ia obtained by substituting each limit separately 

* In a subsequent chapter on Definite Integrals a rigorous demonstration 
will be found of the property here assumed, namely that the sum of these 
quantities of the second order becomes evanescent in the limit, and consequently 
may be neglected. Compare also Art. 39, Diff. Calc, 
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instead of x in f(x), and subtracting the value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 


Examples. 


» I. 

f x n dx. 

Am. 

I 


Jo 


n-h 1 * 


7T 



“ 2. 

1 2 sin 6 d$. 

» 

1 . 


Jo 


.3* 

r a dx 


7 r 

J 0 a z -f a 2 ’ 

it 

40 * 


7 r 



4- 

(%in. 2 # dx . 

it 

7 r 


J 0 

4* 


7T 



5- 

f 4 sin 2 xdx, 

Jo 

it 

7T I 

8 ~4 

*6. 

1 - sin. 2 # dir. 


7 T 


J 0 

2 * 


f 4 dx 



7- 

JiJ 

9> 

I. 

* 8 . 

f 1 dx 


7 T 

J 0 1 + X + X 2 ' 

>> 

3^3 


7T 



9- 

I 2 cos 5 x dx* 

>> 

L-_f 


Jo 

3-5* 


f 3 xdx 


1 

IO. 

J 2 1 + x 2 ‘ 


- log 2. 


rP dx 



ii. 

J a \/ X- a) (l 3 - x) 

ft 

7 r. 

See Art. ri. 




7 r 



* 12. 

\ xBhx xdx. 

97 

I. 


J 0 



1 *3- 

Cir d>X 


7T 

Jo a + ficose' * >0m 

99 

\A 2 ~ $ 2 

- 14. 

dx 


7 T 

Jo 1-2 a cos# 4 a 2 ‘ 

99 

I -« 2 * 
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32. Change of Xiimits. — It should be observed that it 
is not necessary that the increment dx should he regarded as 
positive, for we may regard x as decreasing by successive 
stages, as well as increasing. 

Accordingly we have 


[>(«)*-/(«)-/(»)“ 
J & 




f(x) dx. 


(32) 


That is, the interchange of the limits is equivalent to u change 
of sign of the definite integral. 

Also, it is obvious that 


* O cc 

<j>(x)dx = <p(x)dx + 
J a J 6 


rb 


<j>(x)dx ; 


and so on. 

Again, if we assume x to be any function of a new variable 
z y so that <f>(x)dx becomes \jj(z)dz, we obviously have 


cZ 

<j> (x) dx = \p(z)dz 
JSo 


(33) 


where Z and z 0 are the values which z assumes when X and 
x 0 are substituted for x, respectively. 

dx 

For example, if x = a tan z 9 the expression — ^ be- 

■ ; and if the limits of x be o and a , those of 


comes 


COS Z I 


a* 


z are o and -. Consequently 


7 T 

C a dx 1 fT 7 


'£“/ 2 


Also, if we substitute a - z for x, we have 

ra ro ra 

<j>(x)dx = - (/>{a - z)dz = I <j>(a - z)d%. 

[3] 
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Since neither x nor z occurs in the result this eonatirm 
may evidently he written in the form ’ q * 


ra 

! <p{%)dx 

s 0 


<t>{a - x)dx. 


(34) 


f" example, let *(,) , tt en t (? -«), 
w 0 have \ 2 J 


3 m n xdx = j 2 Qos n xdx. 
And, in general, for any function, 

f? / 

/(sin x) dx = /‘(cos #1 &?. 
“ 0 Jo y 


(35) 


fir 

33- Values of sinmxsinnxdx, 
Since 


and 


cosmxcosnxdx. 


and 


we have 


2 sin mx sin *« = cos (*»-»)*_ cos (« + ») 

2 cos mx cos nx = cos (m - n) x + cos (m + ») *, 

sin jw® sin nxdx = ~ n ) f _ sin (m + ?;) # 

2(m — n) 2 (m + n) ’ 

and ( cos mx cos nxdx = — C w - w) ® + sin (m + w) ® 


2 - ») 2 (m + n) 


~ T" 

ence, when m and « are unequal integers, we have 
| # amme8m«*&-o, and j/os m® cos «d® = 0 . ( 36 ) 
When m = w, we have 
j" sin 2 ?«®(fe : 


_i - cos 2jnx ^ ^ x sin 2 nx 
2 2 


n ie 

. ^ wo? nxdx = -, when » is an integer. 
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In like manner, with the same condition, we have 

* 7T 

cos 2 nccdcc = (37) 

Jo 2 

Again, to find the value of 



*/ (a -a) (/3 - a?) (to. 

Assume, as in Art. 1 1, a? = a cos 2 0 + /3 sin 2 0 ; then, when 
0 o, we have a; = a ; and when 0 = $ = £}. 

Hence, as in the article referred to, we have 

tr 

j a 0 -#)<to = 2 (j3 - a) 2 | Q sin 2 0 ooa 2 9d9. 


ir 

Also 2 J\m 2 0cos 2 0d0 


sin 2 2 OdO 


= i| *sii 

f 7T ^ 

= £ I sin^cty = -; 
00 -«) dx=^($- a)\ 


( 38 ) 
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Examples. 


Examples. 


f ( r + cos x) dx 
J (x + sm #) 3 

* a * ^xamxdx. 

r i - x 

- 3- — - dx. 

J I + x 

4- | (a + lap)m%n-i dx. 

_ f aPdx 

" J (« a + *»)*• 

'6. f - ** 

J (i -fa: 2 ) tan" 1 #’ 

1 7. f — £. 

V S + 4®-a^l 
_ e f aftfe 

J ri' + aS-a' 

1 9- f — Ax 

J ^ 2 cos 2 jB + ^sia 2 a?* 

f tana; dip 
) a b tan 2 #* 
tm0ll f cos (log x) dx 


Ans. — - 

2 (x + sin a?) 2 ’ 


»> sin# - #cos#. 

99 2 log (i -f x) - a?. 

(a + bx n ) m+1 

M i&rrijr- 

2 r 

” 3 (« 3 + * 3 )i ‘ 

» log (tan - 1 a). 

„ .sin r^ip. 

” 5 log (Stt)* 

” 7 an_1 (7 ua: )- 

»> 7(3 - lo S (* cosS x + & sin 2 #). 
9 > sm (logo?). 


- ». Show that the integral of f can be obtained from that of 

Write the integral of^ in the form a^bythe metlod of 

mdetermmate forme, Ex. Sf Ch. iy. Diff. Calc., it can easily be seen that the 
true yalue of the fraction when m 4 - i - n is w ( x \ i 

- 13* !e ax sin mx cos nxdx. 

This is immediately reducible to the integral given in formula (* 3 ). 


) + 4 sin x # 


Ans. - tan" 1 
3 


r a?' 

4 + 5 tan - 
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xe a tan X dx 
(1 4 x*f 


s*i6. ^x(a + x)bdx. 


(a 4 bx 2 )^ 


e a tan x * (ax — i) 
(H-0 2 )(i 4 x*)l 

3 (g + (4a? - 3g) 

4-7 

2 « 4 #x 2 

J 2 (o + biff' 


Let a 4 bx 2 - 


^ ig f (jo + g cos x)dx 
J a 4- b cos x 
This is equivalent to 

J qdx ^ pb - qa r dx 

b b J a + b cos x f 

and accordingly can he integrated by Art. 18 . 

( xe x dx „ i 

— - — Ans. — 
i + x 2 i 


[a 4 bx*f 


Let a; 8 4 I = a: 2 . 


( dx 
x\/ x n 4 I 


- tan _ 1 (x 2 ). 
x 3 

3 a {a + bx 2 )^ 

1 i 0 g f ^ 1 + xZ " 1 
3 I 4 - *£ 3 4 1 


1 4 x n — i 
*y I + x n 4 I 


24 . Integrate 


by aid of the assumption x = 


a + b cos 6 
b 4 a cos 6 
a 4* b cos 0 * 


The expression transforms into 


\/(« 2 - i 2 ) (r - a: 2 )’ 

accordingly, when a > 5, its integral is ■ * sin" 1 # ; and when a < b y it is 

y 1 a 2 — 

^===; log (0 + •/57Z7), &c. 



38 


Examples. 

!£.; Deduoe Qre « 01 7’8 expansion for tan-i* from formula (/) 
When *< r, we have w; 

r 

7^ 2 = r -*2 + 1 |!*-* 6 +&0 .. 


tan- 1 #: 


5 = f ~ dx , & X* „ 

J I + £C 3 ~ 3 + -- - + &0. 

Ko constant is added since tan' 1 x vanishes with x. 

ad. Deduce in a similar manner the expansions of log (i + .), and sin-i*. 


27. Find the integral of 


do 


a + b cos 9 + o sin o' 


This can be reduced to the form in Art. 18, by 


28. 


dx 


f : 

J (a+bx) 


assuming - = cot a , &c. 


1 + x 2 


Ans. — — 1 i 0 g | a + bx 

\/«3 + S 2 \b- ax + v / (^T3 2 h7T^), 


This can be integrated either by the method of Art. 13 or by that of Art. 

29. 

f ^ 

Ans. ^ sec -1 . 

^ X\/x n - I 

3 °. 

1 T 

f Tsin xdx 

1 


J 0 cos X 

>9 - l0g 2. 

31 * 

TC 

CT dx 

99 log (l + \/ 2 ), 

) 0 cos X 

32. 1 

f 2 dx 

' 0 (4 + 3 x 2 )% * 

I 

ft g* 

33. J 

1 0 a2 - a? dx. 

ira 2 

34 - ( 

o % versin 1 dx. 

tf — 

4 

Sira 2 

” — . 

35 - ( 

ir 

2 dx 

0 4 + 5 sin#’ 

4 

tt “ log 2, 

3 

3 «. ( 

3 T 

* dx 


0 S + 4 sin x 

” i tan-l G)* 
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CHAPTER II. 

INTEGRATION OF RATIONAL FRACTIONS. 

34. Rational Fractions. — A fraction whose numerator 
and denominator are both rational and algebraic functions of 
a variable is called a rational fraction. 

Let the expression in question be of the form 

ax m + bx ^ 1 + cx m ~* + &c. 
o!x n + b'x n ~ l + c'x n ~ 2 + &c/ 

in whioh m and n are positive integers, and a, b, .. . a\ b\ . . . 
are constants. 

In the first place, if the degree of the numerator be 
greater than, or equal to, that of the denominator, by division 
we can obtain a quotient, together with a new fraction in 
which the numerator is of a lower degree than the deno- 
minator : the former part can be immediately integrated by 
Art. 3. The integration of the latter part in general comes 
under the method of Partial Fractions. 

35. Elementary Applications. — Before proceeding to 
the general process of integration of rational fractions, we 
propose to consider a few elementary examples, whioh will 
lead up to, and indicate in what the general method really 
consists. 

We commence with the form already considered in Art. 7 ; 
in which, denoting by ai and a 2 the roots of the denominator, 
the expression to be integrated may be represented by 

(p + qx)dx 

(x - ai)(x - a%y 


p + qx _ Ai Ay 
(x - ai) (x - a 2 ) x - ai X - ct 2 * 


Assume 



40 Integration of Rational Fractions. 

Multiplying by (x - ai) (x - ai) we get 

p + qx = - [A x a 2 + A 2 a x ) + (A x + Ai) x. 

Hence, we get for the determination of A x and A% the 
equations 

P — Aja 2 — A 2 a i, g = A\ + A 2 \ 
whence we obtain 


A x = 


P+Ja i 
cti - af 


a 2 = - 


pjhjctz 
cti - a 2 


Consequently 


(p + qx) dx p + qai 


p + qa 2 f 

J (x - ai) (a? - a 2 ) ai - a 2 % 

a? - a x 

a i — a 2 J X — a 2 


= ( Cp + ?«0 log (® - «0 ~(p + q<h) log (* - «*) j . 
In like manner 


P + W 2 = Ai Ai 

(x 2 - a i) (t x 2 - a 2 ) x 2 - ai 0 2 - a 2 ’ 

where and A 2 have the same values as above ; hence 


(p + qx 2 ) dx 
(x 2 - ai) (i x 2 - a*) 


+ gqi (* dx p + ffq 2 

C*i Gig ^ £C 2 — di CL\ ~~ Ct 2 


dx 

x 2 - ai 


But each of the latter integrals is of one or other of the 
* fundamental forms (/) and (h) of Chapter I. ; hence the 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

(p + q x + rx 2 ) dx 
(x - ai)(x - a 2 ) (x - a 3 )* 

We assume 

p + qg + rx 2 ^ Ai a 2 _A z 

(x - ai) (x ~ a 2 ) (x - a 3 ) x - ai # - a 2 x~af 
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then clearing from fractions, and identifying both sides by 
equating the coefficients of a?, of x, and the part independent 
of x, at both sides, we obtain three equations of the. first 
degree in A,, At, A s , which can be readily solved by ordinary 
algebra ; thus determining the values of A„ At, A 3 in terms 
of the given constants. 

By this means we get 


f (P + Q x + rx 2 ) ^ 4 

* dx . f dx A 

4 . /4 <, h ^ 4.0 

da? 

x - az 

) (a; - ai) (x - at) (® - a 3 ) ‘J 

a? - cti J - a2 


= Ai log (x - ai) + A 3 log (x - at) + A 3 log ( X - a 3 ). 


We shall illustrate these results by a few simple examples. 


- I. 


(® “ X ) 

(*-3) (* + 2 )‘ 


xdx 


A 3 - 


\x % + 2X - 3 
f dx 


I X* - I 
r dx 


| 4- 5 a 2 + 4 


5* 

6 . 


xdx 
a? 4 - i m 


' (33J 2 - 2) <&£ 

a? 4 - 3a; 2 - 4 


* (x* + x- D dx 
| $ + x l — 6x ’ 


Examples. 


Ans. ~ log (a - 3) 4 | log (x 4- 2)* 


- log (* + 3) + log (® - ')• 

4 4 


1 . a; — 1 1 . 

— - 1 off tan” to. 

4 » 4 1 2 


r tan- 1 # - 7 tan.- 1 
3 6 2 


I * 2 -I 


llog 


(£=2) 

\a: 3 1-2,/ 


4* tan- 1 x. 


1 (L *££ * 

lV*v )t+t 


7 logs + - log (* - 2) + -log (a- 4 3). 
62 3 


Here the denominator is equal to x(x - 2) (x + 3) ; and we have 
a? 5 4* # - 1 


^1 ^ Az ^ Az m 

*(* - 2) (»+ 3)“ * + £C-2 ® + 3’ 
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hence + a? — i == A\{x* +■ a? — 6) -f A 2 x{x + 3) + Azso{x 2) ; 


the equations for determining A\ y A% and A% are 

A\ + A2 + A% = 1, A\ + 3 A% — 2A2 — i» 


whence we get 



6A1 ™ I, 


f (2a: 3 + 2 x 2 + \x + 1) dx 

J x 2 + x + I 


Am. x 3 + log (x 2 + x t- 1). 


We now proceed to the consideration of the general 
method, and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

36. Partial Fractions. — The method of decomposition 
of a fraction into its partial fractions is usually given in 
treatises on Algebra ; as, however, the process is intimately 
connected with the integration of a large class of expressions, 
a short space is devoted to its consideration here. 

For brevity, we shall denote the fraotion under con- 
sideration by~^. 

<P(®) 

Let ai, a 2, a 3 , . . . a n denote the roots of (j>(x) ; then 


(j>{x) = (a? - ai) (x - a z )(% -a*) ... (x- a n ). * (l) 

There are four cases to be considered, according as we 
have roots, (1) real and unequal; (2) real and equal; (3) 
imaginary and unequal; (4) imaginary and equal. 

We proceed to discuss each class separately 

37. Meal and Unequal Moots. — In this case we may 
assume 

f{x) A x ' A z Ai ' , An 

, / \ — 1" 1 h . . . + - , ( 2 ) 

0 (%) x - cti X - a 2 X - a 3 X - a n 

where A l9 A 2 , ... . A n are independent of x , For, if the 
equation be oleared from fractions by multiplying by <p(x ) 9 
on equating the coefficients of like powers of x on both 
sides we obtain n equations for the determination of the n 
constants A l9 A 2 , . . . A n . 
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Beal and Unequal Boots. 

Moreover, since these equations contain A it At, &o., only 
in the first degree, they can always he solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious 

The question (2), when cleared from fractions, gives 

f(x) -A,{x- a 2 ) ( X - « 3 ) . . (x - a n ) +Az(%- ax ) (x - a 3 ) . . (x - a n ) 

+ &c. +A n (x- ax) (* - a 2 ) . . (x - a„.i) ; 


and since, hy hypothesis, both sides of this, equation are 
identical for all values of x, we may substitute ai for x 
throughout; this gives 

/(ax) = Ai{ai - a 2 )(ax - a 3 ) . . . (ax - a„), 


or 


A,= 


/(««) 


In li ke manner, we have 


( 3 ) 


• ( 4 ) 


, /(a.) , _/(o.) , /K) 

Ai = ¥&y 3 ~ n *'(«»)' 

Hence, when all the roots are unequal, we have 

/M = /h_l: + ZH — + & c.+4^ 

<j>(x) <p f (cii) ^ — ai X - ^ <p'(a n ) % - a n 

Accordingly, in this case 

dx = log {x - ax) + l°g (* ~ a 2) + &0 - 

4>{x) <t> (ax) 0 <p («») 

+ log (x - an). (5) 

9 \ a n) 

The preceding investigation shows that to any root (a), 
which is not a multiple root, corresponds a single term in the 
integral, viz. 

/(«) 


*'(«) 


log (x - a); 
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one which can always he found, whether the remaining roots 
are known or not ; and whether they are real or imagina ry. 

38. Case where Numerator is of higher Degree 
tban Denominator. — It should also be observed that even 
when the degree of a; in the numerator is greater than 0 r 
equal to, that in the denominator, the partial fraction cor- 
responding to any root (a) in the denominator is still of the 
form found above. 

For let 


m 

<P 0 ) 



where Q and R denote the quotient and remainder, and let 

j 4 

^T__ a he the partial fraction of corresponding to a single 

root a; then, by multiplying by <p(x) and substituting a in- 
stead of x, it is easily seen, as before, that we get 



For, example, let it be proposed to integrate the ex- 
pression 


x*dx 

x 3 - 2X 1 - + 6 ‘ 

Here the factors of the denominator are easily seen to be 
x — j y x + 2, and x - 3 ; 
accordingly, we may assume 


0 r, A B 

= ar + ax + B + + 

a? - 2 <t? -$% + 6 H x-x 


X + 2 


C 

+ . 

r- 3 


To find a and / 3 , we equate the coefficients of x l and x 3 to 
zero, after clearing from fractions : this gives, immediately, 
a = 2, and /3 = 9. 

Again, since <p(x) = x 3 - zx* - $x + 6, we have 


<p'(x) = 3a: 3 - r\x - 5. 



Real and Unequal Roots . 


45 


Accordingly, substituting 1,-2, and 3, successively for x 
in the fraction 


0% - 4®-5 


we get 


and hence 


A — ' b — A c 

6’ 15 10 


a 6 - I 32 __£43_. 

0 3 -20 2 -50+6 _ * 2 * +9 6 (as — i ) 15(0 + 2) 10(0-3)’ 



x 5 dx 

2X 2 -5^+6 


0 * 2 

— + dT + QO? - 

3 


log (a? - 
6~~ 


X) 


- f^log(» + 2)+^ 3l og(0-3)- 

39. Case of Even Powers. — If the numerator and 
denominator contain x in even powers only, the process can 
generally he simplified ; for, on substituting z for x 2 , the 
fraction becomes of the form 

m 

*(*)' 

Accordingly, whenever the roots of <j>(z) are real and 
unequal, the fraction can be decomposed into partial fractions, 
and to any root (a) corresponds a fraction of the form 

/(«) 1 

tp'(a ) z - a' 

The corresponding term in the integral of 


/(* 2 ) 


dx 


is obviously represented by 

/(«) f dx 
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This is of the form (/) or (h), according as « is a positive 
or negative root. 1 

The ease of imaginary roots in f (s) will he considered in 
a subsequent part of the chapter. 

It may he observed that the integrals treated of in Art. ? 

nTth^A VT * 38 metiLOd of P artial fractions discussed 


Examples. 


j 


(2% + 3) dx 
X 3 + X 2 - 2 X 


Here the factors of the denominator evidently are x. x - i and x + 2 • 
accordingly assume 3 9 1, ana * + 2 , 


2^ + 3 A B O 

a3 4. „2 _ „„ “ « + I : + ■ 


+ x 2 — 1% x x — i ' x + 2' 

Again, as $ (#) = x 3 -f x 2 - 2x, we have <p'(x) = 3a; 2 + ix - 2 ; 


Hence, hy (3) we have 


... /W _ ™ + 3 

£'(#) 3& 2 + 2 ^- 2 * 


A=-Z, I- 

2 V /:» 


f ( 2 # + 3 )^ 3 , «; _ T 

J a?> + 1C 2 - 2* - lo S* +-log(»- I)-- log (» + »). 


consequently 

[ ( 2X 

\ X?i- X 2 — 2X 

. „ 2 . 

Here 


f dx 

J ( x 2 + a 2 )(«2 


■){x 2 + 62 )* 


L = 1 / r 1 \ 

C^ 2 + « 2 )(# 2 + b 2 ) a 2 -b 2 \# 2 + b % x 2 + a 2 ) 9 

hence the value of the required integral is 


(« 2 - ^ (« tan '‘(i) ~ 


^ 3 . 


i 




(* 2 + «)(» 2 + })' 
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Substitute z for x 2 and the transformed integral is 
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dz 


fi 

J 2 (z + a) (z + b ) 

Consequently the value of the required integral is 

i . (x* + b\ 

2 {a - b) °® \# 2 + a) * 


^ 4 * 

f (3d? 2 1 )dx 

J x 2 - 3# + z 

Ans. $x + II log (x - 2) - 2 log (d? - 1). 

-S- 

r (x 2 - 3) dx 

J x 3 - 7# 4* 6* 

„ ^ log (a: - 1) + ^ log (a: - 2) + j- log [x + 3). 

2 5 x 0 

- 6 . 

j* (2d? 4- 1) ^ 

J x(x+ i)(x -+• 2)* 

„ ~ log d? + log (d? + I) — - log (d? 4 2). 

2 2 

- 7 - 

f d? 2 ia? 


l 

% 

1 

^ 8 . 


f dd?(0 f + b'x n ) 

J x nil (a ■+ bx n ) ’ 

Let 


1 

x n = 


40. Multiple meal moots.— Suppose tf>(a?).has r roots 
each equal to a, then the fraction can be written in the shape 

/M 

(x - a) r xp(x); 

In this case we may assume 

fix) M\ M 2 M r P 

(x - a) r \p (1 x ) (x - a) r + (x - a) r ’" 1 + * * ’ x - a \p 

where the last term arises from the remaining roots.. 

Eor, when the expression is cleared from fractions, it is 
readily seen that, on equating the coefficients of like powers 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitimate ope. 
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In order to determine the coefficients, 2 Ki, Jf 2 , &o. . . . M r , 
clear from fractions, and we get 

f {x) = + M % (x — a) \p ( x ) + Mz (x - a) 2 i/<(*) + &c. . . . (6) 

This gives, when a is substituted for x, 

/(«) =Jf^(«), or Ml = yy^T-. (7) 

r ( a ) 

Next, differentiate with respect to and substitute a 
instead of x in the resulting equation, and we get 

/(a) = M 4 '(a) + M 4 {a) ; (8) 

which determines M 2 . 

By a second differentiation, Jf 3 can be determined ; and 
so on. 

B can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

f(a) = M 4 (a), 
f (a) = Mi>p'(a) + 1 

f'(a) = MiiP"(a) + 2 . Mif[a) + 1 . 2 ,M z ip{a), 

f"{a) =Miip"'(a) + 3 . Mif'(a) + 2.3. lf 3 i//(a) + 1. 2.3 .M^a), 

f»(a) = M,r{a) + 4 . Mi*]/" (a) + 3.4. M 3 \p"(a) + 2.3.4. Jf 4 f(o) 

+ 1 .2.3.4. M^a), 

in whioh the law. of formation is obvious, and the coefficients 
can be obtained in succession. 

The corresponding part of the integral of 


evidently is 

ilf, log (£-«)- — 

Os Ci 


f{x) dx 
{x - a) r if/ (*) 

^ Mr - a 
2 (x-af 


(r-l) (x — a) r ~ v 


(9) 


If <f> (x) have a second set of multiple roots, the cor- 
responding terms in the integral oan be obtained in like 
manner. 
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41. Imaginary moots, — The results arrived at in 
Art. 37 apply to the case of imaginary, as well as to real 
roots ; however, as the corresponding partial fractions appear 
in this case under an imaginary form, it is desirable to show 
that conjugate imaginaries give rise to groups in which the 
coefficients are all reaL^ _____ 

Suppose a + b */ - 1 and a-b*/- 1 to be a pair of con- 
jugate roots in the equation <j>(x) = o ; then the corresponding 
quadratic factor is 

{x - a)^ + b 2 ; which may be written in the form x 2 + px 4- q » 


We accordingly assume 

\ p(x ) = (x 2 -{-px + q)\p(x ) 9 

and hence 

fix) Lx + M P' 

<p(x) x 2 +px + q Q’ 

P 

where represents the portion arising from the remaining 

roots, and is the part arising from the roots 

x 2 + px + q 

a±5/- 1 . 

Multiplying by <j>{x) we get 

P 

fix) = (Lx 4* M) ip {x) + (x 2 + px + q) 7? ip (®). (10) 

H 


If in this, - {px + q) be substituted for x 2 , the last term 
disappears ; and by repeating the same substitution in the 
equation 

f(x) = ip{x)[Lx + M), 

it ultimately reduces to a simple equation in x : on identify- 
ing both sides of this equation, we can determine the values 
of L and M. 

42. In many cases we can determine the coefficients £, M 
more expeditiously, either by equating coefficients directly, 
or else by determining the other partial fractions first, and 
subtracting their sum from the given fraction. 

It will also be found that the determination of many 
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integrals of this class can be much simplified by a trans- 
formation to a new variable, or by some other suitable 
expedient. 

Some elementary examples are added for the purpose 
of illustration. 


If 


Examples. 
xdx 


(i +#) (i + # 2 ) 


Assume 


i Lc \ M 
- -I 


(i +a?) (i + x l ) H J I H $ 
clearing from fractions, this "becomes 

i = A (i + & 2 ) + (Lx + M )( i -1- x). 
Equate the coefficients, and we get 

L + A- o, L + M- l, A + M-o. 

Hence 


and accordingly 


£ = -, M=~, A=-\\ 

r 2 2 


II I L +X 

+ - ; 


(i -1- #)(l * X 2 ) 2 I +37 2I+& 2 ’ 


-f 


xdx 


*i i *+■** I. .i 

= t 1o s rrr^i + r tanI *- 


Let 


(I + x)(i + & 2 ) 4 6 |(i+a?)' 

i f dx 

J I i j 3 


i A Lx - 1 M 

■ + • 


I + X 3 I + X I — X t » a 


consequently, ^ by formula (3) Substituting and clearing from fractions 
we have 

3 = 1 - x + x 2 f3 [IjX + M) (1 + x ) ; 
hence, dividing by 1 + x, we have 

2 - x = 3 (Lx + M). 
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Consequently 


f dx __ if ' Jhs i f (2 - x)dx 
J 7 T^ ~ 3 J 1 + so 3 J 1 - x + x 2 


[ J I / 2 % J \ 

- log (l + so) - y log (1 - x + so 2 ) + ”7^; tan' 1 1 — — ) . 
5 0 v 7 3 V VI 1 


Ans. ^loj 


: (JL±£±£l\ + _L tan -1 f —7-~] • 
\i-2» + <r) y, \-/ 3 / 


his can be got from the last by changing the sign of x. 


In this case we have 


I — X & 2 \ 1 — X* I 4- %*) 

5 r **-. Am. i-logf ^- . r L l + -JL. tan-if^±i}. 
5 ‘ J***-! 1 24 S U 8 + ^+i) 4V /^ I/])’ 


Let = z, and the integral becomes 


P X 2 (h: 

| '(* - ' !)*(*» -|- ij* 


s 2 A B Lx+M 

(x- i)*(® 2 + ij ” {x - if + x- I + I + a? ’ 

To find L and M, clear from fractions, and by Art. 41 the values of L and M 
are found by making x 2 = - 1 in the following equation : 


a 2 = (Zx 4- M)(x - if. 


This gives immediately L = — M ~ o. 


Again, by Art. 40, we get immediately A - 


To find J?, make x = o in both sides of our identity, and we get 

o =A-M + M-, i i = A = ~. 

[ 4 a] 


8429 
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Finally 


x 2 i i £ i £ ^ 

(a; - i) 2 (^H- 7 ) ” 2 (0 - i ) 2 2 iP-i 21 + d 


-1== 


i_— = «I_JL. + fiog(a?- i) - -log (^ 2 + i). 

( 0 - 1 ) 2 ( 0 *+ I ) 20-1 2 4 


. 7 * 


S cfo 

X 8 + 0 7 - a 4 - 


03* 


Here the denominator is easily seen to be x 3 (x - i) (^ + i) 2 (# 2 + i), and the 
expression becomes 

I dx 

0 3 (0 - 1) (0 + i) 2 (0* + 1) 


Assume 0 = and the transformed expression is evidently 
z 

f z 8 dz 

J (z- i)(a + i) 2 ( 2 3 + o’ 

The quotient is easily seen to be z - 1 ; and, by the method of Art. 38, we may 
assume 

#6 .A ^ JB ^ C ^ Lz + M 

(a - i)(3+ 1 ) 2 (a 2 + 1) “ Z I + ,-x + (,+ i) 2h «+i + z*+ 1 

Hence (Arts. 37, 40), we have 



Next, L and M are found by making z 2 = - 1, in the equation 
z 8 = (Lz + AT) (2 — i)(<s + i) 2 f 
1=2 (X0 + Af) (2 + 1) = 1 {Lz 2 + (X + M)z + M }, 

which gives 

£ + Af= 0, L - M= - 



In order to find the remaining coefficient 0 \ we make z = o, when we get 
o = — 1— -A + X+ C'+AT; •*. (7=-. 
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hence we have 


(«- l)(2+l) 2 (« 2 +l) 
z*dz 


. I 4 - 


■I) 4(*4i) 2 8(2+1) 4(^+1)’ 


f z*dz z 2 I . . i 

* j (z - i)(z + i) 2 + i) “ 2 * + 8 °s ^ + 4 (j, + !j 


4 | log {z 4 i) - i log (a 2 4 1) 4 * tanr 1 a. 


Hence 


Is 


dx I I x i. I — a : 2 , *+i i t 

as® + a ? 7 — ^4 _ ^ 2 a ; 2 x + 4(3 + I) + 8 ° S i + 3 z +0S x + 4 m x 


’• !<S 


(3* + 0 


(*- 1) 2 {%+3 y 


. L log - — L-. 

2 0 # + 3 3; - 1 


43. Multiple Imaginary Moots. — To complete the 

discussion of the decomposition of the fraction suppose 

the denominator <f>(x) to contain r pairs of equal and imaginary- 
roots, i. e. let the denominator contain a factor of the form 
{ (x - a ) 2 + b 2 } r ; and suppose <f*(x) « { (x - a) 2 + J 2 ) r 0 x (a>) 

In this case we assume 


») 


L\X 4 JKi L%x + 

4 


{ ( 3 ? - a) 2 + 6 2 } r <t>i (x) { (x - a ) 2 4 b 2 j r { (x - a) 2 + 6 2 } 


L r X 4 Mr P 

4 ... 4 7 ~~ i + ■ 


(x~a) 2 +b 2 $ i(x) ’ 


the remaining partial fractions being obtained from the other 
roots. 

There is no difficulty in seeing that we shall still have 
as many equations as unknown quantities, L h Jf 1? Z 2 , M 2 , • . . 
when the coefficients of like powers of x are equated on both 
sides. 

To determine Zi, JT X , X 2 , &c. ; let the factor (x- a) 2 4 b 2 
be represented by X, and multiply up by X r , when we get 


=* Zi* + Ml 4 (2** 4 Mi)X 4 &o. 4 (LrX + if r ) 4 • ( 1 1) 
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The coefficients L x and M x are determined as in Art. 41. 
To find L 2 and M % ; differentiate with respect to x, and sub- 
stitute a + for x in the result, when it becomes 



■/O) 


= L\ + 2 (xq — ci'j (L. Xq 4 - JIL) . 


where x 0 = a + h*/ - 1 . 

Hence, equating real and imaginary parts, we get two 
equations for the determination of L% and M 2 . By a second 
differentiation, L 3 and Jf 3 can be determined, and so on. 

It is unnecessary to go into further detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of <p(x) = 0 are 
known. 

The practical application is often simplified by transfor- 
mation to a new variable. ^ . 

44. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms : 


dx dx {A- -i- B)dx {Lx + 3 £^dx 
V^a! Jx - af (0 - W +F {{x~a) 2 +bY 

The methods of integrating the first three forms have been 
given already. We proceed to show the mode of dealing 
with the last. 

45. In the first place it can be divided into two others, 

L{x - a)dx t { La + M)dx 
{(x-ay + vy + { (x - a 2 ) + b'Y 

The integral of the first part is evidently 

-L 

2 (v- 1){(»- fy + sy- 1 ' 

To determine the integral of the other part, we substitute 
2 for x — a, and, omitting the constant coefficient, it becomes 


dz 

(? + &y 
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Again 

dz i f (z 2 + b 2 - z 2 ) dz _ i f dz i_ f £ dz 

% JfTWy “ b 2 J {z 2 + b 2 ) r “ b 2 J (z 2 + fry- 1 i 2 ] 0 2 + by 

But we get by integration by parts 

. if+¥} r ~ J s (f + &y- ~ 2 (r - 1) J vo 2 + vy- v 

25 I (Sfe 

2 (r - i)(s 2 + 5 3 ) m + 2(j*- i), (s 2 + & 2 ) ,w- 

Substituting in the preceding, we obtain 


dz 2r-$ f dz z 

(?+ ¥f ~ 2 (r-i )6*J (s 2 + & 2 ) M + 2 (r - i)6 2 (s 2 + ^) M ‘ 


This formula reduces the integral to another of the same 
shape, in whioh the exponent r is replaced by r - i. By 
successive repetitions of this formula the integral can be re- 


duced to depend on that of 


dz 

if+y 


The preceding is a case of the method of integration by 
successive reduction , referred to in Art. 19. Other examples 
of this method will be found in the next Chapter. 

The preceding integral can often be found more expedi- 
tiously by the following transformation : — Substitute b tan 0 


for z, and the expression 


dz 

JjFTWy 


becomes, obviously, 


p5=i| ooB^OdO. • 

The discussion of this class of integrals will be found in 
the next Chapter. 

. f(x 2 )dx 

46. We shall next return to the integration of J 
which has been already considered in Art. 39 in the case 
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where the roots of *(») are real. To a pah of imaginary 
roots, a ± b*/~ i, corresponds a partial fraction of the form 

(Ax* + B) dx (. Ax 2 + B)dx 

(a; 3 - a) 2 + b 2 A - 2 ax 2 + c 


where c* = ® 2 + ^ 2 * ■> 

In order to integrate this, we assume a = c cos 2tf>, when 

the fraction becomes 


(Ax 2 + -Z?) dx 

S3 1 — 2«B 2 C COS 20 + C 2 

The quadratic factors of the denominator are easily seen 
to be 

a? - 2 x\/c cos <j> + c, and ce 2 + 2X V c cos <p + c. 
Accordingly we assume 

Ax 8 + B Lx + Jl~ u L'x + M' 

3* - 2<X?C OOS20 + C 2 X* -2XaJc COS <j> + 0 X* + 2X*/c OOSlj) +C 

hence it can be seen without difficulty that 


L = - If = 


Ac - B 
4 c'- cos <p’ 


M = M' = 


B 
2 c’ 


and after a few easy transformations, we find 
r (Ax* + B)dx _ Ae-B w / x 2 - zx a/c cos <p + 

I ig 4 - 2X 2 C COS 2(p + C* 8 COB<j> $ \ct? + 2X a/ C COS 0 + CJ 

+ Ac + - tan- 1 ( 

4 sin <p \ c ~% 2 J 


dx 


47. Integration of if 

This expression can be easily transformed into a shape 
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which is immediately integrable, "by tlie following substitu- 
tion : — 

Assume x - a = (x - 6) % ; then 


a? = 


a - b% t 

i -s’ 


x-a = 


{a - b)z 
i - s ’ 


X - 0 - 


a -b 
T ~z y 


dx = 


(a - 6) & 
(i — s ) 2 5 


and the expression transforms into 


(i _ z )™+^*dz 
(a - b) m+n ^z inm 

Expand the numerator hy the Binomial Theorem, and the 
integral can he immediately obtained. (Compare Art. 4.) 
For example, take the integral 

dx 

(x - a) 2 (x- b) z ' 

Here the transformed expression is 


or 


1 


*(1 - z) z dz 

{a -by * 9 

-- 32 -1- 3 logs -l -j. 



x - a 


for z , the integral can be expressed in 
^ 2m+1 dx 


Substituting 

— v 

terms of x. 

48. Integration of . ov . 

(a+ cx*) n 

where m and n are integers. 

Let a + cx 2 = z, and the expression becomes 

(z - a) m dz m 

, 


a form which is immediately integrable by aid of the Bino- 
mial Theorem. 
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It is evident that the expression is made integrable by the 
same transformation when n is either a fractional or a nega- 
tive index. 

It may be also observed that the more general expression 

can be integrated by the same transformation, where 
[a + cx 2 ) n ° 

/(a? 2 ) denotes an integral algebraic function of x 2 . 



x 5 dx 

(« 2 - x ~)~' 


x % dx 

( a + cx 2 ) 4 * 


x 5 dx 
(i + a 2 )" 3 * 


Examples. 

Am 


2 ( a 2 - x z ) 2 
i 


_j 1- log (a 2 — x 2 ). 


99 4 o 2 ( a + cx z f 6 c 2 (a + «? a ) 3 


99 a? 2 + i 4 (i» 3 4 - i) 2 2 


+ * log (a? 2 •+ l)* 


49. Integration of — — , 

y x n - i 

where n is a positive integer. 

Suppose a an imaginary root of x n - i = o, then it is evi- 
dent that a -1 is the conjugate root : also, by (3), the partial 
fraction corresponding to the root a is 

I a 

na n '~ l {x - a) 9 n(x - a)* 

If to this the fraction arising from the root of 1 be added, 
we get 

I j a + a ~ l ) £ j + a " x ) ZL 2 . „ ) 

n\x - a x - a l y n ( x 2 - (a + a” 1 ) x + I) 

But, by the theory of equations, a is of the form 


2 Jen 

cos — + 
n 
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where Jc is any integer ; 


a + a 


2 COS ■ 


2 Jctt 


2 Jctt 

Hence, if 0 be substituted for the preceding fraction 


becomes 


n x* 


x cos 0 - i 

- 2X COS 0+1* 


The integral of this, by Art. 7, is 

cos 0 . , n >A 2 sin 0 , . 

log ( 1 — 2x cos 0 + X' 1 ) tan " 1 

n 0 J n 


! - COS 0 
sin0 


There are two cases to be considered, according as n is 
even or odd. 

(1). Let w « 2 r : in this case the equation x 2r - 1 = o has 
two real roots, viz., + 1 and - 1 ; and it is easily seen that 


* dx 1 
x~ r - 1 = 2 r 


, x — 1 1 Jctt, , Jctt n 

loop + — S COS — log ( I - 2X COS \r X") 

_l. r O/v* y w ' /v» ' 


2r 


Jctt 

r 


- ~ S sin — tan" 1 
r r 


1 X - cos 

0 

. 7t7T 

sin — 

r 


M 


(13) 


where the summation represented by 2 extends to all integer 
values of Jc from 1 to r - 1. 

(2). Let n = 2r + 1, we obtain 


log (0-1) 


2 Jctc 


# 2m -I 2^+1 2f*+X 


2^+1 


2hlT 


2 COS -log I --2# cos +# 2 

0/V»_L T ° \ 2^*+ 1 


2 „ . 21 ctt . , , 

2 sin tan" 1 1 


r a? - cos - 


2 JCTT 
' 2T + I 


2r + i 


2r + 1 


sm 


2 Jcit 


(H) 


2^+ I 
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■where the summation represented by 2 extends to all integer 
values of h from i up to r. 

50. Integration of , where m is less than n+i. 

cc n - r 

As before, let a be a root, and the corresponding* partial 

a m-i a m 

fraction is or -- _ - ; hence the partial fraction 

arising from the conjugate roots, a and a -1 , is 

1 / a m + a~” \ _ I + a~ ro ) - (a” 1 " 1 + a'M) 

- a 0 - cry ri x 2 - (a + a l )x + ~ ~ * 

- 2 0 008 030 ~ Q0S(m - l)fl 
ft ~ 2XOOs6 + I 9 

where 6 is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

ijcosjw01og(a; s -22!cos0+ i) - 2 sinm0tan" 1 ^^|. (i<) 
n \ sin# ) y 

By giving to k all values from i to — — i, when n is even, and 

from 1 to ~ when n is odd, the integral required can he 
written down as in the preceding Article* 
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Examples. 


f dx 

J ic 2 -I- 6 % + 8* 

f 3 xdx 


f (A 4- Bx 2 )dx 

J x(a + bx 2 ) 


x 2 dx 


6 . 

7* 

8 . 


Ans. 


SC—' 


L* + 4/ 

2 log (a? - 2) + log (a? + 1). 


A JBx-Ab 

~ log # 4 ^ — log (# + ^). 


J + a? 2 — 2* 
r dx 

J x* + i* 

J (« + 3)(a?+ l) 2 ‘ 

f da? 

J a; (« + bx 2 ) 2 * 

r da? 

J a; (« + fo?») 2 
f 

J x(a + 


i. a; — i / 2, 

-log — _ 4. tan -1 

6 °x + i 3 


(t=J- 


, a? 2 + an/ 2 + 1 

-log- ■ 


__ XU g_ — — + — — tan" 1 i 

4 V 2 x 2 -xy 2 + 1 iy 2 \ 

7 t u /*+ 1 \ 

2 (* + I) 4 ° g \* + 3/ ’ 

-2 




a?‘ 2 / 


2 a (a + 5# 2 ) ^ 2(2 2 

A 


log 


\a + hx 2 ) 


~ l°g( 


a?" 


,« + bx») na(a + &&»)* 


Let a + bx n = x n z, and the transformed expression is - — — — — — . 

r na r z r 


- io. 


f. 


x dx 


J oft + a£ + x + i* 


dx 


1 a 4 + 43 s + 5a; 2 + 4a? + 4 


Am. ilog(a? 3 + i)-^log(a? + i) + ^tan-%. 

2 (a: +2) 2 3 I 

— log — — — + — tan^a? 

25 b x 2 + 1 25 5(<c + 2) 

dx 


12. Apply the method of Art. 47 to the integration of — — ~~^yC 

(i + z)' in ~ 2 dz 


The transformed expression is 
x 2 dx 


~ 13 - ( 


(1 - x 2 f m 


J I x(l + X 2 ) ' I I + X 

Ans - 8irr^-i6 l0 8—^ 
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14. Prove that 

f — 7— — r- transforms into - [ 


(1 + s) m + n ~%dz 


if we make x = 


1 + « 


f dx . x . x I , :r 

1 c 1 Ans. ; log sm 7 log con - 

D J sin#(# + b cos#) a + b 2 a-b 2 

+ ■ ■ log (a 4 bcoax). 
o> — 0 

Multiply by sin x, substitute u for cos x, and tbe integral becomes 

( — du 
(1 - u 2 )(a + bu)' 


f— J 

J 3 sm x 


dx 


J 3 sin x + sm 2x 
(1 — x 2 )dx 


. I, . X X 2 , 

Ans - log sm - - log cos ^ + - log (3 I 2 cosxj. 


r P^ L -/l w h±f\ _ 1 , /?' + *! > \ 

‘ J*(I + Z 2 + **) 2 4 8 V * l / 


Let a 2 = &c. 

18. Prove that 
f <&? 1 

J I + X 2n 2 T 


(2 7 c — i) 7 T , 


2 cos 
271 2 n 


I ( 2 ft - i)t 
+ - 2 &m — • tan- 

74 2/4 


. (2/ - l)?r 

i — 2# cos - fa ; 2 

2/4 / 

(ll ~ I)w ' 
a ? - COS — 


, (2 ft — l)vr 
sm - — — 

2/4 


where To extends through all integer values from 1 to n, inclusive. 

f log (1 + x) r (2ft- 1 ) 7r , / (2K1W \ 

9 ' j = ”^+1 ^^TT 5 003 1ZTT log ( 1 ~ M '| i 1 ' 1 ) 


+ — — 3 ern — — — tan” 1 <j 

27 t + I 274+1 1 


X - cos 


(;*-*)* 1 


2» + I 


(2ft — x) 7 T 


274 + I 


where ft assumes all integer values from 1 to n inclusive. 
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CHAPTER III. 

INTEGRATION BY SUCCESSIVE REDUCTION* 

51. Cages in which sin m 9 cos n 0d9 is fi immediately In- 
tegrable* — We shall commence this Chapter* with the dis- 
cussion of the integral 

J sin™0 cos” OdQ; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
n is an odd positive integer the expression sin w 0 cos n 0dO can 
be immediately integrated. 

For, if n = 2 r + 1, the integral becomes 

J sin™ 0 cos 2m 0 dO, or, J sin™ 0 (cos 2 0) r d (sin 0). 

If we assume x = sin 0, the integral transforms into 

J x m (i - x l ) r dx; (1) 

and as, by hypothesis, r is a positive integer, (1 - x % ) r can 
be expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin 0 be an odd integer, we assume 
x = cos 0, &c. 

A few examples are added for the purpose of making the 
student familiar with this principle. 


* It may bo observed that a large number of the integrals discussed in this 
Chapter do not require the method of Successive Reduction: however, since 
other integrals* of the same form require this method, it was not considered 
advisable to separate the discussion into distinct Chapters. 
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Examples. 


I. 

| sin 3 Odd. 

Ans. 

cos 3 6 

COS0. 

3 

2. 

| cos 5 QdQ. 

99 

. 2 . - sin 5 0 

sin 9 sin 3 0 -1 . 

3 5 

- 3 

jsin 3 0cos 7 0<£0. 

9 ) 

cos 10 0 cos 8 0 

io 8 

4- 

(’sin 5 Odd 
) COS 2 0 

99 

r cos 3 0 

+ 2 COS0 . 

cos0 3 

- 5- 

sin0cos 3 0<£0. 

99 

2sin^0 2 sin.^0 

3 7 


C sin 3 Odd 


2 COS^0 .. 

2 COSa 0. 

6. 

JV cos0 

99 

5 

- 7* 

feos s 0d0 

J si#0 

9 ) 

3 sin*0 - -sin^0. 

7 


52. Again, whenever m + n is an even negative integer 
the expression sin ” 1 6 cos' 1 0 dO can be readily integrated. 

For if we assume x = tan0, we have 


cos 0 = — , sin0 = —7=, and dO = 

v/i + *» yi 1 + * 

and the expression transforms into 


, tJL 

(1 + X 2 ) 3 

Hence, if m + n = - 2 r, this becomes 


x m (i +x 2 ) r ~ 1 dx, 

a form which is immediately integrable. 
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m . , fsi tfOdO 

Take, for example, r , r . 

? J cos 6 0 

Let x = tan 0, and we get 


| a? 2 (i + a? 2 ) cfo?, 

Ja 


or- 


dO 


tan 3 0 tan 5 0 


Next, to find , -r— ■ « — 

’ Jsm0cos 5 0 

Making tlie same substitution, we obtain 

f(i + x z ) 2 dx 


Henee, tbe value of the proposed integral is 
— — + tan 2 0 + log (tan 6 ). 


Again, to find 


d6 

sinW go$0' 


Here tbe transformed expression is 


(i + x z )dx 




, and ac- 


cordingly tbe value of tbe proposed integral is 


In many cases it is more convenient to assume x = cot 0 , 

6iaml,le ’ t0 “js^ 

dO 


Since d(oot$) = if cot 0 = x, the transformed 

integral is 

- 1 (x + x^dx, or - cot 0 - 


cot s 0 


The following examples are added for illustration 
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Integration by Successive Reduction . 


Examples. 


f sin 3 0* 

I ' J cos 5 * 

a. 

J COS 6 0 

-3. f — 

J sin 0 c 

f sm %Qd 

4 - “ 

J cos 2 6 

r dt 

S' J sm 4 6 cos 4 6' 


2 tan 3 0 tan 6 9 

„ tan 6 + + — . 

3 S 


+ log (tan 0), 


1 sm^d cos^0 


» J ian^0. 


„ -8 cot 2 6 cot 3 20. 

3 


'(■ +s r)- 


Wien neither of the preceding methods is applicable, the 
integration of the expression sin m 9 cos” 0 dO can be obtainedl 
only by aid of successive reduction. 

We proceed to establish the formulae of reduction suitable 
to this case. 

53. Formulae of Reduction for sin m 0 cos" 0 d9. 
sin” 0 cos” 0 dO = | cos”" 1 0 sin“ Od (sin 0) : 


consequently, if we assume 


■ = cos”' 1 0, v ■■ 


sin“ +1 0 
m+ 1 ’ 


the formula for integration by parts (Art. 21) gives 
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In like manner, if the integral be written in the form 


- J sin ™*" 1 9 cos”' 9 d (cos 0), 


we obtain 
sin m 0 cos n 0 d 0 = 


on - i 
n+ x 


sitt-fl M3 -Hue - (3) 


n+i 


It may be observed that this latter formula can be de- 
rived from (2) by substituting ~ - <j> for 0, and interchanging 
the letters on and n in it. 

54. Case of one Positive and one Negative Index. 
— The results in (2) and (3) hold whether on or n be positive 
or negative ; accordingly, let one of them be negative (01 sup- 
pose), and on changing n into - n, formula (3) becomes 

fsin m 0 m sin” 2 " 1 0 on-i fsin m ” 2 0 7i3 f .. 

“ In- 1 ) cos” -1 0 " ^ J ^0 ’ [ } 


in which on and 01 are supposed to have positive* signs. 

sm m 0 

By this formula the integral of — --jrdO is made to de- 

cos (7 

pend on another in which the indices of sin 0 and cos 0 are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If on be an odd integer, the expression is integrable im- 
mediately by Art. 51. If on be even, and n even and greater 
than on , the method of Art. 52 is applicable ; if on = n, the 
expression becomes J t&n m 9 d 0 , which will be treated subse- 
quently ; if n < on, the integral reduces to that of wi m ~ n 0 SO. 

f dO 

Again, if n be odd, and > m, the integral reduces to — ^7, ; 

JCOS (7 


* The formulas of reduction employed in practice are indicated by the capital 
letters A, B, &c. ; and in them the indices m and n are supposed to have always 
positive signs. By this means the formulae will he more easily apprehended 
and applied by the student. 
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Integration ly Successive Reduction. 


and if w < m, it reduces to [ — The mode of find- 

. , J cos U 

xng these latter integrals will he considered subsequently. 

Again, if the index of sin 0 be negative, we sret bv 
ohangmg the sign of m in (2), ° ’ ^ 


‘cos”# 


sin OT # 


d 0 = - 


(m ■ 


cos ”- 1 0 _ n - I f cos”- 2 0 

•i)sin **- l 0 m- 1 J si 


■l l-l ^ 6 nex ^ consider the case where the indices are 
both positive. 

55. Indices both Positive.— If sin™# (i - cos 2 #) be 
written instead of sin** 2 0 in formula (2), it becomes 


sin™# cos ” Odd = 


cos ** 1 0 sin ** 1 6 


m - f 1 


n - 
m + 


j 

~ | sin m 0 (cos”" 2 0 - cos” 6) dO = 


cos” -1 0 sin m+1 0 


m-i -i 


+ br 1 \ Binm 6 cos ”"° edB - si * m e cos” e do : 

hence, transposing the latter integral to the other side, and 

m 4 - v). 1 


■f • • n • 1 “1“ fl 

dividing by we get 


1 


sin** 6 cos n # dO ■ 


cos** 1 # sin m+1 # 


n - i f . 

— J sin”>0cos”-W0. ( 0 ) 


sin * 4 " 1 6 cos M+1 0 


m + n 




W + « OT + » 

In like manner, from (3), we get 
| sin m 0 cos” 0^0= J sin™' 2 0 cos” 0 rf0 

By aid of these formulae the integral of sin”* 0 cos” OdO is 
made to depend on another in which the index of either 

C ° a x’ 18 ? ed ™ ed By successive apph- 

fprmuln the complete integral oan always be 
iouna when the indices are integers . 
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56. Formulae of Reduction. for sin ” 0 dO and co & n 0 dO. 
These integrals are evidently cases of the general formulae 
( C ) and (D) ; however, they are so frequently employed that 
we give the formulae of reduction separately in their case, 

f „ n 7/i sin 0 cos"” 1 6 n- if _ 0 * m N 

cos n 0 d 6 = + cos” - " 0 dO. (4) 

j n n j 

f . „ 7A cos 0 sin”- 1 0 n - 1 f . _ 2 ^ , N 

sm”0(£0 + sm”- 2 0f?0. (5) 

J w ^ J 

The former gives, when n is even, 


cos” 00$ = 


sin 0 


COS”- 1 0 4 - - 


COS”' 


cos n “ 5 0 + &c. 


n \ 

(n - !)(**- 3 ) 

(« - 2)(w - 4) 

(w - 1) (ft - 3)( » - 5 ) • • • 1 0 

n (« - 2)(^ - 4) ... 2 


(6) 


A similar expression is readily obtained for the latter 
integral. 


Examples. 



sin 4 a dO. 

cos 2 0 sin 4 6 dd. 

cos 6 Ode. 


Am. 


sin 6 cos 0 

v 

sin 0 cos 0 /sin 4 0 


V 


sin 2 0 + 


sin0 cos 3 0 / 


^cos 2 0 + : 


im * 

-i) 
H(*‘ 


sin 2 0 

12 


x6‘ 

sin 0 cos 0 4 0^ 


57. Indie©© both Negative. — It remains to, consider 
the case where the indices of sin 0 *tad cos 0 are both 
negative. 

Writing - m and - n instead of m and n, in formula (*(?), 
it becomes 

^ dO - 1 __ t n 4 1 f dO 

J sin m 0 cos”0 ~ (m + n) cos n+1 0 sin” 2 "^ m + nj sin m 0 cos n+2 0 ’ 
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or, transposing and multiplying by — — 

n + i ’ 

f 1 ° l m+nf dO 

J sm m 0 cos“«0 (n+i) cos sm m -'0 + 177 J s!^ 0 ^ 70 - 

Again, if we substitute n for n + 2 in this, it becomes 

f 1 

Jsin m 0cos"0 ~ (n - i)cos n - I 0siu ,n - T 0 


+ 


ot+w-2 r do 

n - 1 v sin m 0 eos“ -2 0' 


(R) 


Making alike transformation* in formula (2)), it becomes 

f d 6 _ - x 

J sin»0eos B 0 (ro - 1 ) sin”-^ cos ,M 0 


rit> tW “2 


M - I 


sin m - J 0 cos”0’ 




In each of these, one of the indices is reduced by two 

foSiuS The y' eq T tlyj b y successive applications 5 the 
iormulse, the mtegrals are reducible ultimately to those of 

one or other of the forms or ~ • i 

_ cos 0 ihlr tJlese have been 

already integrated in Art. 17. 

. 110 fonmJas ot Jj -4 J, . . 

important that they are added independently, as follows 


b® observed that formula (JB) (D) n 
obtain M , '“I (*). >•- 

»■> “ „ ,, „ 4 ^ 
into 00s p, sin p, and - dp, respectively . 
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1 

\ 


dO __ sin0 
cos w 6 (n — i) cos w_1 0 

dO - cos 0 

gin n 0 (w - i) sin 71-1 0 


n - 2 

dO 

n - 1 . 

cos” -2 O' 

n - 2 

f dO 

n - 1 . 

I sin* 1-2 O' 


( 7 ) 

( 8 ) 


It may be here observed that, since sin 2 0 + cos *0 = i, we 
have immediately 


C dO 

*> , 

f dO 

J sin m 0 cos w 0 

J sin™~ 2 0 cos w 0 . 

J sin m 6 cos w ~ ?, 0 ’ 


( 9 ) 


and a similar process is applicable to the latter integrals. 
This method is often nsefnl in elementary cases. 


Examples. 


« 1 . 

f * _i 

' sin 0 ^0 

Jsm0cos 2 0 J 

1 COS 2 0 


f dQ 1 

[sin 0^0 

2 . 

J sin 0 cos 4 6 ~ . 

1 cos 4 0 


+ 

4 - 


r de i . . e 

-t— = + log tan 

J sm 0 cos 0 2 

r dO 
J sin 0 cos 2 0’ 


and is accordingly immediately integrated by tbe last. 


3 - 


4 - 


00 

sin 3 0’ 

d$ 

sin 8 0 cos 2 a ‘ 


Am. 


cose i, x e 

• - + - log tan-. 

2 sm 2 0 2 2 


i 

COS 0 


COS0 

2 sin 2 Q 


•j 0 

4- - log tan 
2 2 


58. Application of Method of Bilfereiitiation. — 

The formulae of reduction given in the preceding Articles 
can also be readily arrived at by direct differentiation. 
Thus, for example, we have 

d f&m m 0\ _ msm m ~ l Q n sin ffl+1 fl _ 
d0\cos n Oj cos n ~ l 0 f cos fm 0 J 

and, consequently, 

f sin m+1 6 * _ 1 &m m 0 __ m f sin^O ^ 

J cos nn 0 n cos n 0 n J cos 7 *" 1 # 

This result is easily identified with formula (A) . 
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Again, 
d A 

(s iti m u cos n 0) - m sin™- 1 !) cos n+1 6 - n sin m+1 0 cos^ 1 ^. 

If we substitute for cos w+1 0 its equivalent cos n ~ J 0 (i - sin 2 0) 
we get v 

d 

dQ (* mm0 cos ^) = sin^fl ootf«® - (m + n) sin’^0 cos^0 ; 
hence we get 


' l 8i 


sin ffl+1 0 cos dO = - cos?1 ^ + - 

m + n m + n 


sm m ~ l 6 eos *-'0d0, 


a result easily identified with (D). 

. ,J lie °^ er formu l® of reduction can be readily obtained 
in like manner. J 

59- Integration of tan B 0d0 and — . 

tan w 0 

These integrals may be regarded as cases of the preceding • 
fohowT-— h ° WeVer ’ be arrived at in a Ampler manner, as 
Since tan 2 0 = see 2 # - i, we have 

J tan n 0 dO = | tan"~ 2 0 (sec 2 0 - i) dO = J tan"- 2 0 d (tan 0) 

- J tan”' 2 0 d6 = ~~ - J tan”- 2 0 d6. (io) 

By aid of this formula we have, at once, 

f tan”0 dO = + *5™ _ &0 

J n - x « - 3 « _ 5 0£0, v 11 ! 

(i.) If n = 2 r + r, the last term is easily seen to be 
, (" i) w log(cos0). 

2 ‘ 2r ’ , i wo l^t terms may be represented 

by (- i)” 1 (tan 0-0). r 
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In a similar manner we have 


dO 

[sec 2 9d6 

d 9 - 1 

dO 

) tan n 6 J 

1 tan”0 J 

tan n ~*6 (w-i)tan w ^0 J 

| tan^~ 2 0' 


Examples. 


1 . 

j tan 4 0 ^ 0 . 

Am. 

2 . 

f m 


J tan 8 0 ‘ 

n 


f dd 


3- 

J tan-^* 

>9 

4 . 

| cot 4 0 dd. 

99 


tan 3 0 


- tan 6 + 0 . 


2 tan 2 0 


- log (sin 0 ). 


4 tan 4 0 2 tan* 
cot 3 0 


-+ log (sine). 


+ cot 0 + 0 . 


6o. Trigonometrical Transformations. — Many ele- 
mentary integrations are immediately reducible to one or 
other of the preceding formulae of reduction by aid of the 
transformations given in Art. 26. For example, if we 

zjifll d'X 

assume % = a tan 6 , the expression — - transforms into 

(a 2 + 

sin m 0 eos n_m_2 0 dO (neglecting a constant multiplier). 

In like manner, the substitution of a sin 6 for x trans- 

. . x m dx . , a m - n +'Bm m 0d6 

forms the expression — — — into — : and, if 

,, . x m dx , . . J cos n-m_2 0 dO 

x = a sec u, the expression transforms into — 

(a?-a-)l sin” -1 0 

(negleoting the constant multiplier). 

A similar transformation may he applied in other cases. 

dx 

For example, to find the integral of ^ : 

(2a% - xy 

let x = let sin 2 0 , then dx = 4 a sin 0 cos 6 dO , 

and the transformed integral is 

2 ™ a n j sin 2n 0 dO : 

accordingly the formula of reduction is the same as that in (5) ; 
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f x 4 dx 

J (r - x 2 )l 

f dx 
* aP a/ l ' — x 2 
f dfe 

J (« 2 + a? 2 ) if 

f 3*^3? 

J (a* + xY~ 

f afidz 
J (2 ax — # 2 )£* 


Examples. 

Ans - r~ •s***- a ^~~* ( 3 + 2**) 

„ *log- r -T l / ^ Z g .V^Eg 

2 a? 2 # 2 ’ 


J (« 2 + a 2 )f ” + a 2 )* " 

4 f &&* _ . 

)(cfl + xY » J(^qrp )+2 

f 3 3 $jz . . _ 

J {pax ~ x 2 )i’ >’ ~ ( 2 **- 0 8 ) 1 + ?) + 3a2Birx ~ l '\j^ 

« J^! ^ teg fl S c ° nsid ered in this Article admit also of 

lonZngt! 0 * treatm6nt - We “ commence tith the 

<rr$ji “ ■—«— * •»*»- 

n - m - 3 

- («» - 0 ) » <fe 


or an even positive integer , less than™ -T. "*“*** 


For example, becomes 

(a + C« 2 )a 


- 0) a rf S 


■, and 


w #■> 

^^ ly *»“«M W SgS‘b7kwoaJ? 
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i. 


dx 


' (a 4 cz 2 ) 


: 2 \f 


2 . 


3 * 


4 - 


i 

i 

i 


xHx 

(a + cz*)^ 
xHx 

(« 2 4 z 2 )^ i 
dx 

& {a 4 cx 2 f 


Examples. 

, X ( GX 2 ) 

jins, — j i i . 

(® 4 ew 2 )* l 3 (a 4 os 2 )) 

- ft 3 f 1 ca® } 

a 2 (fl 4 ok 2 )“ (3 5(«4«c 2 )j* 

- (2ff 2 + 3a; 2 ) 

3 (» 2 + xrf ’ 


The differentials considered in this Article are cases o' f a 
more general class called binomial differentials. 

62. Binomial Differentials. — Expressions of the form 

x m {a 4 bx n ) p dec, 

in ’which m, n, p denote any numbers, positive, negative, or 
fractional, are called Binomial Differentials. 

Such, expressions can be immediately integrated in two 
cases, which we proceed to determine by transformations 
analogous to those adopted in the preceding Article : — 


(1). Let 


a 4 bx n = z ; then x = 



and 

*"i( 

hence 

of* (a 4 bx n ydx = 


dz ; 


(z - a) n zPdz 

m * l 

nb n 


Consequently, whenerver — 1 - is a positive integer, the 

transformed expression is immediately iategrable after ex- 
pansion by the Binomial Theorem, 
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Again, if we snbstiinte for a, the differential 
becomes 

(ayn + bydy. 

88 51 ^ 

m + i 
n 

-W'VWV* VMJWV UJULO 

gration is effected by the substitution of * for as* + b. 

Examples. 

Ans. ?(* + *)»(*-») 

9 


- is a positive integer ; i. e. when 
+P is a negative integer. In this latter case the inte- 

_ * nn . - 


(r 

dx 


*3- 


4. 


f 

^ (x + «3)3 - 
r 

J x 2 (i + a*) 8’ 

dx 

«*(i + x 2 )^' 


j 


(i + # 3 )r 
(r + ^)i 

n — „ 

a; 

20 $ 

(T+ ^2)i* 


expression, ^f^be a&actiomTiidfxTs 0 ^ 868 ^ applicable > the 
of integration in a finite number of terms ^5^ mcapab ] e 
mg with this investigation n r ?^ S ‘ ^ e ^ ore Proceed- 

forms of integrSrfci^ 11 ample 

functions. ® 7 auction, involving transcendental 


63. Redaction of 


where « is an integer. 

Integrating by parts, we have 


j" e nx x n dx, 


f x n P mx fJ<y> X n 6 mx % f 

J ' *■— 


(13) 


. B l SUCCeS8iVe applicati <*s of this formula the integral 
is made to depend on f ***„ : e mx 8 1 


* L 

depend on J 


i. e. on 


m 
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Reduction of / x m ( log x) n dx. 
(e mx 

Again, to find — dx. 

J 00 


Assuming u = e mx , v = and integrating by- 

parts, we have 

f e mx dx __ - e mx m Ce mx dx 

J x n (m. — i ) x n ’ 1 + n - i J x n ~ x ’ ' 1 ^ 

By means of tbis the integral is reduced to depend on 
f e mx dx 

J x 


The value of this integral cannot be obtained in a finite 
form ; it however may be exhibited in the shape of an 
infinite series ; for, expanding e mx and integrating each term 
separately, we have 


e mx dx mx m 2 xr 

= log x + — + + - 

« I 1.2^ I 


m z x z 


2 . y 


+ &c. 


(^5) 


The integral of a x x n dx is immediately reducible to the 
preceding, since a x = e xl °s a . Consequently, by the substitu- 
tion of log a for m in (13) and (14), we obtain the formulae 
of reduction for 


f (a x 

a x x n dx and — dx. 
J J cd 1 


In like manner we have immediately 


J e~ x x n dx = - e~ x x n + n J e^x* 1 " 1 dx. (16) 

64. Reduction of J x m (logx) n dx. 

Let y = log x y and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 


f*“ ( l0 S »)•*» = - mT~i 1 ( l °Z x ^ dx - 7) 
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Examples. 


f * W *’ *»■ 1 *= + Lli „ _ Ll£_I ) 

a { a a* «3 j* 

2. J* 3 (Iog *)**. „ ^{(l 0 g*)*_L°|A + |J. 

f e x dx .rf r 

3 - J ~W » -1(-L + -L + A + __Z ffif 

3(* 3 2*j 3 2. ij * • 

65 . Reduction of /«» C os oaffo. 

Here j * 00s <»<*, = _ 2 f *«-i sin axdx 


ci a 


x n ~ 1 sin axdx : 


0”" 41 sin axdx ^ - '• 


•^cos^a? ^ ~ i 


+ "T"' J ^ cos ^ ^ 


I cas <za?cfa? = ~ (y sin ax + n cos aa?) n (w - i) r 

J ^ — % cos aa? <&. 

in lSmann^ ° f redUCti0n for ^ dn ™ dx can be obtai »e4 
Again, if we substitute y for sin" 1 *;, the integral 
J (sin -1 *)* 1 ^ 

transforms into 

\y n cosy dy, 

fomX° rdmgly ltS TOke ° an be found h I the Preceding 


Examples. 


r * J a 3 cos xdx. Arts, x* sin a + 3^2 


cos x — 3 . 2 . oj sin a? - 3 . 2 . ! . cos Xt 


2 * I Bmxdx. 


Ans. - sk 4 cos x + 4^ sin # + 4 . 


3 ®»“ cos # - 4 . 3 . 2 . # gin # - 4 . 3 , 2 . 1 . 
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Reduction of j cos m x sin nxdx. 

t 

66. Reduction of /e“*cos n xdx. 

Integrating by parts, we get 

| e 0 * cos»» dx = + ” f c ax cos n -i x sin d 

J a a) 

Again, 

[ c^cos"" 1 # sina?daj 


cos n-i^ ^ x 

a 



i) cos n - 2 a?sin <l x\dx 


e ax cos w_1 a? sin a? (n - i 
: < + V 


~ - e ax eos n " 2 a? da? - - f e aa; cos* 1 a? da? : 
a J a) 

substituting, and solving for J e ax cos n xdx, we get 

f ^ oos^ dx - cos " la; 008 ^ + ” sia g) 

J + ft 2 


n(n - i ) r 

+ + n * j ** 00 ^ xdx - ( 1 8 ) 

The form of reduction for e ax sm n xdx can be obtained in 
like manner. 

67. Reduction of J cos m a? sin nxdx. 

Integrating by parts, we get 


cos m a? sin nxdx «= - 


cos w a? cos nx 
n 


ml 

nj 


GO& mrml x cos nx sin x dx : 


replacing cos nx sin a? by sin nx cos x - sin (» - 1 ) x, after one 
or two simple transformations we get 


cos w a?sin^a?da? = 


cos w a? cos nx 
m + n 


m 


m + n, 


cos™" 1 a? sin (w - 1 ) xdx. 


(! 9 ) 


The mode of reduction for cos™ a? cos nxdx, sin™ a? cos nxdx 
and sin™a? sin nxdx can be easily found in lik e manner. 
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Examples. 


I. 

| e ax Bm*%dsc. 

e ax sin x , . 2e ar 

Jins . (a sm# — 2 cos#) + 

4 + a? a( 4 + a z ) 

2. 

| cos 2 # sin 4 $d$. 

cos 3 # cos 4# cos x . cos 3# cos 2# 
” - 6 12 24 

3 

jV*eos 2 #^#. 

Q-X 

„ - J (cos 2 # - sin 2# + 2). 


68. Reduction toy Differentiation. — We shall now 
return to the discussion of the integrals already considered in 
Arts. 60 and 61 ; and commence with the reduction of the 


dx 

expression - This, as well as other formula) of re- 

(a 4 * cx~)x 

duction of the same type, is best investigated by the aid of a 
previous differentiation. 

Thus we have 


~ j + cx*)i J = (m - i ) x m ~* (a + c^)i + 

(m - i) x m ~ 2 {a + cod) + <!% m 
(a + cx i y* 

_ (m - i) ax™" 2 mcx m 
(a + car*)* ~ h (a + ar)& y 

hence, transposing and integrating, we obtain 

f % m dx _ x™- 1 {a + cx 2 )h (m - i) a f x m ~ 2 dx 

]{a + cx 3 )i “ me me J (a + ca? s )i' 

. Py this formula the integral is reduoed to one or more 
dimensions ; and by repetition of the same process the ox- 
pression can be always integrated when m is a positive 
integer. 

The formula (20) evidently holds whether m be positive 



Reduction of 


x m dx 
(a + cx ~) n * 
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or negative ; accordingly, if we change m into [m 2), we 
obtain, after transposing and dividing, 


dx __ (a + cx 2 )% _ [m - 2) c 

x m (a + ~ (m- 1) ax m ~ l (m - x)a 

69. More generally, we have 


dx 


* (a + cx z )-~ 


(21) 


— i x m ^[a + cx 2 ) n ) = (m - x)^- 2 (« + + zncx m (a + cx 2 ) w ” 1 

= (a + <?& 2 ) w “ 1 {{m- 1 )ax m ~ 2 + (rn + 2n-~ 1 )cx m ). 

Hence 

os 7 m ™" 1 ( a + cx 2 ) n 

x m (< a + cx*) n ~'dx = v — 


1 ” 


(m+ 2n- 1 )c 


(m -i )a 

(m + 291 — 1) c 


x m ~ 2 (a + cx 2 ) n ~ l dx. (22) 


Consequently, when on is positive the integral can^ be 
reduced to one lower by two degrees. If m be negative, 
the formula can be transformed as in the preceding Article, 
and the integration reduced two degrees. 

We next proceed to consider the case where n is negative. 


70. Reduction of 


x m dx 

(a + cxY 


m and n being both positive. 

x m dx 


Here 


Let x ™” 1 = u, and 


(a + cx 2 ) n 

xdx 


1 


(a + cx 2 ) n 
x 


xdx 

(a -t* cx 2 )* 1 ' 


or 


2 (n - 1) c (a + cx 2 ) n ~ l 


= v. 


and we get 

f x m dx _ ___ 

J (a + cx 2 ) n “ 2 \n - 1)0 (a + <?# 2 ) 




|W~1 

M 


»> - 1 r % m ~ 2 dx . , 

> (w - l)c t + 
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By successive applications of this form the integral admits 
of being reduced to another of a simpler shape. We are not 
able, however, to find the complete integrally this formula, 

unless when n is either an integer, or is of the form where 


r is an integer. 

7i. Reduction of 


x m dx 


dx 


{a + 2bx + e?a? 2 )&* 

Sy differentiation, we have 

{x m -\a + zlx + ctf)l) = ( m _ + zhx + cx y 


+ ~ r( a + QP ) = (glilg^+K-i) to” 1 ' 1 

(«+2&r+caj 2 )i (a + + c« 3 )i 


hence 


J 1 


fsm- i)5 
me 




<***>> m os M (a+ 2 bx + cx?)h 
{a + zbx + cx 2 )i ^ ' 

x m ~ l dx 


(a+ 2bx + cx 2 )k 


(*»- r)« 

r x m -*dx 


1 {a + 2bx+ cx z )i 


( 2 4) 


This furnishes the formula of reduction for this case • bv 

° f iuie ■%>«>*> SaJy 


xdx 


(a + 2 bx + cx 2 )& 


and 




(#+ 2ia?+ 

These have been determined already in Arts. 9 and 12. 
AgA, the integral of «, be redaced to 

the preceding form by making x = ~. 

z' 

72. The more general integral 

x m dx 


J< 


! (a + 2 bx + ex % ) n 

admits of being treated in like manner. 
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J (a + 2bx + cx*) n 

For i£ a + 2bx + cx 2 he represented Try T we have, by 
differentiation, 

(I f [m - i)x m ^ 2 (n - i) x m ~ l (b 4 - cx) 

Ze\¥ nZl ) = T ^ 

_ ~ 1 ) (g + 2&3? H- CM 1 ) - 2 (ll - l) ff™" 1 (6 -f Cfl?) 


2 b (ni — n) x™*" 1 [in-m -\)cx m 

jT n dt n T n 


Hence, we get the formula of reduction 


' x m dx - x m ~ l 2 (m -n)b 

I T n ”(2»-w-i)cP' 1 + (2w-m~i)c 


x m ~ Y dx 
T n " 


i )a f x m ~ l dx 


[in - m ~ i)c) T n 


C 2 5) 


By aid of this, the integral of when m is a positive 

x dx dx 

integer, is made to depend on those of and Again, 

it is easily seen that the integral of is reduced to that of 
dx> „ 
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/nht/ruliwi tnj tdumxniw Uuiwiutn, 


r ,(,t 

7,5, Reduction of . 

J [ii t :br . . "f 

i* 

In ardor <0 rotlutw J ^ wo Imvo 

1 iuA c ?Ji(h 1 t\r) * 

'/»«" / ' * y*».t 


4 / //; 1 nr 
Zr\ 


llenoo 


i; 


<* „!«(»/<' A'j ,'HC ,•« /.}'• A*! ( .*«, 

'/'» 1 7«Mt| 7'« / rj • , ^ , 

d> A <>.r {jii 1 '•* | ,/» 

7' M1 ,'«<•/(' A ) /'* ’ ,'itfttr 4' > j / * 

By aid of tlii« formula of r«dnot «<>» (!»*■ inWral ■ f , u , 
bo found whenever » ia an integer, or when it t* of ilm f. no 

jt* 

•- {r being an integer). 

74- Reduction of j f' 

whoa » in a ptwifivo integer. 


f/ //' 

tmt ff a 1 /> (mx, then ' Amur, mm j* 


If 




Again, liy differentiation, wo have 
d (sin «rl enter (a i)/« ain'# 

dr ( f/*"'*) //“ 1 ‘ {!» 


eo« r jo 1 j/< jo 1 )ti rHM*# 

//■» 1 1 { ,, ' fl „ i 

substitute • , tor cam r in the tiunicrMf nrs of fr,yfien»-.. 


and wo gut 
d («inr 

If 


> r« {»> - >V< » I J<w ... I) , 

U*'S ” W* ' hi!*'' v* ■ # , r * 



Reduction of f - — . 

){a + b cos#)" 

Hence, transposing and integrating, we get 
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\dx 


- b sin x 


( 2 n - 3 )g 


27 " (w - i) (a 2 - & 2 ) Z 7 " _1 (n - i) (a 2 - J 2 ) J 27"- 1 


& 


n - 2 


(n - i )(a? 


r ^ 
^)J u*+* 


(28) 


By this formula the proposed integral can be reduced to 
depend on 


1 


dx 


a + b cos x’ 


the value of which has been found in Art. 18. 

75. The integral considered in the last Article can also 
be found by aid of a transformation, whenever a is greater 
than b , as follows : — 


dr 


dx 


[a 4 b cos x) n 


{ (« + i) 


dx 


o X X !} 1 

cos 2 - •+• (a - b) sin 2 -} 
2 X ' 2 J 


( x\ n 
i + tan 2 - j dx 


(a cos 2 ^ + JB sin 2 (^. 

(where A = a + b, B = a - b). 

x IA 

Next, assume tan - = /--tan 0, then 


A + £ tan 2 





Integration by Successive Reduction* 


and we get 


i + tan 2 -J dx Jj[y x + tanY J dtp 


A + £ tan 2 • 


£ A n m6 Zn ^<i> 


2 (B oob 2 ^ h * A mv*<t>) n ~ l dtp 

l * • 

Hence, replacing -4 and B by a 4 ?; and « - wo gel 


dx 


(a + b cos «r) 


__ 2 [<lz± 

" J («' 


(fl! - b COM 2 ft) "" 1 (/ <!> 


~ byH 


(294 


When w is a positive integer, the integral at tho right- 
hand side can be found by expanding (a - b cos ami 

integrating each term separately by formula (4), 

Again, if in (28) we make b^a cos a, and 2 $ //, wo 

obtain 

f <&? if/ 

J (■ t «»««».)• - (■ -«».<«*)» ■», 


where tan 


2 / 


■ tan - tan 


Hence, if we tako o and - as limits for .r, wo have 

2 




dx 


: + cos a cos x) n ^ sin 8 ”" 1 

76, Integration of 


a 

I _ [ s ( 
2n-i f V 

« Jo 


1 - 00s « eoa y) n ‘ l ihj. 

A*)d* 


<t> {jc)<y a zbx t- «e* 

We shall oonolude this Chapter with tho discussion of tht » 
above form, whore /(») and *(») are supposed rational n!g«* 

braio funotxons of x. 

If/(») he of higher dimensions than tho fraotioi* 

may be written m the form 
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Integration of — 

0 (®) V 1 # + 2&# + c$ 2 


Again, since Q is of the form p + qx + n?? 2 + &c., the inte- 
gration of — can he found by the method of 

*/ a, + zbx + cx 2 

Art. 71. 

The fraction -—r-r can be decomposed by the method of 
partial fractions (Chap. II.). To any root a, which is not a 
multiple root, corresponds a term of the form and the 

corresponding term in the expression under discussion is 

Adx 

(x - a) 's/ a + ibx + cx* 

The method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

Bdx 

( x - a) r */ a •+• 2bx + cx* 

This is reducible to the form of Art. 71 on making 
x ~ a = Again, to a pair of imaginary roots corresponds 

Z 

an expression of the form 

(lx + m)dx 

( (a? - a ) 2 + j3 2 } a + zbx + cx* 

If % be substituted for x - a, the transformed expression 
may be written 

(Lz + M)dz_ 

(it* + (3 2 )\/A + 2 % + IP 


■whore L, M, A, B, C, are constants. 

To integrate this form ; assume* z (3 tan (0 + y), where 


* For this simple method of determining the integral in question I am 
indebted to Mr. Oathcart. 
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Integration by Successive Reduction . 


0 is a new variable, and y an arbitrary constant, and the 
transformed expression is 

[If 3 sin (0 + y) + M cos ( 0 + 7 ))^ 

(3*/ Aoos 2 (0 + y) + 2]3j3 cos(0 + y) sin(0+y) + (7/3* sin 2 (0 + y) 


Again, the expression under the square root is easily 
transformed into 

^{A + Cfi 2 + (A- Cfi 2 ) cos 2(0 + 7) + 2B(3 sin 2(0 4 * y)} 
- ^ A + Cp 2 4 - cos 2 O {(A - Cj3 2 ) cos 2 y + iBl 3 sin 2 y) 

4 - sin 2 O {2Bj3 cos 2 y - (A - 0(3 2 ) sin iy } . 

Moreover, since y is perfectly arbitrary, it may be assumed 
so as to satisfy the equation 

2 B \5 cos 2 y - (A - C(3 2 ) sin 27 = o, or tan 27 = : 

and consequently the proposed expression is reducible to the 
form 

(E cos 0 4- M' smO)dQ 
yp + Q cos 2 O 

(in which E, M P and Q are constants), or 

Ed (sin 0 ) M'd (cos 0) 

yp+oiy Q sin 2 9 \/P- Q + 2 Q oos’O’ 


each of which is immediately integrable. 



Examples, 
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Examples. 
2 

I. 1 cos 3 0 sin 20 dd. Am . - - cos fi 0 


! 

2. | sin. 2 


3 * ( 


0 cos 3 0 d0. 


sin 5 0 cos B d do. 


sin 8 0 sin 5 0 


I cos < 

-s 


cos 4 0 dO 
sin0 

cos 4 0^0 


f cos 4 0^0 

s ' j 
6 . 

J ( t + 

7. j a**" 1 (a + Ix")p dx. 

8. j ff^oos *xdx. 

«■“ S; 


-i( 


COS 20 — - COS 3 20 + 

3 


COS 3 0 


+ cos 0 + 


^COS 8 0 cos 0 


+ 1 


■3 3 


- COS 5 20}. 

5 J 

log ^tan 0 . 

~ - log 
/si ir 0 2 

) 


( 1 4 - x 2 y 


i + bx n )P +l {(j? 4 x ) bx n - a} 
n(p 4- i)(i? 4- 2)5 2 


<#0 


sin™ 0 cos’* 0 sin™" 1 0 cos n ' 
deter min e the values of A and B by differentiation. 


* ^ 1 3 (sin x - cos x) 4 - cos 2 x (3 sin x -cos x) j . 

^ «+*(- ** 

1 0 J SI 


sin™" 2 0 cos” 0* 


f (x 2 — a 2 )dx 

,0 - ) "'(** + W 

f 8in g tf dO Ans. 2 tan — 0. 

"• J(l+OOS 0f 2 

r sin ™0 dO f sin™</> dtp 

12. Provo that the integral j ^ ” cos0 j„ transforms mto 2™*™ j C0g o jrm< ^* 


•where 0 - 24 
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Examples. 


[a + b cos x) 2 ' 


. — b sin x 2a 

Ans — — + r tan- 

fa 2 — b 2 )(a + o cos a?) 




f cosfl^ , ? sm 0 8 , . ( 2 ) 

14. I 7 Ans. - . - — tan- 1 1 — — /. 

J (5 + 4 cos 0 Y 9 5 4- 4 cos 0 27 \ 3 / 

15. j (sin -1 #) 4 = a? { (sin -1 a;) 4 -4.3. (sin -1 a;) 2 -14.3.2.1} 

+ \*y 1 - x » sin -1 a; {(sin" 1 a?) 8 -3.2}. 

16. Prove by Art. 74, that any expression of the foim * 3 

capable of being integrated when /(cos x) consists of integral powers of cos %. 

17. Show, in like manner, that the expression 

/(cos x, sin x)dx 
(a + b cos x) n 


can be integrated when /(cos x sin x) consists only of integral powers of cos x 
and sm x. 

K 1 it m. ? m i 

+ K f — 

J a + bx 4 cx l 


find the values of P, ( 2 , and P. 


\ cos 2 0 + l sm 2 0) 2 


(& + £)4> (fl5-^)sina^ 
2 (a£)^ 4 


where tan $ = It tan 0. 


20. Fmd the values of n for which 


terms. 

2i. Prove that 


“I 7 




is integrally in finite 


! 7T ($£ I p 7T 

7 — ; rr = - o ' (1 - cos a 00s 

0 (1 + cos a cos x) n sxn 2, »* ,1 a J 0 v J 



( »1 ) 


CHAPTER IY. 


INTEGRATION BY RATIONALIZATION. 

77. Integration of Monomials. — If an algebraic expres- 
sion contain fractional powers of the variable x it can 
evidently be rendered rational by assuming x- z n , where n 
is the least common multiple of the denominators of the 
several fractional powers. By this means the integration of 
such expressions is reduced to that of rational functions. 

For example, to find 

' (1 + x*)dx 

J 1 + 

Let x = s 4 , and the transformed expression is 
V (1 + 

4 — ’> — • 

J 1 + jr 

Oonsequently the value of the integral is 

— + 2x l - 40* + 4 tanr 1 ^) - 2 log (1 + x$). 

3 

Again, any algebraic expression containing integral 
powers of x along with irrational powers of an expression 
of the form a + bx is immediately reduced to the preceding, 
by the substitution of % for a + bx. 


Examples. 


j. f til - Am. O 3 4 + 8® 4 16]. 

J 5 • 7 

f A ( 2<a? + gg) 

2m J (a + hxf ” ^ */a + bx 


ip f V ^ - 1 


„ log (*+>/*- 1) — 4 = ^ 
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Integration by Rationalization . 


78. Rationalization of J F(x, a + zbx + cx 2 ) dx. It 
has been observed (Art. 28 ) that the integration, in a finite 
form of irrational expressions containing powers of x beyond 
the second, is in general impossible without introducing now 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic fun ction containing 

a single radical of the form */ a + 2bx + cx 2 , where a t b, c are 
any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Eeduction (Art. 76 ). We shall discuss them here 
by the method of rationalization. 

mi ♦ & f (•&) dx 

The expression* '-±L , can te made ra . 

0 \ x ) + 2bx + cx 2 

tional in several ways, which we propose to consider in 
order : — 


(1). Assume «/ a + zbx + cx 2 = z - x </~c. (1) 

Then a + ilx = s 2 - 2 xz bdx = zdz - </e (xdz + Ur), 

or dx [b + z a/~c) = dx(s - x */c) = dz a + 2bx + cu x ; 
dx dz 


Also 


a/« + zbx + ctf b + z^/o' 
z--a 


2 (b + s^/c) 

This substitution obviously renders the 


(*) 

(3) 


nJXr ooviousiy renders the proposed ex- 

pression rational ; and its integration is reducible to that of 
the class considered m Chapter II. 


the form WlU ^ sll0Wn su tsequently that the integration of all oxprewiioa* oi 

V^ 1 rt + 2 bx -j* clx 

is reducible to that of the above when F is a rational algebraic function 
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Nationalization of F(x, y a + zbx + cx 2 ) dx. 

Art. 9). 


When b = o, we get 
dx dz 


-, and x ■■ 


% — a 


*/a + cx % %y c 2%^/c 

By aid of the preceding substitution the expression 
dx 


transforms into 


( x -p) a/ a + zbx + cx 2 
dz 


(Art. 13) 


For example, to find J 
Here x = and 


2 zp ^0- a- 2 pl 
dx 


(p + qx) y 1 + x 2 

dx 2dz 


2% 

dx 


(p + qx) y 1 + a? q * 2 + 2pz - q 7 

1 




(p + qx) y 1 + x 2 y p 2 + q 2 to \qz + p + yp 2 + q\ 

When the coefficient c is negative the preceding method 
introduces imaginaries : we proceed to other transformations 
in which they are avoided. 


qz +p - y p l + q* 


(2). Assume* y a + 2bx + cx 2 = y<z + xz. 

Squaring both sides, we get immediately 
2b + cx = 2z ya + xz 2 ; 

dx (0 - f) = 2dz ( yia + xz) = 2dz y 'a+ 2bx + cx 2 . 
dx 2dz 


( 4 ) 


Hence 


ya + 2 bx + cx 2 c~z 2 


( 5 ) 


* This is reducible to the preceding, by changing x into and thou em- 
ploying the former transformation. 
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Integration by nationalization . 


And 


x - 


> (%V a - b) 

c ~ z 2 


( 6 ) 


This substitution also evidently renders the proposed 
expression rational, provided a be positive. 

For example, to find 

dx 


t %'s / 1 - % 2 
Assume V 1 — x 2 = i - %z 9 and we get 


dx 


dz fi - a/ i -r 

— = lo S z = % 


J % y i - x 2 

(3). Again, when the roots of a + ibx + c% 2 are real, there 
is another method of transformation. 

For, let a and fi be the roots, and the radical becomes 
of the form 

Vo (% - a) (a? - fi), or */c{x - a) (/3 - %), 

according as the coefficient of % 2 is positive or negative. 

In the former case, assume Vv-a^Z'/'x-fi, and we 
get 


a - fiz 

x = — 2 

I - z 2 

Accordingly 


; hence x - fi = 


a - fi 


dx 


2zdz 


cA ’ 


X - fi I — Z 2 ’ 


d% 


dx 


V c (X - a) [x - [ 3 ) z{x-$)y~c /ci-2*' 

In the latter case, let -/» - a = z -/fi - x, and we got 


( 7 ) 


X - 


a + fiz 2 
1 + z 2 9 

dx 2 


*/ c(x-a)(fi-x) /ci+Z 


and 


( 8 ) 
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Rationalization of F(x, y 7 a + zbx + ~aF) dx. 

For example, tlio integral 

f dx __ 

J (/> -I qx) l/i-F 

transforms into 

2 dz 

. b I q)z‘-Vf^7f 

Wjtt «« I 

on making x > . 

z* 4 i 

The student can compare this method of integrating the 
preceding^ example with that of Art. 13, and he will find no 
difficulty in identifying the results. 

t It may he observed that in the application of the fore- 
going methods it is advisable that the student should in each 
ease select whichever method avoids the introduction of 
imagmarios. 

Thus, as already observed, the first should bo em- 
ployed only when e is positive: in like manner, the second 
requires a to he positive; and the third, that the roots 
lie real. 

H i« easily seen that when a and a arc both negative, the 
roots must he real ; for the expression 

/ — / l/r ■ ao - (rx - bf 

*/ - u ? zhx - vx\ or - 

ii imaginary For all real values of m unless J 3 - no is positive ; 
La uiuwh the roots are real. 

Accordingly, ilte third method is always applioahl© when 
the other two fail. 

From the preceding investigation it follows that the 

expression 

Ffa v47u Tba + ex*) ck 

mn he always rationalised ; F demoting a rational algohraio 
function of 0 and of a 4 thm 4 - cxK 
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Integration by Bationalization, 


Examples. 


i 


dx 


2 ‘ I k* 1 


(2 + yx) \/ 4 - x 2 
dx 


A I - V 4 + 25 ?- 2 — X 

Ans. — -7= log - — : — — _ - . 
4 V 2 4 + 22 ? 4 2 — 


[(«* + a; 2 )* + *]* 

Assume z = (a 2 + a? 2 )i 4 x, and we get for the yalue of the proposed integral 


2 2 a* 

-zl — -r. 

3 5 z* . 


3. | da; a? 4 2 4 a? 2 . 

4* 1 { (a 3 + # 2 )i + a?}» da?. 


. 2 a ; 2 4 a? \/ 2 + a ? 2 - 2 

- ■ . 

3 v a; + ^/2 U 2 


Making the same assumption as in Ex. 2, the transformed expression is 
(ga-0g)mfo a +«Vz 

2 »i+l 2 m-n +2 > 

which is immediately integrahle when mis a positive integer. 
dx 


s ' I !(■ 

<■ ! 


{(i+a? 2 ) 4 -a?} n ‘ 

{(1 + x 2 )l + x} n dx 
(1 + x 2 )i * 

[ 

J \/ x + 2 bx + i 


Ans. C( r + **)* + *\ nn [(l 4 x 2 )i 4 a?]*j 
2 (w + 1) 2 (w - x) 


„ - {( 1 +a? 2 )& 4 a?}". 


dx 


\ a + 2bx + cx 2 {*y a 4 ibx 4 cx 2 ± a?y^S) n ' 

Let \/ a, + 2#a? + <?a? a + x \/ o-z , then, as in Art. 78, we get 


dx 


dz 


s/ a 4 2 bx + cx 2 # 4 z iA 

hence the proposed expression transforms into 

dm 

5 &0. 


s n (i 4 2\/ a) 
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79 . General Investigation. — The following more 
general investigation may be worthy of the notice of the 
student. 

Let R denote the quadratic expression a + zbx 4 - cx 2 ; 
then, since the even powers of a/ JR are rational, and the odd 
contain a/ R as a factor, any rational algebraic function of % 
and of a/ JR can evidently be reduced to the form 

P + Qa/R 
P' + 

where P, Q , P 7 , Q 7 are rational algebraic functions of x. 

On multiplying the numerator and denominator of this 
fraction by the complementary surd P 7 - Q 7 a/ R, the deno- 
minator becomes rational, and the resulting expression may 
be written in the form 

x+jsrSIi, 

where M and JST are rational functions. 

The integration of Mdx is effected by the methods of 
Chapter II. 

f . _ r NRdx 
Also j Ny Rdx = J —J=r ; 

which is of the form 

f f{x)dx 
J (j) (x) a/ a + ibx + cx 2 

Let, as before, a/ a + 2 bx + cx 2 = V c(x - a)(x - (3), and 
substitute w + 2 fX f — A instead of x, when the radical becomes 

X+2fXZ + VZ 2 

s /c {\ ~ cib! + 2 (fj, -~a/) g + (y- «/) a 2 } {X - 4 2 (a - AO £ + (y- j8/) z 2 f 

A,' + 2/x's + vsP. 

(9) 

Again, if the quadratic factors under this radioalbe made 
eaoh a perfect square, the expression obviously becomes 
rational. 
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Integration hj Rationalization . 


The simplest method of fulfilling i hew cimulil Iotw is* "by 
reducing one factor to a constant, and tho other to f ho form 
containing z 2 . 

Accordingly, lot 

X - aX = 0, fi - a ft - o, jti - fifi o, t* ~ jit l o ; 

or ju - 0, ~ o, A - «A', i> I'Jrh 


On mating these substitutions the expression fo) hn<*oim*« 


(/3 - a)a/- cAV wMlo _ 

A' + ,/s 2 


«Y i l-U'r 
X I p f M* 


In order that - cXv should be real, A' and v must Itavo 
opposite signs when c is positive, and the same sign whm r 
is negative. 

It is also easily seen that without loss* of generality w« 
may assume A' « x, and v « ± i. 

Hence, when e is positive, wo get a f J 3 , and when 

. a “I ftz 2 

c is negative, x = 

I ‘I* z 

These agree -with tho third transformai ion in tho prowl- 
ing Artiole. 

More generally, when tho factors in (q) aw each wjunwn, 
we must have 


(m ~ «mO s ■ (A - «A') (11 - «,/) o, 
or /x 2 - Av + (Ai/ -1 - 2 nix') a + (fi 1 X'i >')« 3 o, 

and a similar equation with 0 instead of «. 

Moreover, hy hypothesis, a satisfies tho equation 

a + 2ia + r,r -I o. 


* For the substitution of if for ~ transfnmw 
A, 


a\' 4 ftp's? . 

A' + vz l "i 4 ’ 




(««) 



General Investigation . 
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Accordingly (io) is satisfied if we assume tlie constants 
A, jit, &e., so as to satisfy the equations 

g? - Xv = a, Xv + Xv' - ififx -zb, fx % — XV = (i i) 

Again, solving for z from tlie equation 

x(X + 2 fXZ + vV) = X + 2 fXZ + vs 2 , (12) 

we obtain 

(v - Xv) S + fl- XJJL -\/ jU 2 ~ Xv + (Xv' + X'v *~ 2 flfx) X + ( fJL 3 — XV) & 2 
=y / a + zbx + ex 2 . (13) 

Also, by differentiation, we gejb from (12), 

(X' + zjaz + vV) dx = 2 {/u + vz — x (fi + v z ) } dz 


-2*/ a-\- zbx + cx 2 dz; 

dx zdz 

V a + zbx + cx 2 X' + 2fiz + vV 


Now, since we bave but three equations (ii) connecting 
X, fx, &c., they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real trans- 
formations. 

(1). Let a be positive, and we may assume v = o, and 
f/ = o ; this gives 

JUL SS2 y/ Xv — zb, Xv = - c. 


Again, without loss of generality, we may assume v - 
which gives 


X = - zb, X = c ; whence x ■ 


2 {%*/ a - b) 




100 Integration by Rationalization . 

(2). In like manner, if c be positive we may assume 


which gives 


fx = o, and v = 1, 


: a/ 0, X = 


a? = 


z M - a 


and 


and X'=2J; 
dx 


dz 


»" , djJULU. y — — — yu~ J 

2 (6 + 2 V C ) V® + 2 lx + CX 2 b + SM/** 


as in (2) and (3). 

It may be observed that since these results do not contain 
the roots a and /3, they hold whether these roots be real or 
imaginary; as already shown in Art. 78. 

It is easily seen that if we make fi = o, and jll =» o, we 
get the third transformation. 

80. If the expression to be integrated be of the form 

f(v) dx 


a + zbx •+ 


car 


where f(x) is a rational algebraic function of x, it is often 
more convenient to proceed as follows : — 

The substitution of z - - for x transforms the proposed 


into 




y/ d + CZ 2 


where </= 


ac - b 2 


If the even and odd powers be separated in the expan- 
sion of f(z - it can plainly be written in the form 


#(«*) + 

and the proposed integral becomes 

f <t>(z 2 )dz ^ fz^(z 2 )dz 
J k/ d + cz 2 J A 


y/ a! + cz 2 


The fo rmer of these is rationalized (Art. 24), b y making 
*/ ct + cz 2 = yz, and the latter by making yV + cz 2 = y. 
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It may loe observed that in general the expression 

fix 2 ) dx 
<p(ar) \/ a -f- cx z 

is also made rational by the transformation 
</ a + cx 2 = xy. 

81. Case of a Recurring Biquadratic under the 
Radical Sign. — As the solution of a recurring equation of 
the fourth degree is immediately reducible to that of a 
quadratic, it is natural to consider in what case an Elliptic 
Integral (Art. 28), in which the biquadratic under the radi- 
cal sign is reourring, is reducible by the corresponding; sub- 
stitution. 

Writing the expression in the form 



and, assuming x + — = 2, the radical becomes */ asP+ibz + c-iai 


and also 



Consequently, in order that the transformed expression 
should be of the required type, it is obvious that $ (x) must 
be reducible to the form 



In this case 

V a + zbx + cx % + 2bx z +a%* 

A*) dz 

«/ a% % + 2bz+ c - 2a 



transforms into 
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Integration by nationalization. 


In like manner, the expression 


y a+zbx + cx 2 - zbx^ + ax 4, 
transforms into — ^ — 


\/ az 2 - 2bz + 2a - o 


, by the assumption 


a? — = s. 

0? 


"When 5 = o the expression can in some cases be reduced 
by assuming either 


o I 2 1 

x + -r or X 2 r = z. 

X 3 «2T 

Examples. 


f (^ 2 ~ 

J «\/F+V 


| (s 2 + l)<fe 

ir 


' x^/'l -f a* 

’ I — x 2 dx 


Ans. log 


» lo S 


r + a 2 + I •+ X 4 
x 

x 2 — i + y i + £ t a 


+ # 4 y f + a ; 4 

if* 2 dx 


irr 


I - X 2 *y I + a: 4 


„ -L; sin-1 ( \ . 

V 2 V 1 + *V 

i . y *-ys 
» t^ 10 ® ; ‘ 

V 2 i — a? 4 


This and the preceding were given by Euler {Gale. Int ., tom. 4) : the 
connexion, however, of their solution with the method of recurring equation! 
does not appear to have been pointed out by him. 


(a 4 — 1 )dx 

2 \/x 4 + x 2 4-i 
Let x 2 + ~ = Zj fa. 

{x 2 — 1) dx 


* f, 

Let 

e - 1 


Ans. 


y X 4 * + x 2 + I 


•*/ & + (XX + 1) {x 2 + j Q%+ 1)* 


Ans . 2 log 


y CO 2 + ax + 1 + y x 2 + fix ’{• r 


1,7 


(1 -x 2 )dx 


(r f x 2 ) y 1 f # 3 + a 4 


Ans. sin” 1 


(rb)- 



Examples. 
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8 ‘ 1 


9 - 


x dx 

(a+ foe)** 
'I + x l 


Ans. 


3 (2 lx - 3a) 
io b 2 


(a 4 - bxf. 


dx 


h 


x 2 *y i + x i + 

dx 


(i 4 - # 4 ){(i 4 - - a? 3 }* 

Assume x = (i 4- # 4 )* sin 6, &c. 
dx 


1 lo „ /l -H i ti l + il/i 

-/i 1 - 3:2 

“■"((TTSiji)- 


* tf, 

, (1 4 - « 2w ){(i • 


(1 4 - «*»){( 1 4 - a? 2n ) H - a? 2 }* 

! xdx 
(I 4 - # 4 - (1 4 - *)*’ 

Assume 14 - x — z 6 . 

x 2 dx 


. J *_ 

mn 1 — 

\(l 4 #2 nfnj 


sirL~ x i 1 y 


X 3 . { 


(1 -«*)(! + # 4 ) 4 * 


A,. -L.10 ,{ !+*>*+ . «£ . ^ 

4 y/ 2 * - # 2 


tarn * 1 

4 \/ 2 2 


14. 

* 5 * 

16, 

17. 


r (1 4 

J ( r _ 

! (i 4. # 4 )& dx 

7 TF"~* 


Ans. 


(1 - z 4 )* 


.Am. - log 

2*-/ 2 

I - X 2 


f/llW=V -1- tan' 1 -^L 

V i -*® 


|4- — tan"' 

2/ 2 v 1 4 - i 




It 


I 4- 2 (?a? 4 - flJ 2 <y/ j 4. 4- 2 foe 2 4 - a## 3 " 1 " a? 4 

- ax 2 dx 

4- ax 2 \/ 1 4- 2cx 2 4- a 2 x 4 

? w + when c > «. 

v/al^) 108 *+«* 


Am. 


” 2 (a- c) 


^ ) ’ wken “ > c ' 
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CHAPTER V. 


MISCELLANEOUS EXAMPLES OF INTEGRATION. 

82. Integration of C0sa! + B sina!+ 9 } g. 

a cos x + b sin x + c 

Let a cos x + b sin x + c - then - a sin x + b cos x = 

xt x dx 

iNext assume 

A cosx + B sin# + C = Xu + u, — + v% 

dx 

and, equating coefficients, we have 

A^Xa + fxb, C=\c + v. 

Solving for X, fx, v , we get 

\ = Aa + m Ab-Ba ( Aa + Bb ) 0 

a> + b>’ v = c ~— JT¥ L ' 

Hence f (^ cosa! + B sin x-vQdx 

J a cos x + b sin x + c 

_ (Aa +Bb)x Ab-Ba , „ 

+ y- + ~,' + jT" lo g (« cos *+ 5 sin® + c) 


f (« 2 + A 2 ) g- (A« + Bb) c f dx 

a 2 + b 2 J a cos x + b sin x + e 

The latter integral can he readily found ; for, if we make 
a = r cos a, o = r sm a, we get 

a COBZ+ 5 sin a? = r (cos® cos a + sin » sin a) = rcos (x - «). 



-r , „ /(cos#, smx) dx 

Integration of . 

a cos x + o sm x -t- e 
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On making x - a = 0, the integral reduces to the form con- 
sidered in Art. 18. 

As a simple example, let ns take 


Here 


f ( A + B tan x) dx 
J a + b tan x 

A + J5 tan # __ A cos x + B sin a? 
a + b tan# a cos x + b sin# 9 


and we evidently have 


' ( A + B tan x) dx _ (Aa + Bb) x 
a + b tan # a 2 + b 2 


+ 


Ab - Ba 
a*+¥~ 


log (<zcos#+6sin#). 


83. Integration of 


/(cos#, sin #) dx 
a cos # + b sin # + c 9 


where / is a rational algebraic function, not involving frac- 
tions. 

As in the preceding Article, assume # = 0 - 1- a, and the 
expression becomes of the form 

^ (cos 0, sin 0) d 9 
A cos 0 + B 

Again, since sin 2 0 = 1 - cos 2 0, any integral function of sin 0 
and cos 9 can be transformed into another of the form 

^(cos 9) + sin 0 <^(cos 0). 

Accordingly, the proposed expression is reducible to 

cos 9)d9 fa (cos 0) sin 0^0 
A cos 9 + B A cos 0 + B 

The latter is immediately integrable, by assuming 
A cos 0 + B = s. 

To integrate the former, we divide by A cos 0 + B, and 
integrate each term separately. 



Mmr/fttncoitK fijrnmpft'x of I '»( tyr.it .Vo>. 


10t$ 

84. Integration o»' 

(rt, 't' l>i <kih r) {Hi , lh cow). .. .(«<, * f -,, •<»«*» ,/•)’ 

whom/, as boforn, dtmofoH a rational nlgi'hod') f»inrt»o». 
Bubatituto a for oos.r and dmimpont 

/is' 

{tt\ i* hi s| (Wj ) hi*) » . * if^a f 

by tho mothod of partial frartionn: thou tlm oxptvfdou to t«* 
integrated roduooa to tho Bum of a number of of th>« form 

tl,r 

A + // m</’ 

oaoh of wluoh oiui bo immodiafoly infogratid. 
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Again, integrating by parts, we have 

J d*f(x) dx =/(#) <? - J e*/ (a?) 

Accordingly, 

J I/O) +f{^)}e x dx = e*/0)- 

For instance, to find 


a? 


Here 


J ' 0 +®) ! 

x i 


<fe. 


(i + xy i + x (i + %y 

e x 

consequently the value of the proposed integral is ~~~- 


Examples. 


I. 

j e w (ooa x + sin x) dx. 

Am. 6*81112;. 

2 . 

j c » I+slosa; &. 

„ e* logo;. 

3 - 

U/” + >. 

J (#-H) a 

X — I 

” e * 7 +i 

4 * 


e x 

” I f x~ 


86. Differentiation under the Sign of Integra- 
tion. — The integral of any expression of the form <j>(x,a) dx, 
■where a is independent of x, is obviously a function of a as 

well as of a?. . , 

Suppose the integral to be denoted by Fix, a), 1 . o. let 


then 


F(x, a) = J <p(x, a) dx, 
I[F(»,a)) = cj>(x,a). 
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Miscellaneous Examples of Integration. 

Again, differentiating both sides with respect to a, wo 
have, since x and a are independent, 

d 2 . F(x , a) ^ d . $(x, a) 
da dx da 9 

or (Art. 1 19, Diff. Calc.), 

— ( illfa d * <!> (a?> a ) 

dx y da J da 

Consequently, integrating with respect to a?, we got 
J . a ) _ f d . 0 (,r, q) 


da 


da 


~dd?. 


i.e. 


da 

In other words, if 


0 (tf, a) =| dtf?. 


(0 


then 


w = J 0 (a?, a) &?. 


dw 

da 




provided a be independent of x ; in which case, accordingly, ft 
is permitted io differentiate under the sign of integration. 

By continuing the same process of reasoning we obviously 


dfu _ f d n <p(x, a) J 
da n ~~ J 4a n ^ 


( 2 ) 


where u = f 0(a?, a) dx, a being independent of x. 
For example, if the equation 
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,fiw proceed to consider the inverse process, namely, 
o<l of integration un der the sign of integration. 
r iif egratlon under the Sign of Integration. — 
* Jant Ajcticle we suppose </>(&, a) to be the derived 
mvt to & of another function v, i.e. if 

° ~ da 

V = J a) da. 

hy tlio preceding Article we have 

^ J v dtv ^ dx = 1 <p(x, a) dx = F(x , a). 

J v d& = J F(x, a) da. 
tkor words, if 

F(x, a) = f 0 (x, a) dx, 



110 


then 


Miscellaneous Examples of Integration. 

\F(x, a) da = \[)<p(x, a) da] dx. 


( 3 ) 


It may be remarked tkat the results established in this 
and in. the preceding Article are chiefly of importance in 
connexion -with definite integrals. Some examples of such 
application will be given in the next Chapter. 

88. Integration by Infinite Series It has been 

already observed that in most cases we fail in exhibiting the 
integral of any proposed expression in finite terms. In such 
cases, however, we can often represent the integral in the 
form of a series containing an infinite number of terms. 

An example of an integral exhibited in such a form has 
been given in Art. 63. 

The simplest mode of seeking the integral of f{x)dx in the 
form of an infinite series consists in expanding f{x) in a 
series of ascending powers of x, and integrating each term 
separately . then if the series thus obtained be convergent, it 
represents the integral proposed. ° 

It can be easily seen that if the expansion of fix) be a 
convergent series, that of \f[x)dx is also convergent. 

Tor let 


/ (*) = a 0 + chx + a % x 2 + . . . a n x n + &c., 


then 


./ ( x ) dx - a 0 x + 


ChX 2 

2 


+ 


— + 
3 


a n x nn 

+ *f . . . 

n + 1 


Now (Diff. Calc., Art. 73), the expression for f(x) is 
convergent whenever — is less than unity for all values 
of n beyond a certain number ; and the latter series is con- 
vergent provided M i ess th an unity, under the same 

n t* I £%_i 

conditions. 

Accordingly, the latter series is convergent whenever the 
former is so. 



Integration by Infinite Series . 


Ill 


Examples. 


! dx 

7r^ 


# 5 


X 

1 


I # 6 I . 3 x 11 I . 3 . 5 £ 1G 

+ + £ — + 

26 2.4 II 2.4.6 16 


4 - &c. 


r dx — / , 1 sin 2 # 1 . 3 sin 4 # \ 

I — = 2 v sin # 1 1 + + + * • • ) • 

J Y sin# ' 2 4 2.49 ' 


1 sin 2 # 

1 + + ■ 

25 2.4 9 


| (1 4- cx n ) \ 


‘ x m " l dx =s x m 


( 1 pc x n 

V m q m 4 * n 


» + X 


p (p - q) c 2 # 2n 


2 • r 


1 4 - 2n 


4 &c. 


I 


89. Expansion of j log (x + 2 m cos a? + m?) dx. 
We shall conclude by showing that the integral 


| log (1 + 2 m cos a: + rtf) dx 

can be exhibited in the form of an infinite series. 
For we have 

1 + zm cos x + m? = (1 + + Mr* v_1 ). 


Hence 

log (1 + 2wicosa! + mF) = log (1 + + log (1 + me* l ) 


: m ( 


(^ v -i + JOL (^-1 + e 5 ^- 1 ) + &c 


SB 2 ( m 00S# COS 2 V + — cos 3 # - occ. I. 

23 


Accordingly 


log(x 


sin 2a: 3 sin3ax 


+ 2 mooBO!+m 2 ')dx=2lmsmx-m , ‘ 



This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding senes can be 
easily obtained. 
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Miscellaneous Examples of Integration. 


For 


i + 2m cos x + m 1 = i + 


e ll 

m 




I + 


m 


and accordingly 

, /cos# COS 2X COS $X & \ 

l0g(H-2mC0S# + M 2 ) = 2logm + 2 r-+ --&Q, j 

J ° \ M 2m 2 ' 

Consequently, when m > i, we have 


3 m a 


. , /sm# sm2^ sm3« 

l0g(l + 2WC0S#+m s a#=2#10gm4-2 T— T + tt r 

j &v j & \ m 2 W 3% 3 

From the above it is easily seen that the integral 

Jlog(i + aeosx)dx 

can be exhibited in the form of an infinite series when a is 

2fYi 

less than unity : for making a = we have 

i + m 



log (i + a cos#) = log (i + im cos x + m 2 ) - log (i + m 3 ). 
The relation between m and a admits of being exhibited 
in a simple form ; for let a = sin a, and we get m = tan 
Making this substitution in (4), we get 

Jiogti + sin a cos x) dx = 2x log ^cos - 

( , a . . .a sin 2a? D \ , v 

tan - sm x - tan 3 - + &o. J. (5) 



Examples. 
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Examples. 


(2 cos a? 4* 3 sin a?) dx .12 x 5. . • * 

— . ^tws. — log (3 cos a? 4 2 sin a?) . 

_ n* _L ain tv* t t> r t> ' ' 


2 cos as 4 2 snx x 

do 

i — sin 4 0 

‘ ^ ( a; 3 4 % 4- i)dx 

(i + *4 

dd __ £ ^ 
I sin 20 — sin d 6 


,, - tan 0 4 - — yz. tan' 1 (tan 0 y/ 2). 

2 2 *S 2 

e x x 

” </r+* 

I , . 2, 


f o' = ~ log ( 1 4 COS 0) 4 ^ log (I - COS 0) - - log (I - 2 COS 0) . 

J sm 20 — sm 0 6 2 3 


. 0 X 0,. 
sin - tan -^0 
2 2 


6. When x 2 < I, prove that 
r * xa;* 


f . 0 \ 
i - sm - \ 
2 

)*4 108 

( \Y 2 sin— 4 I 
( 2 

. 0 

1 4 sin - > 
*. 2/ 

\ a/ 2 sin 1 

x ^ 2 

, 1 • 3 & 

1 • 3 * 5 

a: 13 

2.49 

1 

ON 

— — 4 • • • J 
x 3 


and when x 2 > I 

r gfo _ x i I I ■ 3 1 t 1 • 3 • 5 £ _ 

J VT 4 x 4 a; 2 5*5 2 4 9a; 9 2.4.6 13a? 13 

7. Prove that 

„ . « J + x a 2 (5 4#) 2 , 

{log (5 + «) + T — + 7 — 2 + 

and determine when the series is convergent, and when divergent. 

8 . Prove that 

f e A<0 4 <f Aw . , , sin M+1 w A 2 4 I 2 sin^ +3 (w 

I sm/* <» da = 1 — - — — • — — — 

J 2 /*+ 1 1 • 2 /* + 3 

(a 2 4 I 2 ) (A 2 4 3 2 ) sin^c? + 

+ 1. 2.3.4 M 4 5 


Substitute a> for sin' 1 a? in the expansion of ^ Asra x (JDiff. Calc,, Art. 87), &c. 

p _ £j" Aa) A sin^ 2 w A (A 2 4 2 2 ) sin ^00 

\ — — snr ««<w = “ 4 — - — - — — 

J 2 ** I ^42 1.2.3/144 

A (A 2 4 2 2 ) (a 2 4 4 2 ) sin^a? + 

I. 2. 3. 4. 5 /* 4 6 


9, 
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CHAPTER YI. 

DEFINITE INTEGRALS. 


90. Integration regarded as Summation. — "We have in 
the commencement observed that the process of integration 
may he regarded as that of finding the limit of the sum of 
the series of values of a differential / (%) dx, when x varies by 
indefinitely small increments from any one assigned value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method will be given in the next Chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from which we have hitherto 
considered it. 

Suppose <£ (x) to represent a function of x which is finite 
and continuous for all values of x between the limits X and x 0 ; 
stL PP ose a l so that X - x 0 is divided into n intervals x x - x 05 
#2 - x i9 x 3 - x 2 , . . . X - x n ^; then by definition (Diff. Calc., 
Art. 6), we have 


0 W ^ 0(gp) 

X x - X 0 


— (p (Xq) 


in the limit when x x - x 0 ; accordingly we have 

W ~ <p[x 0) = (flfc - Xo)[<l>'(Xo) + 60), 
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where t„ becomes infinitely small along with *1 - oc 0 . Hence 
we may 'write 

(j> (%,) - <p (a?o) = (pi - *b) { <p' (®o) + E °) > 

< j > (# 2 ) “ < t > (*0 = (*2 - *0 + El l > 

r/i (as*,) - (*») = («j - * 2 ) {^(* 2 ) + E *)> 


<t>(X)-<p (aw) = (A - «*w) 

where e 0 , £l . . . £»_x become evanescent when the intervals are 
taken as infinitely small. 

By addition, we have 

<j> (X) - <p (« 0 ) = (®i - ^0) $'(& 0) + (*8 _ ®0 < P'( Xl ) + • • • 

+ (X- <T»-i) + («!-«») £ o + 0* -*0 £ 1 + • • • +(X-«,w) *«->• 

Now if j? denote the greatest of the quantities e 0 , si, — E «-n 
the latter portion of the right-hand side is evidently less 
t.Via.n (X - cc 0 )n; and accordingly becomes evanescent ulti- 
mately (compare Diff. Calo., Art. 39). 

Hence 

(j> (X) - <p (a> 0 ) = limit of [ip, - (To) *'(*) + (*2 — *0 0 (*0 + • • • 

+ (X — %n~\) ( P ( ^ ) 

when n is increased indefinitely. _ 

This result can also be written in the form 

<j>(X) -<f>{x a ) = Sr//(as)cfo, 

where the sign of summation 2 is supposed to extend through 
all values of as between the limits as 0 and X. 

91. Definite Integrals, limits of Integration.— 
The result just arrived at, as already stated in Art. 31, is 
written in the form 

/(X) -/(*») = f /'(*)*’» ( 2 ) 

J * Q 

where X is called the superior, and as„ the inferior limit of the 
integral 
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Definite Integrals . 


Again, the expression 


rx 

(p (x) dx 

J *0 

is called the definite integral of <p{x)dx between the limits x 0 
and X, and represents the limit of the sum of the infinitely 
small elements </> (x) dx } taken between the proposed limits. 
From equation (i) we see that the limit of 

fa-*o)ffa) + fa ~ &i)ffa) + • • - + (X - Xn-i)f(Vn~i)> 


when xi - x 0 , x 2 - x l9 ... X - x^ become evanescent, is ^ot 
by finding the integral oi/'fa dx (i. e. the function of which 
f{x) is the derived), and substituting the limits x 0 , X for x in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in (2) we have 


f(x) - f[Xo) = 


ffadx, 


( 3 ) 


in which the upper limit* x may be regarded as variable. 
Again, as the lower limit x 0 may be assumed arbitrarily,/^) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into account, without regard to any assigned limits. 

As already observed, the definite integral of any expres- 
sion between assigned limits can be at once found whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 


The student should observe that in (3) the letter 00 ■which rtands for the 
superior limit and the % in the element /' (x) dx must he considered as being 
entirely distinct. The want of attention to mis distinction often cause® much 
confusion m the mind of the beginner. 



Elementary Examples. 


117 


Examples. 


f 

Ja 


cc n dx. 




4 " sin 6 dO 
0 COST 0 


dx 


3 r di 

■*0 '/^+«+ *y ® 

r dx 
Jo cfi + x 2 " 

^0 \/ eft — X* 

6. I *-«* dx {a positive) 
Jo 

7 . f 1 - ^ 

Jo i 


0 I + 2X COS (j> + X* 

dx 


It 


o I + IX cos <p h x' 2 
e~ ax sin mx dx. 


r 


10 . 


<r«* cos mx dx. 


r+» dx 

oo to + 2&P + 


Am. 


Jw+l _ a n + 1 

n + i 


„ \A ~ i. 

” 7 a/» (\/ 


2- I). 


<#> 


2 sin 0 


sin 0 * 


or + wr 


OB ' 4 


* 2 \/ ao - $ 

92. To prove that 


” « 2 + ™ 2 
, when ac - £ 2 is positive. 


f a^fi - x) m ~ l dx = -#) w ~ 1 cfa? = * ' 2 * 3 - • * ( m — 0 

Jo Jo »(«+ l). .(w + 0»- i) 

fMen m awdf w- are positive, and m is an integer . 
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Definite Integrals . 


The first relation is evident from (31), Art. 32. 

Again, integrating by parts, we have 

x n ~ l (1 - a?)™ -1 dx = — (1 -x) m ~ l + \x n (1 - x) m ~ 2 dx. 

Moreover, since n and m - x are positive, the term 
x n (i - x )™- 1 vanishes for both limits ; 


-x) m - x dx = 


m - 


1 r 1 

- x n (i 
Jo 


• x) m ~ 2 dx. 


The repeated application of this formula reduces the in- 


tegral to depend on 
Hence we have 


x mn ~ 2 dx, the value of which is 


m + n- 


af^(i - x) m ~ l dx = - 1 - 2 * 3 
0 w (n + 1) . 


. (m - 1 ) 

(n + m- i)‘ 


( 4 ) 


This formula, combined with the equation 



shows that when either m or n is an integer the definite 
integral 

f (1 - x) m ~ l dx 


oan he easily evaluated. 

When m and n are both fractional, the preceding is one 
of the most important definite integrals in analysis. 

We purpose in a subsequent part of the Chapter to give 
an investigation of some of its simplest properties. 


Examples. 


K ( # 8 (i — %)^ dz. 
j 0 

2. J 0 4 (i - 


Am. 


a* 


3.7. II. 13 
a 13 

” S-7- 9 * 13 * 17 * 
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7T TT 

93. Values of ‘sm n xdx and I cos n xdx. 

Jo JO 

One of the simplest and most nseful applications of 
definite integration is to the case of the circular integrals 
considered in the commencement of Chapter III. 

We begin with the simple case of 


sin” x dx. 


If in the equation (Art. 56) 


cos x sm w a! n - 1 . , 

"xdx = • + sm^xdx 

n n _ 


we take o and - for limits, the term 
2 

for both, limits, and we have 


cos x sin”"- 1 # 


vanishes 


fr n 


xdx = " sm n ~ 2 xdx. 

n 0 


Now, if n he an integer, the definite integral can he 
easily obtained ; its form, however, depends on whether the 
index n is even or odd. 

(1). Suppose the index even, and represented by 2 m, 
then 


Similarly, 


» . „ , 2m - 1 * . , m . . 

sin * m xdx sin 2m ~xdx. 

„ 2 m . 0 


2 xdx = — — - f sin 2 ™-' 1 x dx ; 

0 2W4-2j 0 


and by successive application of the formula, we get 


2.4.6.... 2 m 2* 
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(2). Suppose the index odd, and represented by 2m + 1, 


then 


sin zml xdx = ■ 


2 m 


2m + 


f* . 

- si 
IJo 


sin 


Hence, it is easily seen that 


2 sin 2 ™* 1 x dx - 


.4.6 


2m 


3.5.7.... (2M+ i)' 
Again, it is evident from (31), Art. 32, that 


( 6 ) 


cos w x dx 


sin n x dx. 


and consequently (5) and (6) hold when cos x is substituted 
for sin a?. 

7 r 

94. Investigation ©C sin w # QO& n xdx. 

J 0 

Prom Art. 55, when m and n are positive, we have 


3 . . n — 1 

sm w « cos w £ dx = 

n m + n 


sm m x cos n ~ 2 xdx. 


and 2 sin” 1 a? cos w a? dx = — — - 

m + n 


s i u m-2 x QOS n x fa. 


Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 


* The result in this case follows also immediately from Art. 92, by making 
cos 3 # — z ; for this substitution transforms the integral into 



Elementary Examples. 


121 


For, writing 2m + 1 instead of m, we have 


sin 2m+1 #cos n xdx 


2m + n + I Jo 


sin 2 *”" 1 # cos M a? dx. 


Hence 


J mx 2m * l xGO& n xdx 

iM [2m - 2) .... 2 
(2m + n+ 1 )( 2 m + n- ij . . . . (n + 3) 
2.4.6 ... (2m) 


sin a? cos n xdx 


In like manner, 


(n+ i)(n + 3) . . . (n -f- 2^+ 1)* 


sin 2 ™# cos 2n # dx = 


2 (m + 


1 f 2 . 
r si 

»)Jo 


sin 2w # cos 2M ~ 2 a?cfe. 


Hence 


sin 2m # cos 2n a? dx = 


1 . 3 . 5 , . . (2n - 1) 
(2m +2) . . . (2W+ 2n) 


sin 2w a? dx 


= 1 ■ 3 > 5 • - : ( 2 »- x) . 1 . 3 - 5 - • (2^- 1) tt , g . 
2.4.6 (2m + 2W) ’ 2 ? ^ 

in which m and n are supposed both positive integers. 

Many elementary definite integrals are immediately re- 
ducible to one or other of the preceding forms. 

For example, on making x = tan 0 , we get 


,0 ° dx p 
0(1 + x*) n = J 0 


= i ' 3 • | • ' - 2W ~ 3 . =. ( 9 ) 

0 2 . 4 . 6 . . . [2 n - 2) 2 


Similarly, by x = a sin 0 


ra * 

^(a 2 - £ 2 )' 


do? transforms into 


d nHw+ 1 sin 21 6 cos mn 9 dO. 
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In like maimer 


ra — 

j (2 ax ~ x 2 ) 2 dx y 


on making x = a (1 - cos 0), becomes 

7 r 

a m+1 sin™* 1 0^0. 

The expressions for these integrals, when m and n are 
fractional in form, will he given in a subsequent Article, 

Examples. 


2 sin 7 * # cos 4 2 dx. 

Ans 

4 * 


0 


3 . 5 . 7 . 11 

IT 

2 sin 9 # cos^# dx . 


Cn 

O 

to 

O 

. 30 . 40 

0 


9 . 19 - 29 

-39-49' 

ir 

2 sin 2 ”* -1 # cos 2 ” -1 # d#. 


1.2.3.. 

(»» - 1) 

0 

n . (ft + 1) . 

. . (« + »- i)’ 

• 1 

(i - # 2 )«^#. 

0 


2.4.6... 

(2») 


3 ■ 5 • 7 • • • 

(2 ft 4 - 1)* 

'1 a 2n d# 


1 • 3 • 5 • • 

. (in — X) it 

0 \A - ** 

»» 

2.4. 6 • . 

. 2» 2 

'1 x 2n+l 


2.4.6... 

2ft 

°/l - X 2 

9) 

3 • 5 • 7 ■ - 

. (2» + I) 


7. Deduce Wallis’s value for * by aid of the two preooding definite integral*. 


g /- 00 tf'dx 

Jo(a+«^) kVl 

when n is an odd integer. 

9. I a; 3 (2 ax-xrfdx, 

j 0 


2 . 4 , 6 . . . (ft ~ x) t 

3.5,7.... ft 
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95* Value ofj e~* x n dx, wlien n is a positive integer. 

In Art. 63 we have seen that 

j* e~ x x n dx = - e~* x n + n | x n ~ l dx. 

Again, the expression ~ vanishes when x = o, and also 
e 

when x = 00 (Diff. Calc., Art. 94, Ex. 2). 


Hence 


. 0 


<r* x n dx - n 


e -x x n-i dx. 


Consequently | e~* x n dx = 1 . 2 . 3 . . 


(10) 


(11) 


Many other forms are immediately reducible to the pre- 
ceding definite integral. 

Eor example, if we make x = as we get 


z n dz = ■ 


3 * 


(12) 


in which a is supposed to be positive. 

Again, to find j* x m (logx) n dx; let x = e *, and the in- 
tegral becomes 

f°° 12^ ^ 

(- = (- i) ra ^ t p -- 

Sinoe log * = - log (^\ this result may be written in the 
form 
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pco 

The definite integral e^x^dx is sometimes known 

Ifik .QaOATI /I ^ T_~i. 1 1*0 t . * 


as 


The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a function 

7 >7 " WrW ’ “ d “ «“ 

It follows from (io) that 


T(n + i) = nr{n). 

Also, when n is an integer we have 

F {n + i) = i . 2 . 3 . . . n. 
Again, when x is less than unity, we have 

= i + x + x 2 + a? + &c ; 


i - x 


p g x n 

loga;^— - = log x (x + ® + ® 3 +...) 


dx 


= "l 1 + p + ? + -j= 

(by a well-known result in Trigonometry). 
In like manner we get 

''loglUdfl! 7 T 2 


6 ’ 


ria 

Jo I 


+ X 


12 


(* 4 ) 

( 15 ) 


th - e m0r f ® lemen ; tai y properties of Gamma- 
h unctions will be given at the end of this Chapter. 


* Tie integral ]V* (i - a)"' 1 dx, considered in Art. 9 2 , is sometimes called 

«*■*"■* w it can ie ex- 
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Examples. 


- ! 


Ans. 

1 . 2 , 3 ... 

=■ 1 

,00 

1 <r*x n d%. 


1 . 2 ... n 

J 

lo 

jj 

(log tf) n+1 

3* 1 

( l 0 S \dx. 


IT 2 

\o l -x 2 

>> 

T’ 


r 1 dx (log a) 2n_1 

/ \ r 1 


4* 

- — — =-1.2.3.. 

Jo i-x 

. (2»-l)|^ + — 

+ F‘ + ■ • •] 

5 . 1 

f l dx. (i + x\ 

| 0 7 log (— J- 

Ans. 

4 


96. If u and v le loth functions of x, and if v preserve the 
same sign while x varies from x 0 to X, then we shall have 

rX rX 

uvdx ~TI v dxy 

J *0 v i2?Q 

where U is some quantity comprised between the greatest and the 
least values of u , between the assigned limits . 

For, let A and B be tbe greatest and the least values of 
u , and we shall have, when v is positive, 

Av> m> Bv; 

when v is negative, 

Av < uv < Bv . 

Consequently, for all values of x between x 0 and X the 
expression uvdx lies between Avdx and Bvdx, and accord- 
ingly, if the sign of v does not change between the limits, 

x ex rx 

uvdx lies between A vdx and B\ vdx, 

J ^0 J 

which establishes the theorem proposed. 
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Cor. If f(x) be finite and continuous for all values of® 
between the finite limits x 0 and X, then the integral 

[ f{x)dx 

Jx 0 

will also have a finite value. 

Fo^ let A be the greatest value of /(*), and B the least, 
then £ f(x) dx evidently lies between the quantities 

F ( x 

A dx and B\ dx: 

Jx o 

[X 

J X f\ x ) dx>B(X- x 0 ) and < A(X - x 0 ). 

97. Taylor’s Theorem. — The method of definite inte- 
gration combined with that of integration by parts furnishes 
a simple proof of Taylor’s series. 

For, if in the equation 


f(X+h)-f(X)=^ h f( x )dx 
we assume x = X + h - we get dx = - dz, and also 

r h 

)x “ AX + h - z) dz ; 

J 0 

./(X + h) -/(X) = fV(X + h - z)dz. 

J 0 

Again, integrating by parts, we have 

J + h-z)dz = zf (X+ h -z) + ( zf"(X + h - z) dz. 
Hence, substituting the limits, we have 

I>(X ^ -*) dz = hf{X) + f s/"(X + h - z) dz. 

J 0 
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In like manner, 

J zf'{X+h - z)dz = Z ~f'(X + h-z) + 1 + h-z) ch, 
which gives 

J* zf"(X + h - s) d% = ^ fiX) +| ? ‘ % - 2 f"\X + h -*) & ; 


and so on. 

Accordingly, we have finally 


}> h 2 

/(x + h) =/(*) +^/( x ) + rr/'W + - 


, + 


A”- 1 

- 


-/C»->)(Z) 


+ [/«(I +4 - s)[Ei . (.6) 

This is Taylor’s well-known expansion.* 

98. Remainder in Tayler 9 ® Theorem expressed 
a® a Befinite Integral. — Let E n represent the remainder 
after n terms in Taylor’s series, then hy the preceding Article 
we have 

fh <?n-l Jn 

2?„ = [/M(X + A- S )^. (17) 

There is no difficulty in deducing Lagrange’s form for 
the remainder from this result. 

Lor, hy Art. 96, we have 



% n - 1 dz 

2.3... (n-~ 1) 


= U 


h n 

1 , 2 . . . n* 


where U lies between the greatest and least values whioh 
/( n )(X+ h - z) assumes while z varies between o and h. 


* The student will observe that it is essential for the validity of this proof 
(Art. 90), that the successive derived functions, /'(«), /"(a), &c., should ho 
finite and continuous for all values of % between the limits X and X + h* 
Compare Articles 54 and 75, Diff. Calc . 
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-o- „ Art *7« Biff. Calc, (since any value of s between 

S A may be represented by (i - 6 ) A, where 0 > o and < i ) ; 
■we have 

• s -T7rb /W(X+W) 

■where 0 is some quantity between the limits zero and unity. 

gg. Bernoulli’s Series.— If _ we apply the method oi 
integration by parts to the expression / (x) dx we get 

| f{x) dx = xfi(x) - | xf(x)dx ; 

f dx = ~ j 0 f( x ) xdx - 

In like manner, 


and so on. 

Hence, we get finally 

\j(x)dx =f /(X) - ~/(X) + 7 T ~r(X)-&0. . . . (18) 

Compare Art 66 , Diff. Calc., where the result was obtained 
directly from Taylor’s expansion. 

ioo. Exceptional In Befinit© Integrals. — 

In the foregoing discussion of definite integrals wo have sup- 
posed that the function /(a?) , under the sign of integration, 
has a finite value for all values of x between the limits. We 
have also supposed that the limits are finite. Wo purpose now 
to give a short discussion of the exceptional cases* They may 


* The complete investigation of definite integrals in these exceptional eases 
is due to Cauchy. For a more general discussion the student is referred to 
M. Moigno’s Calcul Integral , as also to those of M. Serret and M. Bertrand. 
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be classed as follows (i). When /(a) becomes infinite at 
one of the limits of integration. (2). When /(*) becomes 
infinite for one or more values of * between the limits o± 
integration. (3). When one or both of the limits become 
infinite. 

In these eases, the integral j may still have a 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function/^) in each particular case. 
The following investigation will be found to comprise the 

cases which usually arise. . _ 

101. Case la which. /(a?) becomes infinite a* one oS 
the limits. — Suppose that / (x) is finite for all values of tr- 
between x 0 and X, but that it becomes infinite when a = X. 
The case that most commonly arises is where f[x) is ot 

the form 4^;, in which *(0) is finite for all values 
(Jl - a?) 

between the limits, and n is a positive index. 

Let « be assumed so that preserves the same sign 
between the limits a and X ; then 


x ifj[x)dx 

.*„(x^y 


' a 


ifj(x) dx 
(X - *)" 


+ 


( x \p(x)dx 

J « (X - *)"’ 


The former of the integrals at the right-hand side is 
finite by Art. 96. The consideration of the latter resolves 
into two cases, according as n is less or greater than unity. 

(1). Let n < 1, and also let A and I? be the greatest 
and least values of 4 >{x) between the limits a and X : then, 
by Art. 96, the integral 

\ X a (X-W li6S betW6en A Ja (X - xf aadi? L(X 
Moreover, since n < 1, we have evidently 
-2: dx ( x - «y- ft 


■ x) n 


dx 


1 - n 


and consequently, in this case, the proposed integral has a 
finite value. 



1W 


J/C'/Ufl/H/ jLivwy' 


(2). Let n > I, and, as "before, suppose X and 5 the 
greatest and least Talues of \p(x) between a and X; then 


X ^ ]_j es 'between A 
Again, we have 


x dx 


'X 

a 


(X - *)< 


and 13 


f*_ dx 

J .(X-a)"' 


(■ dx 

J (X^a 


(X-a>) B (w - i)(X - ®)”- 1 


Now 


becomes infinite wben a = X, but has a 


( ; x -®)“ - 1 

finite value when « = a ; consequently the definite integral 
proposed has an infinite value in this caso. 

When » = 1, | = ~ log ~ ®)- T]lis becomes 

infini te when ® = X ; and consequently in this case also the 
proposed integral "becomes infinite. 

The investigation when f[x) becomes infinite for or- x Q 
follows from the preceding by interchanging the limits. 

102. Case where fix) feecomes infinite between 
the Omits. — Suppose f{x) becomes infinite when x « a, 
where a lie3 between the limits x 0 and X ; then since 



the investigation is reduced to two integrals, each of which 
may be treated as in the preceding Article. 

\b(%) 

Hence, if we suppose fix) = it follows, as in 

( X ~ (X) 

f-r 

the last Article, that f(x)dx has a finite or an infinite 
J 


value according as n is less or not less than unity. 

The case in which f(x) becomes infinite for two or more 
values between the limits is treated in a similar manner. 



vase OJ ±tlJUnOVV javnvvw 


For example, if 

/(ffi) = <», = oo, . . . /(«*) = °°> 

where a» <h . . • «r» lie between the limits X and r 0 5 then 

j X /(o:) cfo= /(*) *>+ J Y (*) *> + &c - + 1/^ *’ 

" C o^l 6 e Suppose the superior 

limit i' to he infinite, and, as in the preceding discussion, let 

■p (x) - * ' ' • i* 11 •rrfilnao 


J(,) be of the form where #r) is to-ite for «U values 


of X, 


V* 

As before, we have 

f f(x)dx = | f{x)clx + [f{x)dx. 

J x 0 J x o a 

The integral between the finite limits x 0 and a has a finite 
V investigation of the other mtegral oon- 

“ te (?f“L.f»™rSletol he the greatest vatae of «») 
between the limits a and oo, then 


CM$ is less than A 

]>-«r 


r dx 

J. («-«)“' 


But 


dx 


a (* - a) 


I r _J i ’ . 

)« n - x L( a _ a ) n ~ 1 — £t ) n_I J 


The latter term becomes evanescent when X= °° : accord- 
ingly in this case the proposed integral has a finite value. 

S In?ike manner it is easily seen that if » be no* greater than 
unity, the definite integral 
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has an infinite value ; and consequently 

. a [x-a) n 

is also infinite, provided $(x) does not become evanesoent for 
infinite values of x. 

Hence, the definite integral 

| \p(x)dx> 

has, in general, a finite or an infinite valuo according as n is 
greater or not greater than unity : iifi) being supposed finite, 
and x 0 being greater than a. , 

If X become - oo, a similar investigation is applicable; for 
on changing x into - x, we have 



in -which the superior limit becomes oo. 

104. Principal and ©eneral Values of a Melinite 
Integral. — ¥e shall conclude this discussion -with a short 
account of Cauchy’s* method of investigation. 

Suppose fix) to be infinite when x = a, where a lies be- 
tween the limits x 0 and X ; then the integral / (x) dx is re- 

J»o 

garded as the limit towards which the sum 

[ *’f(x)dx + f{x)dx 
jx Q J a+ve 

approaches when £ becomes evanescent ; jn and v being any 
arbitrary constants. 


* This and the four following Articles haye been taken, with some modifica- 
tions, from Moigno’s Calcul Integral. 
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This value depends on the nature of f(x), and maybe 
finite and determinate, or infinite, or indeter min ate 

If we suppose g = v, the limiting value of the preceding 
sum is called the principal value of the proposed integral ; 
while that given above is called its general value. ° 

f'JT 7 

For example, let us consider the integral — . 

J -Xq X 

limit [T-+r-l. 

Jw as J _* 0 x} 

n 


Here 


» 


log 


Ws 


= l0£ 


Also, making x = - z, 

dx _ p 

J # J- 

Accordingly, tlie principal value of J ^ ^ is log ; while 

+ log( e '* 


its general value is log 
n is perfectly arbit: 

Again, let us take 

Ab before, £ § - « [0 + j’ 


o« \%oJ 

The latter expres- 


sion is perfectly arbitrary and indeterminate. 

j* dx 


X' 


*• dx 


~%0 * J 


But 


r 


dx 


I 

V£ 


X 


; and 


”*** dx i 

J-ar 0 3? [A 6 


X 

X o J 


' x dx .. 

L.V 11 


limit 




I 

i 

I " 

VZ 

~X~ 

«0- 


Consequently, both the principal and the general value of the 
integral are infinite in this case. 
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In like manner, 

f x dx . i 
-t = limit of - 


i i_ 

2 V v2g2 Ai 2 6 2 + d?/ 


I 

X 5 


' ~ r- « -t*- / 

Hence the general value of the integral is infinite, while 
its principal value is - (-- 

2 \X 2 2 y* 

It may he observed that the principal value of 

' x dx 


| ~ is equal to [* — 

>K X J * 0 * 


orde^:i.e“ n/^=^4 H “ * fnnflfion ° f an oid 

For we have 

0 J-v« 0 

But j A.)*. -[/(-,)<& , pA-e^i 

0 J a? 0 Jo 


£ 


(19) 


'{/(») +/(-»)}*. 

'0 J 0 

Accordingly, if/(- «) = _/(*), we get 
f*0 

* /(a?) dx = o. 

J^o 

hav^ gain ’ lf ^ te ° f an even order > i - e - a /(-*) =/(«), we 


f*o r* 0 

J ^ f(x)dx= 2 J /(»)<fc. 


" ~0 J U 

, , I05 ’ ®*“gular Definite Integral The difference 

between the general and the principal value of the integral 

repreSdty^ COmmencement ofthe preceding Articfe is 

fa + /xe 

fix) dx, 

Ja + ve 

in which /(a) = 00, and s is evanescent. 
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Such an integral is called by Cauchy a singular definite 
integral , in which the limits differ by an infinitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate. * . 

106. Infinite limits. — If the superior limit be infinite, 

i 

we regard f f {%) dx as the limit of | f (x) dx, when s becomes 
evanescent. 

X 


Also 



dx = limit of 


6 f(se) dx when s is evanescent. 

fx.e 


In the latter ease the value of the definite integral when 
H = v is, as before, called the principal value of 


f(x)dx. 


In this we ass um e that f{x) does not become infinite for 
any real value of x. 

107. Example. — Suppose to be a rational algebraic 

fraction, in which f(x) is at least two degrees lowering than 
F(x), and suppose all the roots of F(x) =0 to be imaginary, 
it is required to find the value of 


00 m 

- m F(p) 


dx. 


From the foregoing conditions it follows that cannot 

become infinite for any real value of x : accordingly the true 
value of the integral is the limit of 


1 



when e vanishes. 
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/* / \ 

To find this value, suppose ^ decomposed by the me- 
thod of partial fractions, and let 

A- B*/- 1 a + b y - i 

and — K 


x - a - Ia / - i x - a + b ^/ - i 
be the fractions corresponding to the pair of conjugate roots 
a + b*y~- i and a - b*/ i, of F{x) = o ; 
then the corresponding quadratic fraction is the sum of 

A - -B y/- i A + JBa / - i 


, 

x - a — by — i x - a + by — i 

2 A {x- a) + 2JBb 


l. e. 


iBbdx 


(x - a) 2 + 


f ve 

J-4 


- a y + b°- 

2 Bbdx 
(x - a ) 2 + i 3 


= 2jBtan -1 


x - a 


= 2ttB when t vanishes. 


Also 


2 A (x - a) dx .. 

(x - a y + v ~ A log ~ a ) 2 + 6S ) » 


i 

’ ve 2A(x - a)dx _ A fj? (i _ avd) 2 + bW) 
-f e 0 - «) 2 + & 8 ° g (v 3 (i + ^e) 2 + jyv) 


= 2 A log-, when e = o. 
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Investigation o/J 


X 

TT C ve izAix-a)^ 2B) dx 

ILG 


2j.l0gf^ + ZTtB. (20) 


Now, suppose F(x) to be of the degree zn in x, and let the 
values of A and B, corresponding to the n pairs of imaginary 
roots, be denoted by A h A 2 , • . . A n) and B lf B 2 , . . . B n > re- 
spectively ; then we have # 

X 

J Vjfl dX = 2 ( A * + A * + • • • + A ”) lo S (v) 

fxe 

+ 2tt(B 1 + B z +■ • • . +• B n ). 


Again, since f(x) is of the degree zn - 2 at most, we have 
A\ + Az + • * • + An = o. 


3?or, if we clear the equation 

fips) 2A\{x--cii) J rzB\b\ ^ j 2A n [x — On) Hh zB n b n 
Yffi = [x-atf+lh 2 + * * * [x-a n y+b 9 { 

from fractions, the coefficient of x 2n " x at the right-hand side is 
evidently 

2 ( Ai + A% + . . . + A n ) ; 

which must be zero, as there is no corresponding term on the 

other side. # 

Accordingly we have, in this case, 

I” Q&dx = 27 rCBx + JJ, + . . ■ + B n ). (21) 

J— *■(«) 


* It way he observed that when /(*) is but one degree lower than F[s), 
the principal valve of j dx is still of the form given in (21). 
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We proceed to apply this result to an important example. 

r rJv x 

Talne of ^ — ~ when m and n are Positive 

Integers, and n > m. 

Let a be a root of *» + , . md , ^ Arf. }7> ^ 


A-sy- 7.-1 “ 

2Ua 2n ~ 1 


2m+i 

2n 


Agam, by the theory of equations, a is of the form 

(2^+1)^ . ( 2 J C+ lW 

C0S 2 M + 1 S1Q ~ 2W ’ > 

in which k is either zero or a positive integer less than n ; 


•• a Jm+1 = cos [zk + i)0. 


i sin ( 2k + i) 0, 


where 


0 = 


[2m + 


X 7T 


2n 


it r> sin( 2 ^+ i)0 

~~ ~ ^ ' 5 an -d accordingly we have 


By+B, + .. • +-B„ = ^{sin 0 + sin 30 + ... + sin(2»-i)0}. 

To find this snm, let 

S = sin 0 + sin 30 + . . . + sinfzre- i)0; 

then ; 

2tSfsm 0 = 2 sin 2 0+ 2 sin0sin30 +. . . + 2 sin 0sin (zn- i)0 
= 1 - cos 20+ cos 20 - cos 4 0 + ... + cos ( 2B _ 2 )0 _ cos m Q 



r - 

Value 
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Accordingly, we have 

x 2m dx 




i +ar 


n sm 


. (2W+ i) 7T* 


2 n 


Hence, “by (19)5 

x 2m dx 1 f“ ^ m dx 7 r 


f" __ 1 p a? 2w <&g jr 1 

] 0 77^ = 2] - x + * 2n = 2» sin {^L±Jb‘ 

zn 


(22) 


We now proceed to consider the analogous integral 
r a? m dx_ wtere m and n as before, are positive integers, 

J 0 1 - x 

and n>m. 

r x 2m _ 

109. lOTestigation of I - __ 

We commence hy showing that 

r dx 

Jo^ _0 ' 

This is easily seen as follows : 

f dx _ f 1 dx + CJL- 

Now, transform the latter integral, hy making x = -, and 
we get 


r" dx 

1 

0 

1 

11 

r-t 

M dx 

j^?-j 

III-*" . 

ol-s 2 J 

1 0 1 - & ’ 


, 0 1 


(i# 


: = O. 


Again, proceeding to the integral 

r x 2m dx 
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T- $.TdX Z * and ’ " e th » <**y ^ »f 

in the corresponding partial quadratic taction 


ctr m 


; IS 


i-x 2n n(i-x 2 )‘ 

Consequently, the part of the definite integral which corre- 
sponds to the real roots disappears. g 

o M °g eOTer ’ i1: “ easily seen that the method of Arts 107 
and 108 apphes to the fractions arising from the V - 1 pahs 

of imagmary roots, and accordingly pairs 

«? m dx 

. 1 - x* = 2lT (-® 1 + + • • • + 

where B }) B 2 , . . B^ have the same signification as before 
Again, since the roots of <** - 1 = 0 are of the form 


COS ' 


JC 7 T 


- i sm 


krt 


it follows, as in Art. 108, that 


B l + B i + . . , + B^ = 


2 n 


[sin 20 + sin 40 + . . . + S i n 2 (« - i)0J, 


where A _ ( 2m + I ) 7r , » 

0 , as before. 

Proceeding as in the former case, it is easily seen that 

sin 20 + sin 40 + ... + s in 2 {n - i)0 

_ ®as 0 — cos {zn — i)0 2 w + 1 

' - — = cot TT. 


Hence 


2sin0 

x 2m dx 


r z?™ 

j-ool - 


2 n 


7T . 2971 + I 

cot 7 r ; 


n 


2 n 



141 


Examples. 

Again, if we transform (22) and (23) by making or* = a 
and # = — , we get 


2 U 

"z a - l dz _ TT 
-I+S sin#7r’ 


°z a ~ l dz 


— ir cot cltt . 


(24) 


The conditions imposed on m and n require that a should 

be positive and less than unity. _ . , 

Moreover, since tlie results m (24) hold for all integer 
values of m and n , provided n > m, we assume, by tJie law ot 
continuity, that they hold for all values of #, so long as it is 

positive and less than unity. . 

1 10. The definite integrals discussed m the two preceding 
Articles admit of several important transformations, 01 wincn 
we proceed to add a few. 

For example, on making u = z a in (24), we get 


du 


air 


01 +r sinfl 7 r 


du 

J 0 1 — n 


- air cot #7r. 


If I = r, these become 


r du = 7 r_ r __ 

J 0 I + U r . IT J 0 I 
J 0 rsm— 


du 


77 . 7T 

= — cot — , 


(25) 


where r is positive and greater than unity. 
Again 

r* x n dx _ f' x n dx f* x ,l dx 

Jo 1 + "Jo 1 +"^ J‘ : 


I + x 


Now, if in the latter integral we make * = -, we get 


r x n dx 

J 1 I +«? 


*° z^dz 
. 1 1 +"»* 


o I + 


ardx_ _ f 1 a;" + ^ 

. 0 1 + ” J 0 1 +»* 


(« 6 ) 
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Moreover, from (22), when n is less than unity, we have 


Accordingly 


1 x n + or* dx 
0 x + x" 1 x 


In like manner, it is easily seen that 


1 x n - x~ n dx 7 r . mr 

~r — = — tan — . 

0 x - x 1 x 2 2 


It should he noted, that in these results n must he less than 
unity. 

Again, transform (28) and (29) hy making x = e^ z and 
nw = a, and we get & 


, 1 a e az - e~ az 1 a , . 

I see ? J 0 ^T7^ & = 2 tan 2- (30) 


We add a few examples for illustration. 


Examples. 


( a n — any* 


J 0 0» 3 + a 2 ) + b 2 )\ 


99 2 ab (a + by 


r dx 

J 0 1 - <x£ 


r 2 

4. ^ Q tan n 9 dd, where n lies between + i and - i. Jt — v 
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f 1 x^+_x” dx ^ere n > Ms 
5 ‘ io^+x-^x 

“ Itm* + ***)(&* + <ff) f? „ 


6 - ! 

>• s 


0 ^ttx 4 c~n x 

0 ^ e ax 4 . 0-ax) (e lx — e~ lx ) 


dx. 


mir 
2 n cos — 

2 n 

a b 

2 cos ~ cos - 
2 2 

” cos#4- cos&‘ 
sin b 


cos a 4- cos b 

j 0 c^ x — v™ 

It should "be observed, that in these we must have a + b < »• 

8 . Hence, when, i < v, prove that 

/ a m a\ 

U* + 0 2 )c 


,00 

e u _l e-ix l 

^ — cos ctx dx = 2 

0 

eir% 4 


r 

ffbx __ e~bx 

cos axdx — ' 

Jo 

gir* — er^ x 

6 

f 

e ix + e~ hx 

sin ax dx = 

Jo 

eir x 4 e -irx 


f 1 

z a - ^ 


So 

i - e 



}eos | 


* 4 2 COS b + 6" a 

sin b 

g« 4 2 cos & + 

x - <r g 

2dH2 COS & + 0“ a 


l 

uins, 7r cot flir — — . 


jo * 

of Befinlte Integrals. — It is 

of integration ^PP|_ ies , v -i 0 £ integration are 
^^Mcl we d* 

f6re On a account of the importance of this principle we add an 
in XpoBe rtfdcnll^definite integralin question, i.e. 

let fS 

u = <p(®, a)d% 9 

J a 

•where a and l are independent of a. 

To find - let Am denote the change in « arising from the 
,w r 4. £ . ; to. since tie limits at. altered, 
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A u = 

f a 

A u I 


aT = J 

a 


<P(x, a 4- Act) — (a?, a) 


Aa 




Hence, on passing to the limit,* we have 

du ^ f d dtp (x, a) 7 

" 7 " ' I ^ CIOs m 

da J a da 

. Also, if we differentiate w times in succession, we ob- 
viously have 

dy _ r 5 d n <p (x, a ) T 

da n l da n CX - 

The importance of this method will be best exhibited by a 
lew elementary examples, 

1 12. Integrals deduced toy DitTerentlatlon. — If 
tiie equation 


l 


e~ ax dx = - 

o a 


be differentiated n times with respect to a, wo get 

»eo 

cc n e~ ax dx = - • 2 • 3 • • • w 
J o a u+1 * 

a 3 in Art. 95. 

Again, from the equation 

f” dx _ r 

J 0 a? + a 2 a# 

we get, after n differentiations with respeot to a, 
dx 


(x 2 + a) n 
which agrees with Art. 94. 


7 1 • 3 » 5 - * * (2n - r) 1 
2 2 • 4 • 6 . . . 2n a ,u k* 


a*****^?,?* general «■* tie student is referred to Bertrand's 
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Again, if we take o and oo for limits in the integrals (23) 
and (24) of Art. 21, we get 

r" a f" . 7 m t \ 

I <r“*cos mxdx = j^, ^ an “ & = ^' (3l) 

Now, differentiate eacli of tliese n times witli respect to a, 
and we get 

J o e^^cos mxdx = (- i) n (£j (^7^) 

__ | n .cos(n + i)0 

— — n-f r"> 

(a 2 + m 2 ) 2 


r“ . . |w.sin(»+i )0 

e~ ax x n sm mx dx = L_ — z+r~> 

0 (a 2 + m 2 ) 2 


( 32 ) 


where m = « tan 0 . (See Ex. 17,18, Diff. Calc., pp. 58, 59 -) 
Next, from (24) we have 


r x *" 1 dx , 

= 7j- COX dTT. 

Jo I-® 

Accordingly, if we differentiate with, respect to a, we have 

X a-1 l 0 g x dx 7 r 2 

““ « 9. * 


x*2_ log 

,0 1 ~ 


sm" an 


Again, if the equation 



he transformed, hy making d^ a+ ^ evidently gives 


x ^ 1 dx _ 1 

(a + bx ) n ' - 1 " 

[10] 
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Now, differentiating with respect to a, we have 

r x n - l dx _ I 
J 0 ( a + bx) n+2 n(n + i)a 2 b n ' 

If we proceed to differentiate m - i times with regard to 
a, we have 


'* cd^ l dx i . 2 . 3 . . . [m- i) I 

„ o (a + bx) m+n n.[n + i)(n + 2) . , . {n + m - 1) # 

1 13. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral. 
~We shall illustrate this statement by one or two examples. 
Ex. 1. To find 

f 7r log(i + sin a cos<r) 

I — ax, 

J 0 cos X 

Denote the definite integral by u , and differentiate with 
respect to a ; then 


du _ C v cos adx 
da J 0 1 + sin a cos x 


7 r (by Art. 18). 


Hence, we get 

C* dx log (1 + sin a cos x) 


r 


cos a? 


= 7 ra. 


along^t!^^^ s * nce integral evidently vanishes 


Ex. 


2. 


In this case 
du 


- a 

J 0 


e~ ax sm mx 
x 


dx. 


du r 

J, 

« = a ^ 


e~ ax cos mx dx = 


a 2 + 5 


dm 

J <f+ ni‘ 


= tan -1 


*(t> 


No constant is added since u vanishes with m. 
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Ex. 3. Next suppose 


•" log (1 + a 2 a?) 
. X + b 2 a? 


dx. 


Here 


d u r“ zax^dx 

^ = J„ (1 + a 2 + VJ) 


1 

a 2 - 1- 


” zadti 
0 1 + Wa? 


2 adx 
1 + a 2 a: 2 . 


1 (a \ * . 

~ a 2 - b- \6 y b(a + b) ’ 


...„*[** log (« + &)+ const. 
b)a + b b 

To determine the constant : let a = o, and we obviously 
have u = o. 

Consequently, the constant is - ^ log b ; 


f” log (x + a 2 * 2 ) j v 
. i 't bt 


a + b 

b 


The method adopted in this Article is plainly equivalent 
to a prooess of integration under the sign of .integration. 
Before proceeding to this method we shall consider the case 
of differentiation when the limits a and b are functions 0 
the quantity with respect to which we differentiate. 

1 14 Differentiation where the MmH® are Va- 
riable. -Let the indefinite integral of the , egression 
*(*, a )dx he denoted by Fix, a) ; then, by Art. 91, ™ have 


rb 

; = <j>(x,a)dx 
ct 


: F(b, a) - F[a, o); 


= = a) ’ 
db do 

[10 a] 
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du ^ dJF(a, a) 


dx 


da 


= -<p(a, a). 


Again, taking the total differential coefficient of u re- 
garding a and b as functions of a, we have 

— = f dcjtjx, a) du db du da 
da J 0 da db da da da 

= p d<j>(x, a ) db da . . 

Jo da (33) 

By repeating this prooess, the values of &o., can 

be obtained, if required. a a 

*• s “" 

u - j a)dx, 

aTO independent of “» £t is obvious, as in 


j uda = Q <p(x, a) da 


dx, 


Pr °lf w) k. et weenthe same limits m both cases, 

it we denote the limits of « by a„ and a L , we get 


a) (fa 

Ja o J«LJa 0 




or (34) 
This result is easily written in the form 
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These expressions are called double definite integrals, as in- 
TO ll7SS T e mtegretio,., -with Kapeot to two wmhle., 

taken between limits. 

It may be observed that the expression 

[ 1 f a)dxda 

}a 0 ja 

is here taken as an abbreviation of 

1 T1 ^ a * 

in which the definite integral -between , f e bra°tete k sug 
nosed to be first determined, and the result afterwards 
integrated with respect to a, between the limits a„ and oj. 

fhe principle* established above may be otherwise stated, 
thus : In the determination of the integral of the expression 

<p(x, a)dx da 

between the respective limits x 0 , x„ and a 0 , «i, ff e nnay effect the 
Z^TatZ in either order, preuded the Umte of, and « are 

Spter the geometrical totapretattoo of 
fhift as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 

m6 “. «.«««.!■ 

Ex. x. From the equation 


we get 


£ 


x tt ” 1 dx - 


O ai f a i da i / <*i\ 

ar'dadx- - = lo g y. 

a o Ja ° 


** “ “ *• 

examples here given are exempt from such failure. 
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Hence 


Hence 


J 0 log® * = Iog (^)‘ 

Again, if -we make x = <r* in this equation, we get 

r e " axZ ~ 6 ~ a °* fa \ 

Jo i & = log(^ 

Ex. 2. We have already seen that 
J e _a *eos mxdx 


a? + m 2 ' 


f f e"** da 1 cos mx dx = f” 1 a ^ a 
J 0 J La, J J a„ a 2 + m 


^ l°g 


or 


r. 


+ m 2 

ai 2 + m 
a*~+ m’J’ 


3r a x x _ (d~CL 0 X 


008 mxdx = I log 


Ex. 3. Again, from the equation 

J" 0 


a 0 2 + m 2 


m 


we get 


e-^ sin mxdx = - _ 

0 a 2 + w 2 ’ 


f f V“* sin = [ H - mda - 

J# Ja ° J ao a 2 + «w 2 ’ 


0~o-e x 


sm mxdx - tan" 1 ! 


-i: 

Compare Ex. 2, Art. 113. 

, . H we make ao = o and «i = 


obtain 


a L in the latter result, 

f sin mx 
Jo X ° 


IT 

2 


we 
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Value o/| e~ xi dx. 

Ex. 4. To find the value of 

jV*. 

Denoting the proposed integral by k, and substituting 
ax for x, we obviously have 


l 

-j; 


g-a?x * « clx = k; 


e -a°(l ***) a dx = ke~ a ~. 


Hence 

But 


Henoe 


| I e " a, ^ l+ *^ a ^ a dx ~ ^ | era ’‘ da = 

•'2J0I+® 2 4 


e -aj!, cfa: = k - 
, 2 


7c 2 . 


(36) 


This definite integral is of considerable importance, and 
several others are readily deduced from it. 

1 17. Eor example, to find 


Here 


(A) *- 


e X ‘dx. 


du 

da 


d * 

e a—:. 


Again, let 2 = -, and we get 
no 
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r - x2 -^adx r 

I / "J 0 ' 

du 


e Z *dz = u 


da 


= - 2 u ; hence u = Ce~ 2c 


To determine C , let a = o, and, “by the preceding example, 


u becomes 

2 

Consequently 


r 




2 dx = 




(37) 


Again, to find 

(B) « = f e- a2x *cos zbxdz. 

Here 


du r 


e"® 31 ’ 1 cos ibxxdx. 


But, integrating by parts, we have 

2 [ sin ibxxdx = - e — > ia2to + 2 1 f 

a 2 a 2 J 


Hence 


6“° 2a:a sin2fe^ = — 
o a 2 


e " fla;2 cos ibxdx\ 
e~ a * x * cos ilxdx . 


a 2 ’ 0r 17 = ~~ 


Henoe « = &>"«*; 

Also, when 5 = o, u becomes — ; 

/I /V ' 


-i: 


2a 

e~ aSx *cos ibxdx = /«% 

za 


(38) 



Examples. 


153 


Again, if we differentiate n times, -with respect to a, the 
equation 


e-* x *dx = • 

JO 2a/« 


and afterwards make a = i, we get 

I.3.5... ( 2 W-I) y- 


e^x m dx - 


( 0 ) j; 

Next, to find 

CD) 

W© obviously have 


cos mxdx 
+ x 2 


rcoe 

Jo" 


A CO 

a€T aa ( 1+x ^da = — 
Jo 1 


+ X‘ 


-j:j 


a6 -a a (i+^ a ) cos mxdx da = 


,2 > 

" cos mxdx 

0 1 + ’ 


But, "by (38), we have 


2 e~ a * x 2 cos 4 * a 

a 


Hence, by (37)> we ^ aYe 

f" cos 

Jo ” 


4 a 2 da 


f“ COS 

Jo ~ 


cos mxdx 


+ x* 


cos mxdx __ 7r H 
+ a? 2 2 


(39) 


Again, differentiating -with respeot to m, we obtain 

= (40) 


C 


X + 3 ? 
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Examples. 


- 1 
i 


e -ax 4. e -ax 


0 £ TT X — e ~ TT x 

1 x*’ 1 + %~ a dx 


xdx. 


i a 

Am, -sec 2 -. 
4 2 


J 2 1 + X X 

when a > 0 and < r. 


f 1 z a + z~ a - 2 dz 
Jo 1 - z log z 

ir 

1 2 log (I + COS 9 COSX) 

J 0 COS X 

i:—mh 


f grI °g 
Jo I + 

[*“ sin aOde 

J o end — e ~ nQ ' 


» log ^tan ^ j , 

% (£L.\ . 

\S3H air / 

l f 7T 2 \ 

„ TV - erp'j . 


. ^ir 

„ sin. — 

7T 2 2 

4 o 

* COS 2 - - 


I ea- - I 

4 + 1 * 


11 8 . The values of some important definite integrals can 
be easily deduced from formula ( 31 ), Art. 32 . 

For example * to find 

V 

| 2 log (sin 9)d9. 

* W 

Here J* log (sin 6) dO = J* log (cos 9) dd. 

Hence, denoting either integral by u, we bare 

IT 

2 u = {log (sin 9) + log ( 00 s 0) } dd 


» Paper, signed “H. G.,” in the 


Theorem of FrullanL 
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= [* log (sin 20 ) dO - - log 2 . 

Jo 2 

Again, if z = 20, we have 

7T 

f 2 log (sin 26 ) dO = - log (sin z)dz 

Jo 2 J 0 

7 r 

1 r$ 1 

= - log (sin z)dz + - log (sin z)dz ; 

2 J 0 2 J z 

2 

but, since sin (t - z) = sin z, 

7 r 

f 7T ^ (*2 

log (sin z)dz = log (sin s) dz. 

J 7T JO 

2 

Consequently 

JT 7T 

| 2 log (sin 26 ) dd = j log (sin Q)dQ ; 

7T 

f 2 log (sin 0)^0 = - -log ( 2 ). 

Jo 2 

| 0 log (sin0)d0. 

| 0 log (sin 0) dO = | (tt 0) log (sin 0)^0 ; 

j' 0 log (sin 0)<*0 = ^ j ^ log (sin .0)^0 = - j log (2 

ng. Theorem of Frullani. — To prove that 

r i. 8 Q. 


Again, to find 


Here 


(41 


)• 
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Let u = 


dz ; substitute ax for % } and we get 


■i 


n 

'a(j>(ax) - <j)( o) 




If we substitute 5 for a, we get 


: 


'*W zM dx . 


» /j. 

U §{ax)dx ^ p<j>(bx)dx 

Jo 0 Jo x 


- = 0 ( o) 


f« cfa? / \ -i 5 / x 

- = 0(o) log-. (42) 

A a 

b 


Hence f 5 M dx J h tM± = 0 (o} log 

Jo a Ja # j & 

a 

If we suppose h = co, we get 


<t>(ax)-$(lx) / 5 \ 

(fe = 0 (o) log - , 

\cE 


(43) 


(44) 


provided 


r 

\h 


'“<t>(bx) 


dx ~ o when h = 00. 


Por example, let <j>(x) = cos*, and, since the integral 


f» cos 5# 




evidently vanishes when h = oo, we have 


i; 


cos ** - cos 5* , . 5 

Gfe = log 



Theorem of Frullani. 
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Frullani’s theorem plainly fails when J (at tends ^ 
definite limit when x becomes infinitely great.. The formulae 
can he exhibited, however, in this case in a simple shape, as 
was shown by Mr. E. B. Elliott. 

For, in (42) let h = ah, and it becomes 

j‘ <pjax)dx _ j ffl f^ d x = ^ log Q. (45) 


Ao-ain if <b( 00) denote the definite value to which 4 >{ax) 

tote, - hi— MeM*, wto * 1 bgome. 

infinite we may substitute <p( <») instead of <p(hx) 
integral 

!*»(&»). 

I * a? 


/* 

j: 


-cfo ; 


in which, case it hecomes 

,oe ® ' 
a 

On m airing this substitution in (43), "W® g et 

J“ tWziM «&, = j^( 00) - <f>(o)j lo g(^)- 

For example, let ^(o») = tan" 1 ^) then we have *(o) = o, 

and <p(oo) = 

Accordingly we have 

f tan- 1 a* - tan- 1 w f f). 

* 2j5.a: 2 W 


. 7 /n* T 9.r T-h ft Student will find some remarkable exten- 

* Educational Times , 1875. Tntfterals by Mr. Elliott, 

srsaas* maaatssw*. - * 

Mr. Lendesdorf, in the same Journal, i» 7 s - 
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II 9 a * Remainder in Lagrange’s Series. — We next 
proceed to show that the remainder in Lagrange’s series 
(Diff, Calc., Art. 125) admits of being represented by a 
definite integral. This result, I believe, was first given by 
M. Popoff (Comptes JRendus , 1861, pp. 795-8). 

The following proof, which at the same time affords a 
demonstration of the series, of a simple character, is due to 
M. Zolotareff : — 

Let % = x + y (p (z) ; and consider the definite integral 


{y<p(u) + x - u) n F'(u)du . 


Differentiating this with respect to %, we get, by (33)? 
Art. 1 14, 


but 


If in this we make n= 1, we get 

S 0 = y< t> (x)F'(x) + ^ ] 
s 0 = F(z) - F{x ) ; 

••• F(z)=F(x)+y<p{x)F'(x) + ^. 
In like manner, making n - 2, we have 


2 Sl = 2/ J {^)}^» + g; 


f d 


dx 1 .2 dx 
Substituting in (48) it becomes 

F(z) =F(x)+ y -^(x) F'ix) + JL* 

1 I ,2 dx 




2 dx 2 ’ 


( 47 ) 


( 48 ) 


Again, 


mVF'ix) 


1 d*s t 
1.2 dx 1 ’ 


«,-f (♦(.))>J' W+ |; 
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t P 


I (fSj_ j 
T71 da? ~ i ■ 2 . 3 


\[^x)YF{x) 


d 3 s. 


1.2.3 dx z 


I . 2 


\ CuSn 

ns^ = + lx' 

g^fn-1 = 1 - — r{^)) n -F , (®)1 

^n-i i . 2 . . -n dx n ~ l L _ ^ 


”77^-1 ^ n_1 I .2 . ..ndx 


Hence we get finally 


d n s n 
TTTTTTn dx n * 


v y 2 ^ 

.F(s) = J’(^) + 7 4>{ X ) F + I 2 


.ri 


'{(*)W*)] 

j* 0 *(«) + * 


(49) 

• nr^vsy j. ^ ^ • - ' . , 

iep, m“rfpro^°to e.«TVt? ° f Detoite 

Integrals first mteodu wdmtoa na^by twt 

Sl fiS‘3 ^sS."S5£iS «£* 

the rarfts arrived at »erf gryt« eteganc ^ rf m 

It -would be manifestly P ,, stetcli of the results 
elementary treatise to give mo ^ ^ Gamma 0 r Eulerian 

:4s 

Kr?«. g*-*- “ -* - ° u *“ 

” CSntto a &e Eulerian Integral., Wth Hat and 
Second, have been given already m Art. 95- 
The First Eulerian Integral, viz., 


j 1 x m - r {i - os) n - l dx, 


is evidently a function^ its two parameters, » and » 5 it is 
usually represented by tbe notation B(m, n). 
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Thus, -we have by definition 
1 

x m ~ l (i - x) n ~ l dx = B(m, n) 

0 

,QO 

e^x ^ 1 dx = r(jp). 

0 

The constants m , w, are supposed positive in all cases. 

It is evident that the result in equation (14), Art. 95, still 
holds when p is of fractional form. 

Hence, we have in all cases 

T(p + i) = pT{p). (51) 

This may he regarded as the fundamental property of 
Gamma Functions, and by aid of it the calculations of all 
such functions can he reduced to those for which the para- 
meter^ is comprised between any two consecutive integers. 
For this purpose the values of T(p), or rather of log F(p), 
have been tabulated by Legendre* to 1 2 decimal places, for 
all values of p (between 1 and 2) to 3 decimal places. The 
student will find Tables to 6 decimal places at the end of this 
chapter. By aid of such Tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Gamma Functions. 

It may be remarked that we have 

r(i) = i, r(o)=oo, r(-j>)=<», 

p being any integer. For negative values of p which are 
not integer the function has a finite value. 

Again, if we substitute zx instead of x, where z is a con- 
stant with respect to x, we obviously have 

e~ xz x n - 1 dx = (52) 


( 50 ) 


* See Traiti des Fonctions FlUptiques, Tome 2, Int. Euler, chap. 16. 
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Expression for B (m, n) . 

With respect to the First Eulerian Integral, we have 
already seen (Art. 92) that 

J 1 - x)”- x dx = jV' 1 (x - x)^dx\ 

j B (m, n) = B m). 


Hence, the interchange of the constants m and n does not 
alter the value of the integral. 

Again, if we substitute ^ for *, we get 

n f” y^dy 

J o ^(i-^- 1 ^ = J o 

Hence <“> 

We now proceed to express B («, ») in terms of Gamma 

Functions. 

12 1. To prove that 


B (m, n) = 


r(m) r(w) 

r (m + n) 


From equation (52) we have 

r(w)=j e* x z m x m ~ l dx. 

Henoe 


r (m) | o 


e~* z^ 1 d% ■■ 


[£ 




■z(l+a;) g »i+n-l % m ~ l dx. 


0 L J 0 
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Definite Integrals . 


But, if % (i + X) = y, we get 


if® _ T(m + n) 

- (Tnr- 1 . 

.... . . f" x m ~ l dx 

r(m)r(n).r(m + n) | 7 — ys- 


Jo 


Accordingly, by (53), we have 

, r(m) r(n) 

-S (i», n) = --V — 

K ' r (m + n) 

Again, if m - 1 - n, we get, by (24), 

v v r of" 1 do? 


r x n ' 

r (») r(i - *) * J o 7 


+ a? sm W7r 


If in this n = -, we get 


This agrees with (36), for if we mate 0* = s, we get 


e~ z ds = - 


Again, if we suppose in the double integral 


|j a m ~ 1 y n ~ 1 i 


x and y extended to all positive values, subject to the condi- 
tion that x 4- y is not greater than unity ; then, integrating 
with respect to y , between the limits o and 1 - x 9 the 
integral becomes 

1 f 1 x n-i (l _ xYdx _ I r(w)r(» + i) , , . . 

» Jo U > dX ~ n r(m + n+i) ’ ^ ’ 

f [ x m ~ l y” -1 dxdy = — ^ n \ ; (57) 


in which a; and y are always positive, and subject to the con- 
dition x + y < 1. 
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122. By aid of the relation in (54) a number of definite 
integrals are reducible to Gamma Functions. 

For instance, we have 


f y m ~ l dy 

, (1 + y)' ni 


p y m ~'dy [' 

: = Jo(x + y) m * n + M 1 + y) 


y m - l dy 

,OT+?i* 


Now, substituting - for y in the last integral, we get 
%c 

f- y m ~ l dy _ f 1 

. x (T+ yp ~ J 0 (x 


Hence 


+ x) m * n ‘ 

f 1 * m -’ + ^ _ r(m) r (^) 

J o (x + x) m t n 21 _ r(«* + ») * 

%y_ 
b : 


Next, if we make x - -y, we get 


■" x^dx 


= 


y m ~ x dy ( 

iW+ft 3 


0 (ay + 6 ) 


r _ rQ») r(«) 

J 0 (ay + 5) m+n ~ a>»6»r(m+ «)' 
Again* let x = sin 2 0 , and we get 

7 T 

| 1 *>»-!( i - a;)”- 1 = 2 j" sin 2 ™- 1 0 cos 2 ”- 1 0 <Z0 ; 

IT „ „ r(m) r(») 

j^sin 2m_1 0 cos 2 ” -1 Odd = 7^-7^)- 

This result may also be written as follows : 

> 


r (")r[- 

P 9 .*•»- 


O' 


(58) 


(59) 


(60) 


(61) 


* These results may be regarded as generalizations of the formula given in 
Arts, o? 04. to which the student can readily see that they are reducible when 
the indices are integers. 
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Definite Integrals . 


If we make q = i, we get 

TV _____ 

7 T 


dn^ede = 

o 2 


ri* 


p + 1 


\' 


(62) 


Again, Up = q in ( 6 i) it becomes 

(r^ 


— 7 " 4 - « 1 sin * 3 " 1 0 cos * 3 ’" 1 0 dO = Psia* 3 " 1 2 0 ^ 0 . 
r (p) Jo 


Let 20 = «, and we have 




= - J =| 2 sin ^“ 1 

r 




Hence 


r(-)r 


+ I 

2 


£ 

2 

P + I 


! ^ r (i0- 


If we substitute 2m for j>, tbis becomes 

\/ 7 T 


r(m) r|^m + — J =-~^ r (2 m). 
Again, make y = tan 2 0 in (59), and we get 
sin 2 ”- 1 0 cos **- l 0 d 9 r(m) r(n) 


1: 


0 (a sin 2 0 + 6 cos 2 0) m+n ~ 2a m b n T(m + n)' 

123. To find tlie Value* of 

J n - i> 


/l\ / 2 \ ( \\ 

r - r - r ^ . . . r 

\n/ \w/ 

n being any integer. 


n 


(63) 

(64) 


* This important theorem is due to Euler, by whom, as already noticed, the 

Gamma Functions were first investigated. 
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Vaiueof r(I)rg)r(|)...r(^- 

Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 

that is, by (55), 

tt”- 1 

(n — 1)7 r‘ 




. 7T . 27T . 37T 

sm — sin — sm — ... sm - 
n n n n 

To calculate this expression, we have by the theory of 
equations 

1 - x 2n 


1 — X 


7 T V 27T A ( (w-i)ir A 

I - 20 COS- + # 2 jf I -20? COS— +#*)...( 1 — 20 ? cos * — — \-x J. 

Making successively in this, x = i, and x = - i, and re- 
placing the first member by its true value w, we get 


/ . 7T 

= I 2 sm — 

\ 2W 


. 27 r\ 2 / . (» - l)*V 

2 sm — ... 2 sin — 

2*1 J \ 2U J 


IT Y 2tt 

n = ( 2 cos — 2 cos - 

2UJ \ 2U 


2 cos 


(n — 1 ) 7r V 


271 


whence, multiplying and extracting the square root, 

„ . . 7T . 27T . (n- i)tt 

n = 2 w ~ 1 sin - sm — ... sm . 

n n n 

Hence, it follows that 


2 


rf lS \rf 2 \ rf n -~ Y) 

\n W" V » J *» ' 


(65) 
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Definite Integrals. 


124. To find the values of 


e" ax cos bxx m - l dx, and 


g-Mgin lxx m ~ l dx. 


If in (52) a - b*/- 1 be substituted* for z the equation 


becomes 


r> CO _____ 

I e -ax e lrM-l x m-i fa = £ (*») = r (ffl) (« + Sy/- l)» 

[a -b y/~i) m ( a 2 + J 2 )*» 

Let a = {a- + £ 2 ) 4 cos 0, then 5 = (a 2 + & 2 ) 4 sin 0, and the 
preceding result becomes 


c- c “ > (cos bx + 1 sin bx)x m - l dx 


T{m) , — 

* (cos 6 + v 7 - 1 sin d) m 

(t a 2 + bf 

Tim) , , — . 

= ~ (cos mv - f /-ism m9). 

(a 2 + b 2 ) 2 

Hence, equating real and imaginary parts, we have 

' 06 T~1 / \ 

e“ uaJ cos bxx m ~ l dx = 

. 0 


i: 


(a 2 + bj 
e"“*sm bxx m -'dx = Tfill 

m 

(a 2 + b -f 


cos ni6 


sin mO 


( 66 ) 


in which 0 = tan" 1 /. 

If we make a = o, 0 becomes and these formulae beoomo 
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, , , r(m) 7mr 

cos bxx m ~ l dx = — —— • cos — , 
o™ 2 I 

. 7 w , 7 r (m) . mir f* 
sin lx x m ~ l dx = —y~ sin — J 


It may be observed that these latter integrals can be ar- 
rived at in another manner, as follows : — 

From (52) we have 


e~ zx x n ~ x cos bz dx ; 


T(») | ° QS -^ = j [ #~ zx 00s bz x n ~ l dxdz. 

But, by (32), we have 


e~* ,z cos bz dz 


b* + x 2 ' 


cos bz dz 1 f“ x n dx 
tf 1 = rjn) Jo b 2 +x 2 


>’(») aco9 *»,ly( 2 ,), 


in which n must be positive and < 1 . 
In like manner we find 


sin bz dz _ b n ~ l tt 

z? ” r (n) . ni r 

v ; 2sm — 
2 


The results in (67) follow from these by aid of the relation 
contained in equation (55). 
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Definite Integrals . 
Examples. 


I. | (I - % n )Pdx. 


^ J 1 2 B "*"" 1 ( r - x) nJl dx 


Jo {a + x) 
3 . Prove that 


, . fm + 1 

r(, + i)r(— 

Am. — — . 

/ m+ i\ 

*r(p+ i+— J 
r(w)r(w) 

” ff w (x+fls)»*r(w+ w)* 


4* 


f 1 ^ r 1 rik 7T 

J 0 (1 - J 0 (1 + 2 

f oo x_ 

COS (03 n ) 


P (n + 1 ) cos 





5 - 


0 </ 1 — x n 


6 


sin lx _ 

a#. 

x 



a 


1 r 
2 * 


123. Iwmerical Calculation of gramma Func- 
tions. — The following Table gives the values of log F(j»), 
to six decimal places, for all values of p between 1 and 2 
(taken to three decimal places). 

It may be observed that we have r(i) = r(2) = 1, and 
that for all values of^> between x and 2, r(jt?) is positive and 
less than unity ; and hence the values of log F ( p ) are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of 
calculating these Tables is too complicated for insertion in 
an elementary Treatise. 



Log rO). 


p 

0 

1 

2 

3 

4 

5 6 

7 

8 

9 

1. 00 

1.01 

1.02 

1.03 

1.04 

1. 05 

1.06 

1.07 

1.08 

1.09 

1. 10 

1. 11 

1. 12 

I * I 3 

1.14 

1.15 

1. 16 

1.1 7 

1. 18 

1.19 

1.20 

1. 21 

1.22 

1.23 

1.24 

x - a 5 

1.26 

1.27 

1.28 

1.29 

1.30 

1.31 

1.32 

1.33 

1.34 
*•35 
1.36 
i -37 
1.38 
i -39 

1.40 

1.41 

1.42 
i -43 
1.44 

MS 

1.46 

M 7 

1.48 

i *49 

9-997529 

5128 

2796 

0533 

9.988338 

6209 

4145 

2147 

0212 

9-978341 

6531 

4783 

3096 

1469 

9.969901 

8390 

6939 

3544 

4 2°5 

2922 

1695 

0521 

9.959401 

8333 

732 i 

6 j 59 

5449 

4589 

3780 

3020 

2310 

I648 

1035 

0470 

9.949951 

9480 

9054 

8676 

8342 

8053 

78o8 

7608 

745 J 

7338 

7262. 

7240 

7254 

7310 

7407 

9750 

7285 

4892 

2567 

0311 

8122 

6000 

3943 

I 95 i 

0022 

8157 

6354 

4612 

2931 

1309 

9747 

8243 

6797 

5408 

4075 

2797 

1575 

0407 

9292 

8231 

7223 

6267 

5360 

4506 

3702 

2947 

2242 

1585 

0977 

0416 

9902 

9435 

9015 

8640 

8311 

8026 

7786 

7590 
7438 
7329 
7263 
7239 
7258 
* 7317 

7419 

9500 

7043 

4656 

2338 

0089 
7907 
579 1 
374 i 
1755 
9833 

7974 

6177 

44 & 

2766 

1150 

9594 

8096 

6655 

5272 
3944 

2672 

1456 

0293 

9184 

8128 

7125 

6173 1 

5273 
4423 

3624 

2874 

2174 

1522 

0918 

0362 

9853 

9391 

8975 

8605 

8280 

8000 

7765 

7573 

7425 

732 i 

7259 

7239 

7262 

7326 

7431 

9251 

6801 

4421 

2110 

9868 

7692 

5583 

3539 

1560 

9644 

7791 

(jGGO 

4271 

2602 

0992 

9442 

7949 

6514 

5137 

3815 

254 s 

1337 

0l80 

9076 

8025 

7027 

608l 

5185 

4341 

3547 

2802 

2106 

*459 

0861 

0309 

9805 

934 § 

8936 

8571 

8250 

7975 

7744 

7556 

7413 

7312 

7255 

$6 

7334 

7444 

9003 

6560 

4187 

1883 

§647 

74-78 

5378 

3338 

1365 

9456 

7610 

5825 

4101 

2438 

0835 

9290 

7803 

6374 

5002 

3686 

2425 

1219 

0067 

8968 

7923 

6930 

5989 

5099 

4259 

3470 

2730 

2040 

*397 

0803 

0257 

9757 

8537 

8221 

7950 

7723 

7540 

7401 

7305 

7251 

7240 
7271 
7343 
■ 7457 

8755 

6320 

3953 

1656 

9427 

7265 

5169 

3138 

1172 

9269 

7428 

5650 

3932 

2275 

0677 

9 J 39 

7658 

6234 

4868 

3557 

2302 

IIOI 

9955 

8861 

7821 

6834 

5898 

5 OI 3 

4178 

3394 

2659 

1973 

1336 

0747 

0205 

9710 

9262 

8859 

8503 

8192 

7925 

7703 

75 J 4 

7389 

7298 

7248 

7242 

7277 

7353 

7471 

* S °9 

6080 

3721 

1430 

9208 

7052 

4963 

2939 

0978 

9082 

7248 

5475 

3764 

2113 

0521 

8988 

75*3 

6095 

4734 

3429 

2179 

0984 

9843 

8755 

7720 

6738 

5807 

4927 

4°97 

3318 

2588 

1007 

i *75 

0690 

aJ 53 

9 b63 

9219 

8822 

8470 

8163 

7901 

7683 

7509 

7378 

7291 

7246 

7 2 43 

7282 

7363 

7485 

8263 

5841 

3489 

1205 

8989 

6841 

4758 

2740 

0786 

8900 

7068 

530 * 

3596 

1951 

036s 

8838 

7369 

5957 

4601 

33 02 

2057 

0867 

9732 

8649 

7620 

6642 

5716 

4842 

4017 

3243 

2518 

1842 

1214 

0634 

0102 

9617 

9178 

8785 

8437 

8135 

7877 

7664 

7494 

7368 

7284 

7244 

7245 
7289 
7373 
7499 

8017 

5602 

3257 

0981 

8772 

6629 

4553 

2 54 i 

0594 

8710 

6888 

5128 

3429 

1790 

0210 

8688 

7225 

5818 

4469 

3175 

1936 

°75 "" 
9621 

8544 

7520 

6547 

5627 

4757 

3938 

3168 

2448 

1 777 
1*54 
0579 
0051: 
9571 

§ I3 £ 

8748 

84.05 

8107 

7854 

7645 

7479 

7357 

7278 

7242 

7248 

7295 

7384 

75*4 

7773 

5365 

302*: 

0775 

8554 

641c 

434 < 

234 ^ 

040- 

852] 

670c 

495 i 

326: 

l62< 

005; 

853* 

708: 

568 

433 

3°4 

181 

063 

95 * 

843 

742 

645 

553 

467 

385 

30 S 

23; 

17] 

IOC 

05: 

00c 

95 - 

90 < 

87 

»3 

80: 

76 
74 
73 
72 
72 
72 
72 
72 
. 7 ‘ 


109 



Log ro). 


p 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1.50 

9-947545 

7724 

7943 

8201 

75 61 

7744 

7577 

7764 

7594 

7785 

7612 

7806 

7629 

7828 

7647 

7850 

76 66 

7873 

7685 

7896 

7704 

7919 

1. 51 
I * 5 2 
1-53 
i *54 
i *55 
i* 5 6 
x *57 
1-58 
1.59 

79 67 

7991 

80l6 

8041 

8067 

8093 

8120 

8146 

§174 

8229 

8258 

8287 

8316 

8346 

8 o i76 o 

8406 

8437 

8468 

8^00 

8532 

8564 

8597 

8630 

8664 

8098 

8732 

8767 

8802 

8837 

8873 

8910 

8946 

89S3 

902 X 

9059 

9097 

9135 

9174 

9214 

9254 

9294 

9334 

9375 

9417 

9458 

9500 

9543 

9586 

9629 

0672 

9716 

8761 

9806 

9851 

9896 

9942 

9989 

0035 

9.950082 

0130 

0177 

0225 

0274 

0323 

0372 

0422 

0472 

0522 

0573 

0624 

0676 

0728 

0780 

0833 

0886 

0939 

°993 

1047 

T 60 

1102 

1157 

1212 

1268 

1324 

1380 

1437 

1494 

1552 

1610 * 

1. 6l 

1668 

1727 

1786 

1845 

1905 

1965 

2025 

2086 

2147 

2209 

1.62 

2271 

2333 

2396 

2459 

2522 

2586 

2650 

27x5 

2780 

2845 

1.63 

1.64 

1.65 

2911 

2977 

3043 

3110 

3177 

3244 

3312 

3380 

3449 

3517 

3587 

3656 

3726 

3797 

3867 

3938 

4010 

4081 

4 X 54 

4226 

4299 

4372 

4446 

4519 

4594 

4668 

4743 

4819 

4894 

4970 

1.66 

5047 

5124 

5201 

5278 

5356 

5434 

5513 

5592 

5671 

574 ° 

1.67 

5830 

5911 

5991 

6072 

9154 

623s 

8317 

6400 

6482 

6566 

1.68 

6649 

6733 

6817 

6901 

6986 

7072 

7157 

7243 

7322 

7416 

1.69 

7503 

7590 

7678 

7766 

7854 

7943 

8032 

8122 

8211 

8301 

1.70 

8391 

8482 

8573 

8664 

8756 

8848 


9034 

9127 

9220 

1. 71 

93 r 4 

94°9 

9502 

9598 

9993 

9788 

9884 

9980 

0077 

0174 

1.72 

9.960271 

0369 

0467 

0565 

O664 

0763 

0862 

0961 

1061 

Il62 

1.73 

1262 

1363 

1464 

1566 

1668 

1770 

1873 

1976 

2079 

218^ 

1.74 

2287 

2391 

2496 

2601 

2706 

2812 

2918 

3024 

3 * 3 * 

323 f 

1-75 

3345 

3453 

3361 

3669 

3778 

3887 

3996 

4105 

4215 

4328 

1.76 

1.77 

4436 

5561 

4547 

S 6 75 

4659 

5789 

4770 

5904 

4882 

6019 

4994 

9135 

5107 

6251 

5220 

6367 

5333 

6484 

5447 

6600 

1.78 

6718 

6835 

6953 

7071 

7189 

7308 

7427 

7547 

7666 

7787 

1.79 

7907 

8023 

8149 

8270 

8392 

8514 

8636 

8759 

8882 

9005 

1.80 

9x29 

92 S 3 

9377 

9501 

9626 

9751 

9877 

6008 

0129 

0255 

1.81 

9-970383 

0509 

0637 

0765 

0893 

1021 

1150 

1279 

1408 

XS 38 

1.82 

1668 

1798 

1929 

2060 

2191 

2322 

2454 

2586 

2719 

2852 

1.83 

2985 

3118 

325? 

3386 

3520 

3655 

3790 

3925 

4061 

4197 

1.84 

4333 

4470 

4606 

4744 

488 X 

5019 

5157 

5295 

5434 

683B 

5573 

1.85 

5712 

5852 

5992 

6132 

6273 

0414 

6555 

6697 

6980 

1.86 

7123 

7266 

7408 

7552 

7696 

7840 

7984 

8x28 

8273 

& 9 

1.87 

8564 

87IO 

8856 

9002 

9149 

9296 

9443 

959 x 

9739 

1.88 

9.980036 

9184 

0333 

0483 

0633 

0783 

0933 

1084 

1234 

1386 

1.89 

I 537 

I689 

184I 

*994 

2147 

2299 

2453 

2607 

2761 

29x5 

1.90 

3069 

3224 

3379 

3535 

3690 

3846 

4003 

4 X 59 

43 x 6 

m 

1.91 

4631 

4789 

4947 

5105 

5264 

5423 

5582 

5742 

5902 

1.92 

6223 

6383 

6544 

6706 

6867 

7029 

7192 

7354 

75 17 

7680 

1 93 

7844 

8007 

8171 

8336 

8500 

8665 

8830 

8996 

9161 

9327 

i *94 

9494 

966O 

9827 

9995 

6162 

0330 

0498 

0666 

0835 

1004 

i *95 

9 * 99 H 73 

1343 

1512 

1683 

1853 

2024 

2X95 

23 66 

2537 

2709 

1.96 

2881 

3054 

3227 

3399 

3573 

3746 

39 20 

4094 

4269 

6029 

4443 

1.97 

4618 

4794 

4969 

5145 

5321 

5498 

5674 

585* 

6200 

1.98 

1 $ 

6562 

6740 

6919 

7098 

7277 

7457 

7637 

7817 

7997 

1.99 

8359 

8540 

8722 

8903 

9085 

9208 

9450 

9633 

98x6 
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Examples. 


f 8 *L_ Am. ,^A 

J o y'" a — *" 

2. If /(*) =/(» + *) for all rallies of x, prove that 

i tlCt f ® 

/($)<*» = n j J{x)dx, 

"where w is an integer. 





7T. 

3* 

J 0 ax - a; 2 




C 2 

j? 

7T 

4* 

J 1 a; +/ ** “ 1 


3* 


pi 


7 r 

5- 

sin- 1 a; tfe. 

>> 

I. 

2 


J 0 



6. 

f 1 dx 

5 j 

• 71 r 

j 0 ( I 4- x) I + 2X - X 2 


4\/ 2 


f 60 r,n 7*2 'Kp^no , nnsitive. 


7T 

7* 

J -0B a 4- 2bx 4* cx 3 

5> 

*s/ ac — £ 2 


8. Prove that 


12. 


f ^ -j = — 7==, where A = 2 ( + &)• 

Jo <2 + 20a; 2 4- car 1 2y^ ah 


r — 

Jo 1 + 




cos 0 cos a; 

rj dx 
)o 1 4- cos 6 cos x 

rc 

dx 


(* : 

Jo a 2 sin 2 a; 


+ b 2 cos 2 a; 
dx 


(^sin *x + P cos 2 x) 2 


Ans. 


sin0* 


sinfl* 


” 2 ab* 


7T («Hg) 

4 < 2 a 
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r.s* 


. 7 r 2 a 2 a 2 

Am. — r~ -f — • 

16 4 


J +l d# 

-i ( a — lx) *y i — x 2 


*/ a 2 - £ 2 * 


a \/ (# - a) (/8 - #) 


f «+V« a - & a (f/2 4. £2) ^ dy 

a-'JlUb* V 7 4 «V ~ + W 


7. Show that 


-dx - or o, according as a > or < b ; and 


that when a-h the value of the integral is 

4 


0 f +1 dx , . i . (i-VVab 

J- lV / (l-2«* + « : “)(l-2j ;1; + ^)’ a <1 ‘ **‘ V /S 


19. tan 8 a?<2#. 

Jo 


37 T 

* 4 sin x dx 


0 1 + cos 2 # 


i(lo g2 _I). 


XT I 

» 7 + tan." 1 — 

4 2 


21. If every infinitesimal element of the side c of any triangle he divided 
by its distance from the opposite angle < 7 , and the sum taken, show that its 
value is 


£^cot^ cot 


22. Being given the base of a triangle ; if the sum of every element of the 
base multiplied by the square of the distance from the vertex be constant, show 
that the locus of the vertex is a circle. 


fa COS 2 0 sin 0 dd 

Jo i+* 2 cos 2 0 * 


, 1 tan" 1 *? 

Ans. — — . 


2 cos 2 0 sin 6 dd 


f 2 cos' 

4 J 0 a / f 


*y I + e 2 log (e 4 - a/ I + e 2 ) 



Examples. 

25. Deduce the expansions for sin x and cos x from Bernoulli’s series. 

26. Show that the integral 

( x n (logx) m dx 


can be imm ediately evaluated hy the method of Art. in, when m is an integer. 

As.- log (1 +«). 

' Jo x{i + * 2 ) 2 

28. Find the value of 

j v log (1 - 2 a cos x 4- a 2 ) dx 9 

distinguishing between the cases where a is > or < 1 . 

Am. a < r, its value is 0. 

„ a> 1, its value is 27 rlog *. 

29. If / (2?) can be expanded in a series of the form 

a 0 + «i cos % + #2 cos zx 4* . . . + a n cos nx 4 - . . . , 

show that any coefficient after a 0 can be exhibited in the form of a definite 
integral. 


is. a» = - [*f{x)QQ&nxdx. 
2T J 0 


30. Find the analogous theorem when/ (a) can be expanded m a series of 
sines of multiples of x ; and apply the method to prove the relation 


( sin 2X sm 
sin x — 4 - — ; 




when x lies between ± x. 

31. Prove the relation 


Jo\/ sin0 

32. Express the definite integral 


7T TT 

1 0 a / sin 0 ^ 0 ^ 


J 0 's / 1 — /c 2 sin 2 0 

in the form of a series, k being < r . 
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33 - 

f F log (1 + cos a cos x) dx 

Jo cos # 


34 * 

»CD 

xe~ ax cos bxdx, where a > 0. 

Jo 

a 2 - 5 2 

” (a 2 + i 2 ) 2 ’ 

35 * 

r® tan -1 ax tajr l 0 x ^ 

Jo 

» 7 l0g | **» 

36. 

7 T 

("log (a 2 cos 2 0 4- j8 2 sin 2 d)dd. 

. a 4 - $ 

„ Jrlog — — • 

37 * 

f 7 (a + l sin 0\ dQ 

Jo \a — £ sin 6 / sin d’ a " 


33 * 

f 1 dx 

J 0 (1 _ 

7 r 

” ? 

39 * 

f 1 dx 

7 T 

1 1 ' 

J0 (1 - *»)» 

** 7 T 

w sin. - 
n 

40. 

fir cosrxdx 

va r 

Jo r — 2a cos x -M 2 ’ 

” 1 — a 2 ’ 

41. 

Find the sum of the series 



n n n 

n 

_L — 


+ i 2 ' n 8 4- 2 2 ' n 2 + 3 2 

2« 2 * 

when n is increased indefinitely. 

This is evidently represented by the definite integral 


f 1 d# 7 T 

J 0 1 + ° r ~ 4* 


42. 

Find the limit of the sum 



1 , 1 1 

I 


%/ n 2 — i 2 *s/ n 2 — 2 2 n 2 — 3 2 

-y/n 2 - (w - i) 2 * 

■when n 

= 00. 

I. 


2 ’ 



Examples. 
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43. Prove that 

IT 7I ’ 

cos-* 003 nx dx = | * eos™' 2 * coa nxdl ’ 

and hence, deduce the values of the integrals 

7 r 

- f “ 

j 2 cos 2m x cos (2 n + 1) X dx, and J * cos 2 "” 1 a? cos 2 nx dx, 
when m and n are integers. 


44. j 

* log(i - 2 a cos 0 + a 2 ) cos nddd, when a 2 < x. 

1 0 

Aois 


,Q0 7T& 2 


45- 1 

1 cos — dx. 

I -CO 2 


46. 1 

f llo s( I + a:) &. 

] 0 I + X 2 

11 

47. Prove the following equation : 



7T« n 

n * 


1. 


dd 


— = (1 - 2 « cos0 + a 2 )”* 1 <?0. 

!)» (! _ Jo ' 


1 0 (1 — 2a cos 0 + a 2 ) n (1 - a*) 

48. Prove the more general equation 

fxr sin m 9 d$ 1 f 7r 

- a 2 ) n ” (1 - a 2 ) 2 *-™- 1 J 0 (1 - 


sm w 0 (£0 


Jo (l - 2 a cos 0 + a 2 ) n (1 


(1 - 2a cos 0 + a 2 ) 


12\ l+7Ai~>*^ 


in which m + 1 is positive. 


ocl ^ 
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CHAPTEB YII. 

AREAS OF PLANE CURVES. 

126. Areas of Carves. — The simplest method of regarding 
the area of a curve is to suppose it referred to rectangular 
axes of co-ordinates; then, the area included between the 
curve, the axis of x, and the two ordinates corresponding to the 
values x 0 and x x of x, is represented by the definite integral 

•**1 

ydx . 

*0 

Eor, let the area in question be represented by the space 
ABVT y and suppose B V divided into n equal intervals, and 
the corresponding ordinates drawn, 
as in the accompanying figure. 

Then the area of the portion 
PMNQ is less than the rectangle 
pMNQ, and greater than PMNq. 

Hence the entire area AB VT is 
less than the sum of the rectangles 
represented by pMNQ, and greater 
than the sum of the rectangles 
PMNq ; but the difference be- 
tween these latter sums is the sum 
of the rectangles Pp Qq , or (since the rectangles have equal 
bases) the rectangle under MN and the difference between 
TV and AB. Now, by supposing the number n increased 
indefinitely, MN can be made indefinitely small, and hence 
the rectangle MN (TV - AB) also becomes infinitely small. 
Consequently the difference between the area ABVT and 
the sum of the rectangles PMNq becomes evanescent at the 
same time. 



Fig. 1. 
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If now the co-ordinates of P be denoted by x and y, and MN 
by Ax, it follows that the area AB VT is the limiting value* 
of S(y Ax) when the increment Ax becomes infinitely small ; 

rx x 

or area ABVT = ydx ; where x x = OV, x 0 = OP. 

J 

It should be observed that this result requires that, y 
continue finite, and of the same sign, between the limits 
of integration. 

If y change its sign between the limits, i.e. if the curve 
cut the axis of x, the preceding definite integral represents 
the difference of the areas at opposite sides of the axis of x . 

In such cases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also, to 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 

sin ko x ydx , 

J «o 

where w represents the angle between the axes. 

In applying these formulae the value of y is found in 
terms of x by means of the equation of the curve : thus, 
if y =/(#) be this equation, the area is represented by 

taken between suitable limits. 

Conversely, the value of any definite integral, such as 

}„/(»)<&> 

may be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

y -/(»)• 

* This demonstration is substantially that given by Newton (see JPrincipia, 
Lib. I., Sect, i., Le mma 2) ; and is the geometrical representation of the result 
established in Art. 90. . 

The modification in the proof when the elements of BV are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that the 
result here given is but a particular case of the general principle laid down in 
Arts. 38, 39, JDiff. Calc . _ 

[1SJ 
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On account of this property the process of integration was 
called, hy Newton and the early writers on the Calculus, 
the method of quadratures. 

Again, it is plain that the area between the curve, the 
axis of y , and two ordinates to that axis, is represented by 

xdy, 

taken between the proper limits : the co-ordinate axes being 
supposed rectangular. 

We proceed to illustrate this method of determining 
areas by a few applications, commencing with the simplest 
examples. 

127. The Circle. — Taking the equation of a circle in 
the form 

x 2 + y 2 = a 2 , we get y = a 2 - x 2 , 
and the area is represented by 

a 2 - x~dx, 

taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE 
in the accompanying figure. Let 
x = a cos 6 , then the area in ques- 
tion plainly is represented by 

r a ^2 

a 2 1 ^ shrOdQ = — (a - sin a cos a) ; where a « L BOA. 

This result is also evident from geometry ; for the area 
BPAE is the difference between DP AC and BCE , or is 

a 2 a a 2 sin a cos a 
2 2 

The area of the quadrant A CP is got by making a * ~ ; 

7 ra 2 

and accordingly is — : henoe the entire area of the oircle 
4 

os va\ 
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128. The Ellipse. — From the equation of the ellipse 

a ? y % , b / 

_ + |= j, we get y = - J «• - 

and the element of area is 

b 

~ - a? dx\ 

b a 

but this is - times the area of the corresponding element of 

a 

the circle whose radius is a : consequently the area of any 

portion of the ellipse is - times that of the corresponding part 

of the circle. This is also evident from geometry. 

The area of the entire ellipse is nab. 

Again, if the equation of an ellipse be given in the form 

Aa? + By 2 = C, its area is evidently ■ J 

v AB 

As an application of oblique axes, let it he proposed 
to find the area of the segment 
of an ellipse cut off by any chord 

bur . 

Draw the diameter AA\ con- 
j ligate to the chord, and BB' 
parallel to it. Then, C being 
the centre, let 

CL 4 W, CB'~b',ACB'~w, 

2 2 

and the equation of the ellipse is ^ = i ; hence the area 

DjA!T/ is represented by 



V 


•where 


I GA" 

V a,' 1 - a?dx = a'b' sin w (a - sm a cos a), 

OB 

CE 


cos a = 


OAT 


A gain, a' V sin w = ab, by an elementary property of the 
ellij )se, a and b being the semiaxes. . 

Hence the area of the segment in question is 

ab (a - sin a COS a). 

[18 a] 
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This result can also be deduced immediately from the 
circle by the method of orthogonal projection. 

It may be observed that if we denote the area of an elliptic 
sector, measured from the axis major to a point whose co- 
ordinates are x, y> by $, we may write 

x 28 y . 28 

- — cos — 7- = cos a, r = sin — = sm a. 

a ab 0 ab 


129. Thie Parabola. — Taking the M 
equation of the parabola in the form 

y 2 = px 9 we get y = +/px. 

Hence the area of the portion APN is 

Consequently, the area of the seg- 
ment PAP', cut off by a chord perpen- 
dicular to the axis, is f of the rectangle 
PMM'P'. 

It is easily seen that a similar relation holds for the seg- 
ment cut off by any chord. ° 

More generally, let the equation of the curve he y = ax n , 
where n is positive. 


2 2 

x^dx, or - p%x$, i.e. - xy. 
3 3 


M 


/ // ^Z 
( / 



N 



r p' 


Fig 4. 

X 


Here 


| ydx = a 


x n dx = 


ax n 


+ const. 


n + 1 

If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 


ax n+1 xu 

or — — . 

n + 1 n + i 

Hence, the area is in a constant ratio to the reotangle 
under the co-ordinates. A corresponding result holds for 
oblique axes. The discussion, when n is negative, is left to 
the student. 

Example. 

Express the area of a segment of a parabola cut off by any focal chord in 
terms of the length of the chord, and jp, the parameter of the parabola. 

6 * 


Am, 
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130 The Hyperbola.— The simplest form of the 
equation of a hyperbola is where the asymptotes are taken 
for co-ordinate axes; in this case its equation is oi the iorm 


xy - c 2 . 


Hence, denoting the angle between the asymptotes by u>, 
the area between the curve and an asymptote is denoted by 

& sin <jj j or e 2 sin w log 

where * and are the absoissEe of the limiting points. 

If the curve be referred to its axes, its equation is 

x 2 y 2 

¥~¥~ ’ 

and the element of area ydx "becomes 

- y x 2 - a 2 dx. 

a 

Hence the area is represented by 

~ j - a 2 dx , 

taken between proper limits. 

Also, integrating by parts, we have 

f / y— f x 2 dx 

\ V x 2 - cddx - x x 8 - d 1 - — ■ 

J J a/. x 2 - a 2 

Adding, and dividing by 2, we get 

f T x*/i x 2 - a 2 a 2 f dx 

xy x 2 - a 2 a 2 , ' , / o 2\ 

= — log (x + yd l -a 2 ). 



2 
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Accordingly, if we suppose the area counted from the 
summit A , we have 

b 


, ab , 

APN= - — log 

2d 2 


+ V x‘- a 2 j 


= g 

2 2 


x y 
a b 


Again, since the triangle CPJSf ~ ^ xy, it follows that 


sector ACP = — log 


+ ? 
a b 


For a geometrical method of finding the area of a hyper- 
bolic sector, see Salmon’s Conics , Art. 395. 

130(a). Hyperbolic Sine and Cosine. — If 8 repre- 
sent the sector ACP , the final equation of the preceding 
Article becomes 

ab, (. . «r\ S) (j) 


2 Io «(M)- 

which may also he written 


x y 

- + T = 

a 0 

introducing a single letter v to denote the quantity 

- (x y\ 28 
l0S \a + l)~ ~ab~ V ' 

Hence, by the equation of the hyperbola, we get 

- -I -e-” 

a b~ 6 ' 

Thus, in analogy with the last result of Art. 128, calling the 
following functions the hyperbolio cosine and hyperbolic 
sine of v , and for brevity writing them cosh v, and sinh v, 

e v + e* = 2 cosh?;, e v - e* = 2 smhv, 

the co-ordinates of any point on the curve are 

28 


( 2 ) 


x 28 

- - cosh v = cosh—, 
a ab 


= sinh v « sinh 


ab* 
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"We might have treated the matter differently hy intro- 
ducing the angle <p defined hy the equation x = a sec <p, and 
therefore y = t> tan cj> (for the geometric meaning of this 
transformation, see Salmon’s Conics , Art. 232) ; whence (x) 
may he written* 

2 8 1 + f' ir 

ah & \4 2 J 

and we see that the hyperbolic cosine of a real quantity is the 
secant, and the hyperbolic sine the tangent of the same real 
angle. Also, since 

“""♦'sir? 

we can obviously extend the names of the other trigonometrical 
functions likewise. Again, putting in (2) for v, «-/ - 1, or 
iu, they become, hy Art. 8, 

cos u = cosh iu, i sin u = sinh iu. 

13 1. The Catenary.— If an inelastic string of uniform 

density' be allowed to hang freely from two fixed points, the 
curve which it assumes is called the Catenaiy. 

Its equation can be easily arrived \ 
at from elementary mechanics, as fol- a\ 

lows : — . , .1 

Let Fbe the lowest point on the 
ouxve ; then any portion VP of the 
string must be in equilibrium under 
the aotion of the tensions at its ex- 
tremities, and its own weight, IF Fig. 6. 

Let A be the tension at F; T that 
at P, which acts along PR, the tangent at P; iPRM <{>. 
Then, hy the property of the triangle of force, we have 

TV: A = PM : RM ; 

W- A tan</). 



* Vhen <*. is related to « by this equation, «» what Professor Gudlr- 
miiptio Functions, p. 56) calls the.gudermannian of v, after Professor Crude 

rnrmu, and -writes the inverse equation <p = gdv. 
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Again, if s be the length of VP, and a that of the portion 
of the string whose weight is A, we have, since the string is 
uniform, ° 

W = A-; 
a 

s = a tan 0. 

This is the intrinsic equation of the catenary. (Dili. 
Calc., Art. 242 (a).) 

Its equation in Cartesian co- 1 


take VO = a, and draw OX in the 
horizontal direction, and assume 
OX and OP" as axes of co-ordi- 
nates. Let 

then 

dy 1 



Y 

y 

/ 

•P 




c 

* K 

r X 


Henoe 


dy _ dy ds _ sin 0 dx a 

d<j> ds dtp cos 2 0 ? d(f) cos 0* 

y = a sec 0, x = a log (sec 0 + tan 0). 


No constant is added to either integral, since y = a, and 
% = o, when 0 = o. 

From the latter equation we get 

X 

sec 0 + tan 0 = e a ; 


sec 0 - tan 0 = 


sec 0 + tan « 


Hence, we have 

- - x 

2 seo <p = e a + e 2 tan <p 
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Consequently, 


y =~[e a + e 


a ( : 
s = - e 


x _ x' 
*,& n a 


In the notation of last Article these equations may he 
written 

y - = cosh - and - = sinh-. 

a a a a 

Again, if NL he drawn perpendicular to the tangent at 
P, we have . 

NL = PN cos 4 >; NL = a. W 

Also PL = NL tan <p ; PL = s = PV. (7) 

The area of any portion VPNO is 

1 (<?-«-=)-..&■ -»■)». w 

Accordingly, the area FP.AO is double that of the triangle 
PNL. 

Examples. 

To find the area of the oval of the parabola of the third degree with a 
double point / 

«/ 2 ={x- a){x- if ■ ^ ''XB/ 

The area in question is represented by q ~~X\ ^ 


' 0 J a 


x — adx. 


Let z — a = A and we easily find the area* to he ,_ 5cJ • 

2 . Find the whole area of the curve «V = * 3 ( 2< * ~ *)• Ans ' va \\ 

3 . Find the whole area between the oissoid r 3 = /(«-*) and its asymptote. 

* The student will find little difficulty in proving that this area is 
times the rectangle which circumscribes the oval, having its sides parallel to the 
co-ordinate axes. 


8 (i - af 
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Since x - a - o is the equation of the asymptote the area in question is re- 
presented hy 

1 a x^dx 
0 (a- xf 

Let x = flsin 2 0, and this becomes 


2 a ; 2 j ^ sin 4 6 dQ : 

• 3 

hence the area in question is - im 2 . 

O 

4. Find the area of the loop of the curve 
a % y 2 = x i (b + x). 

This curve has been considered in Art. 262, Diff. 
Calc. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 

2 ro 

x 2 *y b + xdx. 

a* J -b 

Let b + x - z 2 , and it is easily seen that the area 
in question is represented by 


8 . £ 

3 ■ 5 • 7 - ^ 

5. Find the area between the witch of Agnesi 


and its asymptote. 


xy 2 * 4a 2 (2a — x) 



Fig. 9. 

Am. 


132. In finding the whole area of a closed curve, such as 
that represented in the figure, we 
suppose lines, PM, QM, &c., drawn 
parallel to the axis of y ; then, as- 
suming each of these lines to meet 
the curve in but two points, and 
making PM = y 2 , P'M = y l} the 
elementary area PQQ'B is repre- 
sented hy (y 2 - yi) dx, and the en- 
tire* area by 

OB' 

(2/2 - yi) dx ; Fig. 10. 

OB 

in which OB, OB' are the limiting values of x. 



* This form still holds when the axis of x intersects the curve, for the ordi- 
nates below that axis have a negative sign, and (y 2 - yi) dx will still represent 
the element of the area between two parallel or dina tes. 
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Tor example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

ax 2 + 2 lixy + by 2 + 2 gx + zfy + c = o. 

Here, solving for y, we easily find 

y, - y, = | yjp - db) * 2 + 2 W 1 W) * +/* - bc - 

Also, the limiting values of * are the roots of the quadratic 
expression under the radical sign. 

Accordingly, denoting these roots by a and p, and observ- 
ing that A 2 - ab is negative for an ellipse, the entire area is 
represented by 

2v/ y .,zi! T ./(*-«)(£ -»jdx. 

U J (X 

To find this, assume x - a = (0 - a) sin'0 ; 
then 0-«= (P-«)cos 2 0, 

and we get 


f - „)Qi - X) dx = 20- a)» r cos 2 e dO 

= ^0-a) 2 . 

. ._ .. (hf-b g y+(.P-'bc)(ab z Jf) 

Again, O ~ «)" = 4 • pi A 2 ) 2 

^b {af + If + cW ~ ^fgh - ale) 

= ~ p^A 2 ) 2 

Hence the area of the ellipse is represented hy 


n {af + bg 2 + ctf - 2 fgh - abc) 

“p - A 2 ) 1 

This result can he verified without difficulty, hy deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse! in terms of the coefficients of its general equation. 

¥t “worthy of observation that if we suppose a closed 

curve to he desorihed hy the motion of a P°™ 1 ? , 

tire perimeter, the whole inclosed area is represented by J ydx, 
taken for every point around the entire curve. 
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Thus, in the preceding figure, if we proceed from A to A' 
along the upper portion of the curve, the corresponding part 
of the integral / ydx represents the area APA'B'B. Again, 
in returning from A' to A along the lower part of the curve,’ 
the increment dx is negative, and the corresponding part 
of / ydx is also negative (assuming that the curve does not 
intersect the axis of x), and represents the area A'P'ABB' 
taken with a negative sign. Consequently, the whole area of 
the closed curve is represented by the integral / ydx, taken 
for all points on the curve. 

The student will find no difficulty in showing that this 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity, the preceding result may be stated as 
follows : — The area of any closed curve is represented by 



taken through the entire perimeter of the curve , the element of the 
curve being regarded as positive throughout. 

The preceding is on the hypothesis that the curve has no 
double point. If the curve cut itself, so as to form two loops, 

V ds, when taken round the entire 


it is easily seen that 


perimeter, represents the difference between the areas of the 
two loops. The corresponding result in the case of three or 
more loops can be readily deter min ed. 

133. In many cases, instead of determining y in terms of 
x, we can express them both in terms of a single variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make x = a sin <j>, we 
get y = b cos <p, and ydx becomes ah cos *<p d<p, the integral of 
which gives the same result as before. 

In Tike manner, to find the area of the curve 



Let x = a sin s <j>, then y = b cos 3 <p, and ydx becomes 
3«S sin -<p cos <0 drj> : 
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lienee the entire area of the curve is represented by 

7 T 

1 2 al I sin 2 <j> cos ^dej) = rah. 

Jo o 

Examples. 


x. Eind the whole area of the evolute of the ellipse 


a a 


Ans. 


3 <jr(a 2 - b'Y 
Sab 


2. Eind the whole area of the curve 


2 mfl 


2 


Ans. 


1.3.5 ... (2w+ 1) . 1 3-5 • ( 2n + l ) 

2.4.6 2 (m-\-n+ 1) 


7Tilb. 


134. The Cycloid. — In the cycloid, we have (Diff. 
Calo., Art. 272), 

x = a (0 - sin 6 ), y = a (1 - cos 6 ) ; 
ydx = a? [ (1 - cos 0 ) 2 dd = 4a 2 f sin 4 - cW. 


Taking 6 between o and it, we get 37r« 2 for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows : — 



It is obviously sufficient to find the area between the 
semicircle BPJD and the semi-oyoloid Bp A. To determine 
this, let points P and P / be taken on the semicircle such that 
arc BP = arc DP ' : draw MPp and M'P’p' perpendicular to 
BD. Take MN and M'JSf' of equal length, and draw Bq 
and N'gf, also perpendicular to BD : then, by the fundamen- 
tal property of the cycloid, the line Pp = arc BP , and Pp 
= aro BP : Pp + Pp' = semicircle = it a. 
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Now, if the interval MJST be regarded as indefinitely small 
the sum of the elementary areas PpqQ and P'v'q'Q' is 6mia i 
to the^tagle under »and of iu’dVp'S 

Again, if the entire figure be supposed divided in like 

SeTndU 8 ° b Tvi - hat th , e 7 h0le area bet ^en the semi! 
circle and the cycloid is equal to ^ ra multiplied bv the sum of 

the elements MN , taken from B to the centre C, i e ^qual to ra 2 

brf Oou»e 4 uena 7 the whole area of the 

in lie m”nni f * Fr ° l! “' i " 0J ' 0,oa CW1 le <-'>“”=<1 

curved PftXf L ^ t POl i a r C ®‘ ordinates — Suppose the 
pole OP OqTk Polar co-ordinates, 0 being the 

S’pritf °f .°^ re P r esent consecutive radii vectores, 

Z ^’o^orzTrle’Zt with0aB n “ 

PLQ becomes evanescent in com- 
parison with OPL when P and Q 
are infinitely near points; conse- 
quently, in the limit the elemen- 
tary area OPQ = area OPL = — • 

2 9 

r and 0 being the polar co-ordi- 
nates of P. 

Hence the sectorial area A OB 
is represented by 



if, 

2 Je 


Fig. 12. 


2 dd, 


Spointel and 6 / 6 ^ ° f ° correspondi ^ to the limit- 

136. Area of Pedals of Ellipse and Hvnerboln — 

ofThXfttK ** bS P ^P° 1 sed o to find area of the loous 
to anellipsef & per P e:adlcuIar from <ke centre on a tangent 

Writing the equation of the ellipse in the form-] + y - h 
the equation of the locus in question is obviously * ^ 

r 2 = a 2 cos 8 0 + b 2 sin 5 0. 
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Hence its area is 


■ cos 2 0 d6 + sin 2 6 dO = 


fl 2 +6 2 /J d?-h- 

0 + 


sin 0 cos 0. 


The entire area of the locus is 


is 


- (a- + b 2 ). 

2 N 

The equation of the corresponding locus for the hyperbola 

r 2 = a 2 cos 2 0 - b 2 sin 2 0. 

In finding its area, since r must he real, we must have 
#W0 - b 2 sin 2 0 positive : accordingly, the limits for 0 are o 

and tanr 1 ^. 

Integrating between these limits, and multiplying by 4, 
we get for the entire area 

ab + (a 2 ~ V) tan" 1 

In this case, if we had at once integrated between 0 = o 

7T 

and 0 = 27 t, we should have found for the area (a 2 - l 2 ) -. 

This anomaly would arise from our having integrated 
through an interval for which r 2 is negative, and for which, 
therefore, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 
respect to any origin will be given in a subsequent Artiole. 

Examei.es. 

i. Show that the entire area of the Xiemniscate 
t 1 = a 2 cos 20 


is a 2 . 


2. In the hyperbolic spiral 


rd = a, 


prove that the axea hounded hy any two radii veotores is proportional to the 
difference between their lengths. 


3. Find the area of a loop of the curve 

r 2 ss a 2 cos n$. 


Ans . 
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Examples. 

4 - Find the area of the loop of the Folium of Descartes, whose equation is 
# 3 + y* = ^axy. 

Transforming to polar co-ordinates, we have 

r _ 3 a cos 6 sin fl 

sin 3 0 + cos 3 0* 

Again, the limiting values of 6 are 0 and - * 

2 ’ 

7T 

. Arfto 9 « 2 f 2 sin 2 0cos 2 0d& 

“ 2 J 0 (sin 3 0 4- cos 3 0) 2 ‘ 

Let tan 0 = u } and this expression becomes 


9 a- 

2 


u 2 du 
0(1+ u 3 ) 2 


tr~ 

t Jo (I 


3 a 2 
2 


5- To find the area of the Limaqon 

r = a cos B + b. 

Here we must distinguish between two cases. 

(r). Let b > a. In this case the curve consists of one loop, and its area is 

I C2ir / a 2\ 

-J o (0 cos 0 + 5)2^0= (P + Z-W. 

When b = a, the curve becomes a Oardioid, and the area . 

(2). Let b < a. The curve in this case 
has two loops, as in the figure (see Diff. p 

Calc., Art. 269), the outer loop correspond- 
ing to 

r = a cos 0 + b, 

the inner to 

r as a cos 6 - b. 

To find the area of the inner loop, we 
take 0 between the limits o and a, where 

*= 008-1 o> 


and the entire area is 

| («COS0-i)2tf0 

= J o (« a cos 2 0 - 2 ab cos 0 + b 2 ) d0 

( a 2 \ $ 

- + J 2 Jo + - sin « cos a - 2al sin a 
- (7 + i 2 ) cos- 1 t_| 4v/ __ 
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It is easily seen that the sum of the areas of the two loops is obtained by in- 
tegrating between the limits o and 2 tt, and accordingly is 



as in the former case. 

137. Area of a Closed Carve toy Polar Co-ordi- 
nates.— In fin din g the whole area of a closed curve by 
polar co-ordinates we distinguish between two cases. When 
the origin 0 is outside, we sup- 
pose tangents OT, OT', drawn 
from 0 , and vectors OP, OQ, &o., 
drawn to cut the curve ; then, if 
these lines intersect it in but two 
points each, the element of area 
PpqQ is the difference between 
the areas POQ and pOq ; or, in 
the limit, is £(n 2 - O dd, where 
OP = fi, Op = r 2 . 

Hence, the expression 

■|-/(r 1 2 - r,)d 9 , Pig. 14. 

tqlrAn between the limits corresponding to the tangents OT 
and OT', represents the entire included area. _ . 

If the origin lie inside the curve, its whole area is in ge- 
neral represented by ^ J (rf + r£) dO, taken between the limits 

6 = 0, and 0 = it. . , 

We phn .11 illustrate these results by applying them to the 

circle 

r 2 - 2 rc cos 6 + c 2 = cr. 

If the origin be outside, we have c> a, and r, + r, = 2c cos 6, 
and r x r» = c 2 - a 2 ; r, - n = 2 y V - c 2 sin 2 9 . 

Hence (n 2 - r 2 2 ) dO = 4c cos 9 -/a 1 - c* sin 2 9 d 0 ; and the 

limiting values of 9 are ± sin -1 -. 

Hence the whole area is 

20 [ cos 6 a /« 2 - c 2 sin 2 9 dd. 

J-iln " 1 | 
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Let c sin 0 = a sin 0, and this integral transforms into 


2 a 2 2 cos 2 <p d(p = 7 Td 

tt 


— w/y . 2 


Again, if the origin be inside, we have c < a, and 
- (n 2 + n 2 ) = + c 2 cos 20 ; 


(n’ + fy 


2 ) d0 = J (« 2 + & cos 20) ^0 = ira 2 . 


The method given above may be applied to find the area 
included between two branches of the same spiral curve. As 
an example, let us consider the spiral of Archimedes, 


138. The Spiral of Archimedes, 

this curve is r=aO, 
and its form, for 
f values of 0, 


-The equation of 


is represented in 
the accompanying 
figure, in which 0 
is the pole and OA 
the line from which 
6 is measured. Let 
any line drawn 
through 0 meet the 
different branches 
of the spiral in 
points P, Q, P, &c. : 
then, if OP=r, and 
Z P OA = 0, we have, 
from the equation 
of the curve, 



Fig* 15- 


OP-aQ, 0Q = a{9 + 2n), OR = a{Q + 471-), &o. 


the negative val,le3 of « are taken, we get £<* 

the prime yefto OA .* ^ P 1 a CUrTe s y mmetnea % situated -with. respeot to 
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Hence PQ = QE = &c., = 2 av = 0 (suppose) ; i. e. the 
intercepts between any two consecutive branches of the spiral 
are of constant length. 

Again, let OQ = r l9 OR = r 2 = r x + c, and the area between 
the two corresponding branches is 

— j*^ 2 — 2 )dQ = c ~ dO. 

Now, suppose MN and mn represent the limiting lines, 
and let 0 and a be the corresponding values of 0; then the 
area nNMm will be equal to 

e [\0d9+- \ P dO = - ((3 - a) (aa + a/3 + c) 

= ^(/3-«) {OM+ On). (9) 

If j3 - « = 7T, this gives for the area of the portion 
between two consecutive branches QE'Q' and BF'E ', inter- 
cepted by any right line PE' drawn through the pole, 

-EQ. QR', i.e. half the area of the ellipse whose semi-axes 
2 

are EQ, and E'Q. 

139. Another Expression for Area. — The formula 
in Article 137 still holds, obviously, when AB and ab repre- 
sent portions of different curves. 

It is also easily seen, as in Art. 132, that if a point be 
supposed to move round any closed boundary, the included 

area is in all cases represented by taken round the 

entire boundary, whatever be its form ; the elementary angle 
,19 being taken with its proper sign throughout. 

Again, if we transform to reotangular axes by the rela- 
tions x — r cos 6, y —r sin 6, we get 

, n y dO xdy - ydx 

tan u = —; — jn • 

x cos 2 0 ocr 

r 2 d0 = xdy - ydx ; 

[13 a] 


Hence 
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and the area swept out by the radius vector is represented by 
the integral 

- [(xdy-ydx), 


Aambert’s Theo- 


taken between suitable limits ; a result which can also be 
easily arrived at geometrically. 

140. Area of Elliptic Sector, 
rem. — It is of importance in 
Astronomy to be able to express 
the area AFP swept out by the 
focal radius vector of an ellipse. 

This can be arrived at by inte- 
gration from the polar equation 
of the curve ; it is, however, 
more easily obtained geometri- 
cally. 



Fig. 1 6. 


For, if the ordinate PJSf be produced to meet the auxiliary 
circle in Q, we have 


area AFP = ~ x area AFQ = ~ ( ACQ - CFQ ) 


Y" ( u - e sinw), 


(10) 


where u = L ACQ. 

By aid of this result, the area of any elliptic sector can be 
expressed in terms of the focal distances of its extremities, 
and of the chord joining them. 

For (Fig. 17 ), let QFP re- 
present the sector, and let 
FP = p, FQ = p',PQ ^$ ; then, 
denoting by u and u' the eccen- 
tric angles corresponding to 
P and Q, the area of the sector 
QFP, by ( 1 o) , is represented by Flg * x l* 



al 

2 


u- u' - e(sin u - sinw') 



Lambert's Theorem . 
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We proceed to show that this result can be written in 
the form 

a l{<j> _ # _ (sin 0 _ sin f ) } . (* 0 

where <£ and <jf are given by the equations 

Pox, assume that $ and <j>' are determined hy the equations 
u ~u' = <p - <j>', e (sin u - sin u') = sin $ - sin <j>'. (a) 

The latter gives 

. u-u' u + u' . <j> - <f> <p + <t>' 

asm cos- = sm cos — - , 

2 2 2 * 

„ U + U* (j) +<p' 

or by the former, 6 cos — - — = cos - . 

Again, since the co-ordinates of P and Q are a cos u> 
b sin u , and $ cos t/, b sin u f 9 respectively, we have 

S 2 = a* (cos u - cos w ') 2 + V ( sin w “ sin U 'Y 
u - u r 


= 4 sin -4 


4a 2 sin 2 


2 

u - u 


a * sm 


U + U ,0 + u 

• + b 2 cos 2 


, u + u 


'■) 


^2 2 


8 = 2«sin - — — sin - — — = «(cos - oo&<j>). (i) 

2 2 

Again, from the ellipse, we have 

p = a{ 1 - eoosv), p = #(1 “ ^cosw), ^ 

^ + vi u> — u 


p + p' = 2a~ae(cosw + cosw')== 2a-iae 


cos- 


■ cos- 


» 2a - 2# cos 


j* + -£ cos £ — - = 2a -a (cos <j> + cos <p ') . (c) 
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Hence, adding* and subtracting ( 5 ) and (p) y we get 

p + p' + $ .6 

= 2 ( i - cos <j>) = 4 sin 2 

™ 2 

-- 9 — - = 2 (i - cos <j>') = 4 sin 2 

CO 2 

whicli proves tlie theorem in question. 

Consequently, the area* of any focal sector of an ellipse can 
be expressed in terms of the focal distances of its extremities of 
the chord which joins them, , and of the axes of the curve. * " 

1 4 1. We next proceed to^ an elementary principle which 

is sometimes useful in determining areas, viz. : 

The area of any portion of the curve represented by the 


f)- 

is ab times the area of the corresponding portion of the curve 
F{x, y) = c. 

TMs result is obvious, for the former equation is trans- 
formed into the latter, by the assumption - = a/, - = ?/ • and 
, , , a ’ b J ’ 

hence ydx becomes aby'dx ' ; 


•I 


ydx = ab 


y'dx', 


the integrals, being taken through corresponding limits — 
result -which is also easily shown by projection. 

Thus, for example, the area of the ellipse — + — = j 

a 2 J 2 


Slptem? * ’ gle inS tte action of the other bodies of 4* 
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Area of a Pedal Curve. 
liat of the circle ; and the area of the hyperbola 

a 2 6 2 


i© equilateral hyperbola x 1 - y 2 = i. 

lot it be proposed to find the area of the curve 

/a? iff _ .yf 

+ ¥ ) ~ l 2 nf 


Hcmed equation is 


(* 2 + y 2 Y = 



3 


co-ordinates, 

a % cos 2 9 sin 2 9 

r 2 _ U 0 

l 2 m 2 

■whole area erf this (Art. 136) is 


7 r/W P\ 
2 \/* + w»y 


\xently the whole area of the proposed curve is 



r "be remarked that the equations 

f(~, -) = e, Fix, y) = c, 

\a a J 

similar curves, and their corresponding linear 
ls are as a : i. Consequently the areas of sinulax 
o as the squares of their dimensions ; as is also 

:om geometry. . , 

lurea of a Pedal Curve. — If from any point 
uxlars he drawn to the tangents to any curve, the 
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locus of their feet is a new curve, called the pedal of the 
original (DifE. Calc., Art. 187 ). 

If p and o) he the polar co- 
ordinates of IV, the foot of the 
perpendicular from the origin 0 , 
then the polar element of area of 
the locus described by IV is plainly 

and the sectorial area of any 
2 

portion is accordingly representedby Jb'ig 18 . 

7 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let 81 denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultimately equal to the sum of the elements repre- 
sented by NTN ' in the figure. 

Hence 8 1 = S+ 2NTN' = 8 +■ £ J PN'dm. (i z) 

Again, by the preceding, 


Bi 


1 

2 


ON 2 d<*>. 


Accordingly, by addition, 


28 , - S + - 
2 


f OP*d<o. 


(* 3 ) 


It is easily seen that equation ( 12 ) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve is equal to 
the sum of the areas of the curve and of the pedal of its evolute : 
both pedals having the same origin. 

For, PIV is equal in length to the perpendicular from 0 

on the normal at P : and hence - PN 2 d( o represents the elc~ 

2 
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ment of area of the locus described by the foot of this perpen- 
dicular, i.e. of the pedal of the evolute of the original curve. 

For example, it follows from Art. 136 that the area oj 

the pedal of the evolute of an ellipse is - (a - i) 2 , the centre 
being origin . 

143. Area of Pedal of Ellipse for any Origin. — 
Suppose O to he the pedal 
origin, and OM \ OM' perpen- 
diculars on two parallel tan- 
gents to the ellipse ; draw CUT A 
the perpendicular from the 
centre C ; let OM = p l9 OM' 

-jPa, CN~p, OC = c, lOCA 
= a, lACN = w ; then 

rig. 19. 

Pi = MD - OB = p - ccos (w - a), 

P2 =p + CCOS (w - a). 

Again, the whole area of the pedal is 

(p x 2 + ^ 2 2 )^o)=| {_p 2 + c 2 cos 2 (a> - a)}du) 

= | + & j cos 2 (w - a) da) = ^(a? + l 2 + c 2 ). (14) 

That is, the area of the pedal with respect to 0 as origin 
exceeds the area of its pedal with respect to C by half the 
area of the circle whose radius is OC. . 

If the origin 0 lie outside the ellipse, the pedal consists 
of two loops intersecting at 0 and lying one inside the other; 
and in that case the expression in (14) represents the sum of 
the areas of the two loops, as can be easily seen. 

The result established above is a particular case of a 
general theorem of Steiner, which we next proceed to 
consider. 

144. Steiner’s Theorem on Areas of Pedal Curves. 

Suppose A to be the whole area of the pedal of any closed 
curve with respect to any internal origin 0, and A the area 




202 


Areas of Plane Curves . 


of its pedal with respect to another origin Of ; then, if p and 
p' be the lengths of the perpendiculars from 0 and (X on a 
tangent to the curve, we have 

A=- PV^, A' = * (%'**>• 

2 Jo 2 Jo 

Also, adopting the notation of the last articlo, 

p' =p - £cos(tu - a) =p ~ o?cos(u - y sinw; 

where x, y represent the co-ordinates of O' with respect to 
rectangular axes drawn through 0 . Hence wo got 


A'-A = 


- x 


(x cos (a + y sin w) 2 doo 

> 

rr T2gr 

poosioda) - y\ psixuodo). 


But 


rr Cirr r%rr 

cos 2 (o d(o = 7r, sin 2 oodto = tt, sin o cos ea du> * O 

Jo Jo 


s - 0 


'2ir 


Also, for a given curve, | p cos w dto and | p sin w du> are 

f and 

(15) 


constants when 0 is given. Denoting their values hy y and 
h, we have 


A' - A = - (x 2 + y 2 ) - gx - hy. 


This equation shows that if 0 be fixed, the loom of the 
origin O', for which the area of the pedal of a closed curve m 
constant, is a circle * The centre of this circle is the same, 
whatever be the given area, and all the circles got by varying 
the pedal area are concentric. 


* It can be seen, without difficulty, from the demonstration given above, 
that when the curve is not closed, the locus of the origin for pedals of equal area 
is a conic • a theorem due to Prof. Raabe, of Zurich. See Crdh's JmtmtL 
v°b I-, p. 193- 

The student will find a discussion of these theorems by Prof. Himt fa the 
Transactions of the Royal Society , 1863, fa which he has investigated fa# corre- 
sponding relations connecting the volumes of the pedals of surfaces. 



Areas of Roulettes, 

If the origin 0 he supposed taken at ^ifoMe 

circle, the constants g and h will the 

** — 

area of a limacon is vU + j). as found m Art. 136, Ex. 5- 
T ._ Areas of Roulettes on Rectilinear Bases. 

S. to sSn«, 

which may he stated as follows . 

■rrr h , n a C 7 0se d curve rolls on a right line, the area between 

the area of the pedal of the rolling curve, this pedal being taken 
with respect to the generating point as origin. 

To prove this, suppose 0 to he the describing point m any 



* *0 

dlSfig poM, a tho co treaponding point of contact, and Q 

• See CrelUs Journ^, vf. «!. The. wffg STe^Chl^ 
connecting the lengths of ™ ul ® tte ® e rs tand the area between the roulette, the 
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a point on the curve such that PQ = PQ ' ; then Q is the point 
■which coincides with Q' in the new position of the rolling 
curve ; and, denoting the angle between the tangents at P 
and Q (the angle of contingence) by d<o, we have OP O' = doe 
since we may regard the curve as turning round P at the in- 
stant (Diff. Calc., Art. 275). 

.Moreover, QQ' ultimately is infinitely small in comparison 
with QP , and consequently the elementary area OPQ'O' is 
ultimately the sum of the areas POO' and QO'P , neglocting 
an area which is infinitely small in comparison with either of 
these areas. 


Again, if OP = r, we have POO' = — , and area QO'P 
= QOP in the limit. 

' A . lso s J um elements QOP in an entire revolu- 
tion is equal to the area (S) of the rolling curve. Conse- 
quently the entire area of the roulette described by 0 is 

8 + i S r 2 doo. 

S ready Seea -l I 3 ) that this is double the area of 
the pedal of the curve with respect to the point 0 : wliioh 
establishes our proposition. r 

Again, from Art. 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
described by any other point exceeds that of the minimum 

between ° f “* ** **’“ * a ‘ 

For instance, if a circle roll on a right line its cent™ 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle 3 er the 

SfS.IS.^V -1 * * - if-’ -Snot 

Consequently, for a point on the ciroumferenoe the area 

e&Wisr ; ^ s £ = 

£Tac» * P ” kte °' th. 8 Zri a Jof.' 



General Case of Area of Roulette. 
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Again, if an ellipse roll on a right line, the area of the 
,lx described by any point can be immediately obtained. 

I'or example, the pedal of an ellipse with respect to a locus 
the circle described on its axis major. Hence, if an ellipse 
l upon a right line, the area of the roulette described by its 
us in a complete revolution is double the area of the auxiliary 
cle. Also, the area of the roulette described by the centre 
the ellipse is equal to the sum of the circles described on 
s axes of the ellipse as diameters, and is less than the area 
the roulette described by any other point. 

146 General Case of Area of Roulette.— II the 
rve, instead of rolling on a right line, roll on another 
rve , it is easily seen that the method of proof given m the 
st article still holds ; provided we take, instead ot dw, the 
m of the angles of contingenee of the two curves at the 

lU H<mce the element of area OJPO' is in this ease 


here p and p are the radii of curvature at P of the rolling 
id fixed curves, respectively. 

Hence it follows that the area between the roulette, the 
xed curve, and the two extreme normals, after a complete 
evolution, is represented by 


If a dosed curve roll on a curve identical with itself, 
Laving corresponding points always in oontact, the formula 
or the area generated becomes 


8 + JV&o. 

In this case the area generated is four times that of the 
sorresponding pedal; a result which appears at once geome- 
trically by drawing a figure. 
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Examples. 

i. If A “be the area of a loop of the curve r m - a m cos mO, and A\ the area 
of its pedal with respect to the polar origin, prove that 



It is easily seen, as in DifE. Calc., Art. 190, that the angle between the radius 
vector and the perpendicular on the tangent is md ; and <x> = (m + i)0 

Hence, hy Art. 142, 

2A1 = A + M J r 2 dd - (m + 2) A. 

2. If a circle of radius b roll on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals; and if A! be the area of the pedal of 
the circle with respect to the generating point, prove that 

Aa 4 - J)b = 2 (a 4 - b)A\ 

where JB is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and the 
arc of an epicycloid extending from one cusp to the next. 

147. Holditch’s Theorem.* — If a line CO 7 of a given 
length move -with its extre- 
mities on two fixed closed 
curves, to find, in terms of 
the areas of the two fixed 
curves, an expression for the 
whole area of the curve gene- 
rated, in a complete revolu- 
tion, by any given point P 
situated on the moving line. 

Let CP = c, PC' = c\ and suppose (z l9 y x ), y), and 
(#2, y 2 ) to be the co-ordinates of the points < 7 , P, and C\ re- 
spectively, with reference to any rectangular axes. 

f This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of Petrarch,” in the Lady’s 
and Gentleman’s Diary for the year 1858. The first proof given above is due to 
Mr. 'Woolhouse, and contains his extension of Mr. Holditch’ s theorem. 



Fig. 2i. 



Holditch’ s Theorem. 
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Then, if 9 be the angle made by CC' with the axis of y, 
we have evidently 

x x = x - c sin 0, y x = y - c cos 6, 

x<i = x + c' sin 9, y x = y + 4 cos 9. 


Hence we have 

y x dx x = ydx - c cos 9 (dx + ydB) + c*cos 2 9d9 ; 
y 2 dx 2 = ydx + o' cos 9 ( dx + ydB) + 4 2 cos 2 9d9. 

Multiplying the former equation by o', and the latter by c, 
and adding, we get 

4 y x dx x + cy%dx x = (c + o') ydx + (c + o') co' cos 2 9d9 ; 

4\y x dx x + c\y x dx x = (c + o') (ydx + (c + 4)cc' \cos t 9d0. 

If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if we denote by (0), 
(O') (P) the areas of the curves described by the points 
C, O', and P, respectively, we shall have (since m this case 
the angle 9 revolves through zn) 


4(C) +c(C') = (c + 4)(P) + ir(c + 4)cc', 


or 


4(c) + c(cy) 


0 + 0 


= (P) + IT CO'. 


(16) 


This determines the area (P) in terms of the areas (C), 
V, O' move on thesome ilontical 

“ssjsg? Vr? « 

closed curve, having a tracing point P at the distances c and 
4 from its ends, the area comprised between the two curves is 

^ More"g®erally, if the extremities (7, C' move on curves 
of equal area, we have, as before, 

(C) - (P) = rcc4. (*7) 

Should the extremities, instead of revolving, filiate 
baok to their former positions, then (C) - o, (C ) , 
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. fj>\ _ _ tree'. The negative sign implies that the area is 
described in a direction contrary to that in which the rod re- 

T01 Again, if the rod returns to its original position after 
n revolutions, the limits for 0 become o and 2mr, and equa- 
tion (i 6) becomes 

cfC) + c{C')_ = + nnc( /' ( 18 ) 

c + c' 

If ( c ) = (O'), this gives 

(C) - (P) = nircc'. ( 19 ) 

If the line oscillate back to its former position, without 
making a revolution, we have n = o, and ( 19 ) becomes 

(0) = (P). 

Hence, in this case, if two points describe ouxves of equal 
area, then any point on the line joining these points desonbes 

a curve of the same area. . - . ,, 

Tke theorem in ( 16 ) can also be proved simply m another 

manner, as follows i . - . 

Let 0 denote the point of intersection of the moving line 

CC with its infinitely near position ; that is to say, the point 
of contact with its envelope ; and let OP = r. Adopting the 
same notation as before, let ( 0 ) represent the area of the en- 
velope, and it is easily seen that 


r2ir f2»r 

(C) - (0)-*] 

f2rr f 2ir 

(O') - (0) = ij (OCJdO = i (c' + rydO, 

(P) _ (0) = * J ( OPfdO = i j r*dO ; 

hence 

d(C) +c(0')-(c + c')( i> )=ij o W{c-ry+c{c'+ry-{c+c'y}d9 
= CC' (c + o') IT, 


as before. 
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A remarkable extension of Holditob’s theorem 'Was given 
by Mr. E. B. Elliott, in the Messenger of Mathematics, 
February, 1878. 

Mr. Elliott supposed the length of the moving line O C to 
vary, but that it is in all positions divided in the constant 
ratio m: n in a point P. 

Then, if C travel round the perimeter of any closed area 
(■ C ), and O' move simultaneously round another area (O'), the 
two motions being quite independent and subject to no .re- 
strictions whatever, except that both are continuous, having 
no abrupt passage from one position to another finitely differ- 
ing from it, then P will travel simultaneously round the 
perimeter of another closed area (P). 

Adopting the same notation as before, we have 

(m + n) x — mx x + nxt, ( m+n)y = my\ + ny 2 ; 


( m + nfydx = (my x + niyi) (m dx x + ndx 2 ) 


= m?y x dx x + tfy % dxi + mn (y«,dx x + y x dx 2 ) 


= (m + n) (my 1 dx x + ny 2 <fe) - mn (y %- yj d {x % -x x ). 


Integrating for a complete circuit, and dividing by {m + n), 
we have 

(m+n)(P) =m(C) + n(C') - — — ( y 2 - y x )d(x 2 -x x ). (20) 

This result is stated as follows by Mr. Elliott : — 

Through any fixed point in the plane of a. closed area S 
let radii veotores be drawn to all points in its perimeter, and let 
ohords AB, parallel and equal to the radii veotores, be placed 
with one extremity A in each case in the perimeter of a dosed 
area (A), and the other B on that of another (P) ; then, if 
the points A, B, travel respectively all round the perimeters, 
and do not in either case return to their first positions from 
the s am e sides as that towards which they left them ; and, if 

[ 14 ] 
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(C) represent the area described by a point always dividing JLi 
in the constant ratio m : n, then the areas (A), {£), (C), ( 8 ) 
are connected by the following relation : 


( 0 ) 


+ n(P) 
m + n 


mn 


(m + n) 


-A®)- 


(2l) 


This follows immediately from (20) by altering the nota- 
^^Areas described in opposite directions of rotation must be 

taken with opposite signs. n , 

For particular modifications m this result, as also tor its 
extension to surfaces, the student is referred to Mr. Elliott’s 
paper ; as also to Mr. Leudesdorf’s papers in the same 

Journa ^). Theorem. — We next proceed to the 

consideration of a singularly elegant theorem* discovered by 
Mr. Kempe, and which may be stated as follows : — 

If one plane sliding upon another start from any position, 
move in any manner, and return to its original position after 
■pairing one or more complete revolutions ; then every point 
in the moving area describes a closed curve, and t/ifl locus, in 
the moving plane, of points which describe egucil at cos is a circle , 
and by varying the area we get a system, of concentric circles for 
loci. 

This result can be readily de- 
duced from Holditch’s theorem, for 
if we suppose A, B, C, to be three 
points which generate equal areas ; it 
can easily be seen that any fourth 
point, P, which generates the same 
area, lies on the circle circum- 
scribing ABC. 

Let AB and CL intersect in P, 
then, let (P) represent the area 
described by the point P, as before ; 
and n the number of revolutions made before AB returns 
to its original position : then we have, by (19)? denoting by 



* Messenger of Mathematics, July, 1878, 
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(C) tli© common area described by each of tlie points 
A, jB, <7, D, 

(0) - (P) =mrAP.PP, 
and, by same theorem, 

( 0)-{P) = nirCP.PD ; 

hence 

AP.PB - CP. PD; 

consequently -4, 5, C , D, lie on the circumference of the 
same circle. 

Again, let 0 be the centre of this circle, and join OP and 
OA 9 then the preceding equation gives 

(< C ) - (P) = tin {OA? — OP'). 

Hence all points which describe an area equal to that of 
( P) lie on a circle, having 0 for centre, and OP for radius, 
which establishes the second part of the theorem. 

For the effect of two or more loops in the area described 
by a moving point see Art. 132. 

148. Areas by Approximation. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of intersection of the parallel ordinates 
with the curve. Hence, if h be the common distance between 
the ordinates, and if 


y 0 , Vi, y-b Vn, 


represent the system of parallel ordinates, the area of the 
polygon, sinoe it consists of a number of trapeziums of equal 
breadth, is plainly represented by 

h | — — + y\ + + &e. + yn - 1 j • 

[14 a] 
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Hence the rule : add together the hakes of the extreme 
ordinates, and the whole of the intermediate orctinates, and 
multiply’ the result by the common interval. . 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist _ of a number 
of parabolic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 

those ordinates. . 

To find the area of the parabola passing through the 
points whose ordinates are y m y x , y% ; let y = a + ( 5 x + yx 2 be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate y x , then we 
have 

y 0 = a - fih + yh 2 , y x = a, ij* = a + (5 h + yti. 

A gain ; the area between the first and third ordinate is 

'h f h 2 \ 

(a + fix + 7# 2 ) dx - ill \a + 7 — J. 

But y 0 + 2/2 = + 2yh z : hence the area in question is 

- \y* + Wi + y\- 
3 l 1 

Now, if we suppose the number of intervals n to be even, 
and add the different parabolic areas, we get, as an approxi- 
mation to the area, the expression 


h 

3 


{yo+yn + 


&c. + 1/n-i) + 2 [y % + + &c. + y n ~z ) } . 


Hence the rule : add together the first and last ordinates f 
twice every second intermediate ordinate, and four times each 
remaining ordinate ; and multiply by one-third of the common 


interval . 

We get a closer approximation by supposing the number 
of equal intervals a multiple of 3, and regarding the ourve 
as a series of parabolae of the third degree, each being 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolic curves, let y Q , y u y%> yi 
be four equidistant ordinates, and for convenience assume 
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tlie origin midway between yi and y % ; then if the equation 
of the parabolic curve be 

y = a + fix + yx 2 + %x 3 , 

and the c omm on interval on the axis of x be denoted by zh, 

we have _ 

y 0 = a - 3fih + 9yk “ 2j8h s , 

= a - fill + 7 h 2 — 8A 3 , 

y 2 = a + fih + 7 h 2 + S^ 3 , 

2/ 3 = a + 3 fill + 97^ 2 + 2 7^ 3 . 

Hence y 0 + y 3 = 2 (a + gyh-), y x + y 2 = 2 [a + ytf). 

Again, the parabolic area between y a and y 3 is 

P (a + fix + yx 2 + Sx*)dx = 3^( 2a + 67A 2 ). 

J -zh 

Substituting in this the values of a and 7 obtained from 
the two preceding equations, the expression for the area 
becomes 

— {yo + y* + 3 (yi + Sfe)}- 
4 

If the corresponding expressions be added together, we 
easily arrive at the following rule :* Add together the first 
and last ordinates, twice every third intermediate ordinate, and 
thrice each remaining ordinate ; and multiply by fths of the 

common interval. , , ,, 

It is readily seen that these rules also apply to the ap- 
proximation to any closed area, by drawing a system of lines, 
parallel and equidistant, and adopting the intercepts made by 
the curve instead of the ordinates, in each rule. 

Since every definite integra l may be represented by a 

* This and. the preceding are commonly called “Simpson’s rules ’’for cal- 
culating areas ; they were however previously noticed by Newton (see 'Opuseula. 
Method. Diff., Prop. 6, scholium) as a particular application of the method of 
internolation. By taking seven equidistant ordinates, Mr. Weddle (Camb. and 
j )ub? Math. Jour?, 1854), obtained the following simple and important rule for 
finding the area: — To five times the sum of the even ordinates add the middle ordi- 
nate and all the odd ordinates, multiply the sum by three-tenths of the common 
interval and the product will be the required area, approximately, ihe proof, 
which is too long for insertion here, will be found in Mr. Weddle s memoir : 
and also, with applications, in Boole’s Calculus of Finite Differences. The student 
is referred to Bertrand’s Calc. Ini., 1 . 1, oh. xii., for more general and accurate 
methods of approximation by Cotes and Gauss. 
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curvilinear area, the methods given above are applicable to 
the approximate determination, of any such integral. 

In practice the accuracy of these methods is increased by 
increasing the number of intervals. 

149. Planiinctevs. — Several mechanical contrivances 
have been introduced for the purpose of practioally estimating 
the area inclosed within any curved boundary. Such instru- 
ments are called Planimeters. The simplest and most elegant 
is that of Professor Amsler of S chaff hausen. It consists of 
two arms jointed together so as to move in perfect freedom in 
one plane. A point at the extremity of one arm is made a 
fixed centre round which the instrument turns ; and a wheel 
is fixed to, and turns on the other arm as an axis, and reoords 
by its revolution the area of the figure traced out by a point 
on this arm. From its construction it is plain that the re- 
volving wheel registers only the motion which is perpendi- 
cular to the moving arm on which it revolves. 

In the practical application of the instrument it is neces- 
sary that the two arms, CA and AB, should return to their 
original position after the tracing point B has been moved 
round the entire boundary of the required area. 

We shall commence hy showing that the length registered 
by the wheel while B has moved round the entire closed area 
is independent of the wheel’s position on the moving arm ; 
i.e. is the same as if the wheel be supposed placed at the joint. 

To prove this, suppose P to represent the point on the 
arm at which the centre of the 
revolving wheel is situated. Let 
A'B' represent a new position of 
AB very near to AB, and P' the 
corresponding position of the 
point P. Draw PN perpendicular 
to A' If ; then PIT represents the 
length registered by the wheel 
while the arm moves from AB to 
the infinitely near position A'B'. 

Next, draw AlV'perpendicular, 
and AL parallel, to A'B'. 

Let PN= ds, AN' = ds, AP = c, 

P AL = 4 ; then PN=PL + AN', 
or ds' = ds + c d<p. 



Kg- ’3- 
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Now, if we suppose AB after a complete circuit of the 
curve to return to its original position, we have obviously 
S (d<p) = o ; and therefore S (<£/) = S (&), i.e. the whole length 
registered by the revolving wheel at P is the same as if it 
were placed at A. 

Next, let x and y be the co-ordinates of B with respect to 
rectangular axes drawn through 0 , and let AC - a, AB = 6 , 
4 ACX = 0 ; and suppose <j> the angle which BA produced 
makes with the axis of x ; then we shall have 

x = a cos 9 + b cos <p 9 y = a sin 9 + b sin 
Hence xdy - ydx = a 2 d6 + b 2 d(p + ab cos (9 - <f) d(6 + <£). 
Also cfe = AiV' = .4-4' sin AA'N = a dO cos (0 - <f). 


But 9 + (j> = 20 - (0 - </>) ; 

cos [0 - cj))d(Q + (j>) 

= cos (0 - <p)dO - ab cos (0 - <j>) d(Q - </>) 

= 2 Ms - cos (0 - <p) d (9 - (p). 

Consequently 

= a? d6 + b 2 d(p -{■ 2 b ds - ab cos (9 - (j>) d (9 - (j>) . 
But, by Art. 139 , the area traced out by i? in a complete 
revolution is represented by ^ f (xdy - ydx) taken around the 


entire curve. . . 

Also, since AC and AB return to their original positions, 
the integrals of the terms a 2 dO, b 2 d<j> and ab cos (0 - <j>) d (9 - <j>) 
disappear ; and hence the area in question is equal to bS } where 
S denotes the entire length registered by the revolving wheel. 

On account of the importance ‘“'of the principle of this m- 
strument, tlie following proof, for Bp 
which. I am indebted to Prof. Ball, 
based on elementary geometrical 
principles, is also added. 

Let C, A, B represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively ; and suppose B to represent 
the position of the roller, or revolv- 
ing wheel ; then draw CP and BS 
perpendioular to AB. 



Fig- 2 4* 
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Let AC = a, AJB = b, AE = l, BC=r. 

Now, if the instrument he rotated about C through an 
angle 9 without altering the angle CAB, it is easily seen 
that the circumference of the roller is rotated through an arc 
represented by 


PR . 0 = l 


a 2 + b 2 - r 2 


Again, if the instrument be rotated about S through a 

small angle the roller does not revolve. ^ ^ 

Hence a curve can be drawn through B, f y 

such that, if the tracing point be , 
moved along it, the roller will not 
revolve. ^ 

Now, let X ju, XV be the two adjacent 1 "pnX y 
circles described with C as centre, and V 
suppose aa and /3j3' two adjacent non- V. — Jzr 
rolling curves, such as just stated: and ^ ^ 

suppose the tracing point B to move 25 * 

round the indefinitely small area aa j 3/3 : then the arc through 
which the roller has turned is represented by 


a 2 + b 2 - r 


2b J 


rSrS9 £ aa r ($'(3 

= — : — = area oi — 
b b 

since a/3 = r $6; and Sr = aa ' sin ]3. 

Now suppose the instrument works correctly for the area 
W'a'a, then it will work correctly for the area XX'j3'j3 ; for, 
start from a to X, X', a, then the area aXAV must be regis- 
tered, since the roller does not turn in moving from a' to a; 
proceed then from a' to j3', j3, a, then, by what has been just 
proved, the area a'fi'fia will be added. Hence the instrument 
will work correctly for the strip XX pip. 

Again, suppose the instrument works correctly for the 
area Xpp, then it will work correctly for X'pp ; for suppose 
we start from X to p , p, and back to X : then start from \ to 
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ft, n', X' and X ; the two journeys from X to and ju to X 
wifi neutralize each other, and it follows that if the instrument 
works correctly for the area X^, it will work correctly for 
the area Xfip : hence, if the instrument works correctly for 
any portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler’s Planimeter, 
with another mode of demonstration, in a communication by 
Fr . F. J. Bramwell, C.E., to the British Association. — See 
Eeport, 1872, pp. 401-41 2. 
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r. Find the whole area between the curve 

x z y 2 4 a 2 b 2 = ^ y 2 

and its asymptotes. 

2. Find the whole area of the curve 

ahp = x i (a 2 - # 2 ). 

3. Find the whole area of the curve 

-V+ (r) = *. 


Ans . 2rah. 

” y 


“ir 


4. Find the whole area included between the folium of Descartes 

a 3 4 y 3 - = o 

3a 2 

and its asymptote. Ans . — . 

5. In the logari thmi c curve y = a*, prove that the area between the axis of 
x and any two ordinates is proportional to the difference between the ordinates. 

6. Find the area of a loop of the curve 

va z 

r = a cos nO . Ans. — . 

n 

7 Find the area of a loop of the curve 

r - a cos nd 4 6 sin nQ . 

The equation of the curve may be written in the form 
r =s *y a 2 4 b 2 cos (n$ 4 a), 

where tan a - - - ; and consequently its area can be found from the preceding 
a 

example. 

8. Find the area of a loop of the curve 


0 2 + * 2 ) -■ 


r 2 as a 2 cos nQ + b 2 sin nQ. 


Ans 


•/ a* + M 
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9. Find the area of the tractrix. 

Tlie characteristic property of the tractrix is that the intercept on a tangent 
to the curve between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin 0 at the point for which 
the tangent OA is perpendicular 
to the axis, we have, P being 
any point on the curve 

PT=«, 

d y — ~ tan JTJV~= A ; 

(ho a 2 — y 2 



.*. ydx - — a 1 - y 2 dy. 

Hence the element of the area of 
the tractrix is equal to that of 
a circle of radius a. 

It follows immediately that the whole area between the four infinite branches 
of the tractrix is equal to ira 2 . This example furnishes an instance of our bemg 
able to deter min e the area of a curve from a geometrical property ol the curve, 
without a previous determination of its equation. . „ 

If the equation of the tractrix be required, it can be derived from its difter- 

ential equation 


dx = - 


\/ <& -y 2 dy 


from which we get 


/ _ a + ^/a 2 -'< 

x 4- v a 1 -y 2 — a log 


That the equation of the tractrix depends on logarithms was noticed by 
Newton. See liis Second Epistle to Oldenburg (Oct. 1676). This wm, I 
believe, the first example of the determination of the equation- of a curve by 
integration ; or, what at the time was called the inverse method of tangents. 

10 If each focal radius vector of an ellipse be produced a constant length c, 
show that the area between the curve so formed and the ellipse is ere {zb + c), 
b being the semi-axis minor of the ellipse. 

n . Find the area of a loop of the curve r" = a n cos nd. 


Ans. 


a 2 */ 


. '(=) ' 

12 If a right line carrying three tracing points A,B, 0 , move m any manner 
in a niatie returning to its original position after mating a complete^ revolution ; 
and § (A) (B), (^represent the entire areas of the closed curves described by 
the points 1 A, B, C, respectively, prove that 

BCx(A) + CAx (B) + AB x ( 0 ) +V.AB.BO. CA-=o, 
in which the lines AB, BC, &c., are taken with their proper signs ; i.e., 
AB = - BA, &c. 
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13. A, B, C, D, are four points rigidly connected together, and moving in 
any way in a plane ; if they describe closed curves, of areas (A), ( 23 ), (C), (D), 
respectively ; and if %, y, s, he the areolar co-ordinates of D referred to the 
triangle ABC, prove that 

(L) = x(A) + y(B) + z(C) - 

where t is the length of the tangent from 2 D to the circle circumscribed to the 
triangle ABC. Mr. Leudesdorf, Messenger of Mathematics, 18 78 

This follows immediately * for let P be the point of intersection of the lines 
AB and CD, then, by (18), we get a relation between (A), (B), and (P) ,* and 
also between ( C ), (D), and (P). If P be eliminated between these equations we 
get the required result. 

14. Show that a corresponding equation connects the areas of the pedals of 
any given closed curve with respect to four points A, B , C, D, taken respectively 
as pedal origin Mr. Leudesdorf. 

15. If a curve be referred to its radius vector r and the perpendicular p on 
the tangent, prove that its area is represented by 

1 f pr dr 

2 J \/ r 2 - p 2 

16. A chord of constant length (c) moves about within a parabola, and 
tangents are drawn at its extremities ; find the total area between the parabola 
and the locus of intersection of the tangents 


17. Prom the centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 

a aW_ m 

b~ •+ (d z + b 2 ) tan 2 6 ’ 

and that the whole area of the locus is 

7 r a?b 

2 a/^T P+*’ 

18. Apply the three methods of approximation of Art 148 to the calculation 

1 1 dx 1 

, adopting — as the common 

0 I d" X 12 

interval in each case Ans. (1), .693669. (2), .693266. (3), .693224, 

The /*eal value of the integral being log 2, or .693147, to the same number 
of decimal places. 

19. Prove that the sectorial area bounded by two focal vectors r and r 9 of a 
parabola is represented by 


-fl 

(r 4- ri + c\ 

I s 1 

fr + / - c} 

i s l 

3 r 

l 2 ) 

1 1 

l 2 J 

1 1 


where c is the chord of the arc, and a the semiparameter of the parabola. 
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npi 

20. Show that the whole area of the inverse of the ellipse — i is 

a 2 

represented by 


7 T& 4 ( I I 


I\ 

/c? 

/ a 2 j8 2 \ 2 (a! + Ji + 

\ a? & ) 

U" 

b-j 



where a, j8, are the co-ordinates of the origin of inversion, and k is the radius of 
the circle of inversion. 

3i. A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described ? 

22. Given the base of a triangle, prove that the polar equation of the locus 
of its vertex, when the vertical angle is double one of its base angles is 

a{ 2 cos 20 + i) 
r — — . 

2 COS 0 


Hence show that the entire area of the loop of the curve is v 3 

4 

23. 0 is a point within a closed oval curve, P any point on the curve, QPQ' 
a straight line drawn in a given direction such that QP = PQ f — PO ; prove that 
as P moves round the curve, Q, Q\ trace out two closed loops the sum of whose 
areas is twice the area of the original curve. Carnb. Trip. Pxam. } 1874. 

24. Prove that the area of the pedal of the cardioid r = a (l - cos 0) taken 
with respect to an internal point at the distance c from the pole is 

~ (5»a - 2 ac + 2c 2 ). {Ibid., 1876.) 

8 


25. The co-ordinates of a point are expressed as follows : 


* “ e 3 + i 9 


30 2 . 
y e 3 + 1 9 


find the equation of the curve described by the point, and the area of the portion 
of the plane inclosed thereby. 
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CHAPTER VIII. 

LENGTHS OE CURVES. 

150. length of Curves referred to Rectangular Axes. 
The usual mode of considering the length of a curve is by 
treating it as the limit of a polygon when each of its sides is 
infinitely small. If the curve he referred to rectangular axes 
of co-ordinates, the length of the cho rd joining the points 
(x 9 y) and (x + dx,y + dy) is dx 2 + dy 2 , and, consequently, if 
s represent the length of the cu rve mea sured from a fixed 
point on it, we shall have ds = */< dx 2 + dy 2 , or, integrating, 



taken between suitable limits. 

The value of — - in terms of x is to be got from the equa- 

CliX/ 

tion of the curve, and thus the finding of s is reducible to a 
question of integration. 

The determination of the length of an arc of a curve is 
called its rectification . 

It is evident that if y be taken for the independent variable 
we shall have 



Again, when x and y are given functions of a single va- 
riable <j>, we have 



In each case the form of the equation of the curve deter- 
mines which of these formulae should bo employed. 
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The curves whose lengths can be obtained in finite terms 
(compare Art. 2) are very limited in number. W e proceed to 
consider some of the simplest cases. 

151. The Parabola. — Writing the equation of the 

dx y 

parabola in the form y 1 = 2 mx, we get — = — . . 


Hence 


ifv'7 

mj 


+ m~dy. 


The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for x, 
and m 2 for - a 2 . 

Thus we have 

« . + ™\ 0 Jy + ^ ±rt\ ( 2 ) 

zm 2 0 V m / 

the arc being measured from the vertex of the curve. 

152. The Catenary. — The equation of the catenary 
(Art. 131), is , 


Hence 


y = \U + e-A 


d l = if* - * 

dx 2 V 


ds ( dy\l 1 / J 

= I T 4 — as — \ Pr 





j f £ I f -- 

= — e a dx + - c a dx 
2 2 


Pig. 27- 
+ const. 


If s be measured from the vertex V, we have 


S = 2 V 


the same result as already arrived at in Art. 13 1. 

Again, since PL = PV, and NL is constant, it follows that 
the catenary is the evolute of the tractrix (see Ex. 9, p. 219). 



r 


224 


Lengths of Curves. 


153. Mcml-cuMciil Parabola. - 

curvo is of ilio form ay- = sc*. 


-The equation of this 


honoo 


V 




*y 

dx 


3 /*\ J ds 


2 \d 


9*\i 

dx \ + qa) ’ 


.f( ,+ 5) 


dx 


8 a 
27 


1 + 2f\ + const. 
4 a) 


li. 11 io arc bo measured from, the vertex, we get 


«'f f, 

27 \ 


1 b 


qar\% 


4a 




Tlu^ s(uni-eubicai parabola is the first curve whose length 
was determined. This result was discovered hv William 
Neil, in 1660. 

*54* of Involutes. — It may be noted 

that the rectification of the semi-cubical parabola is an 
immediate consequence of its being the evolute of the ordinary 
parabola (boo l)i{f. Calc., Art. 239). In like manner the 
length of any curve can bo found if it be the evolute of a 
known curve, from the property that any portion of the aro 
of the evolute is the (inference between the two corresponding 
radii of curvature of the curve of which it is the evolute. 

For example, wo get by this moans the lengths of the 
cycloid, the epicycloid and the hypocycloid. 

Again, since the equation of the evolute of an ellipse is 


(/w)l 4 (by)l = (a 2 - J a )f, 


~d (a 2 $in 2 0 + /3 s cos*#). 


the length of any arc of this curve can be at one© found. 

This can also be readily got otherwise ; for, writing the 

equation in the form 

. r • r 

and making x a tin a <p, wo got y -■ [5 oob *<f>, and 
ds -i (dx* A dij 1 )^ “ 3 sin <j> cos^(« a sinty + / 3 ’ oos*^)*^ 

3(«* !■ fi* 008*0)* 

‘ 2(a .r^ ' " 
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Hence 


__ (aW 0 + ffoQB ^ )_* + conBt 
a 2 — (3 2 


If tlie arc be measured from tbe point x = o, y = (3, we 
get tbe constant 

- 6 3 , (a 2 sin 2 <b + 0 2 cos 2 ^»)S - 3 3 

" STTjP “ d ’ 

If a - j3, the expression for ds "becomes 3 a sin cos ; 
hence we get s = | a sm 2 tf>, the arc being measured from the 
same point as above. 

Examples. 

i. Find tlie lengtli of tlie logarithmic curve y = ca x . 

, _ dx b , , 1 

Her© logy = a log#-}- log 0 ; where b = j— 


__ r (£ a + y 2 )^y _ 


( 4 2 + y 2 )* J y(b 2 + y 2 )i 


(52 + V 2U „ & 

= (5 2 + y 2 )* + 5 log v • 

2 . Find the length of the tractrix. 

Here, hy definition (see fig. 26), we have JPT = a ; 

n . ds (t 

.*. sin PTJST = hence — = - - ; ; 

a* dy y 


— .log 

J y 


y 4- const. 


If the arc he measured from the vertex A, we get 


arc AJP i 


=alog £)• 


3. Find in what cases the curves represented hy = x m+n are rectifiahlo. 
Here we have 


'-!{■♦ PM’© 5 }** 

[ 15 ] 
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. . i p («h- w) 2 

Substituting 5 for 


2m 

and ma kin g i + but 7 * = s 2 , this becomes 


n 2 a n 



This expression is immediately integrable when — is a positive integer. 


Hence if — = r, we see that craves of the form ay 2r = z 2rn are rectifiable. 

Again, if — be a negative integer, the expression under the integral sign 

becomes rational, and can accordingly be integrated. This leads to the form 
y2r — ax 2r ~ l . Accor din gly, all curves comprised in the equation ay m — x m ar© 
rectifiable, m bemg any integer. (Compare Art. 62). 

155. The Ellipse.— The simplest expression for the arc 
of an ellipse is obtained by taking * = a sin <j>, whence 

y = b cos (p, and els = (a 2 cos?<p + b 2 sin 2 </>)4 d<j> ; 


s = J (a 2 cos 2 0 + b 2 sin 2 <£ftd<p. 

It is often more convenient to write this in the form 


a - a (1 


c 2 sin 2 (j>)id<j>, 


( 3 ) 


e being the eccentricity of the ellipse. 

It may be observed that <p is the complement of the eccen- 
tric angle belonging to the point ix,y). 

The length of an elliptic quadrant is represented by the 
definite integral 



- e 2 &in 2 (p)id(p. 


We postpone the further consideration of elliptic areas to 
a subsequent part of the Chapter. 

156. Rectification in Polar Co-ordinates. — It the 
curve he referred to polar co-ordinates we plainly have (DifE. 
Calo., Art. 180) ds 2 = dr 2 + r 2 d 0 2 ; hence we get 



or s = 



r 2 i0 2 \i 

-55-j*- 


(4) 
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For example, the length of the spiral of Archimedes, r = a0 9 
is given by the equation 



(r 2 + dr. 


Comparing this with the formula ( 2 ) for the parabola, it 
follows that the length of any arc of the spiral, measured 
from its pole, is equal to that of a parabola measured from its 
vertex. 


Examples. 

1. Cardioid, r = a(i + cos 6). 

Here — = — a sin 0, and. hence 
dO 7 

0 6 

s = a J { (1 + cos 0) 2 + sin 2 0}^0 = 2 a j cos - do - 4a sin - + constant. 

The constant becomes zero if we measure s from the point for which 0 = o. 

2. Logarithmic spiral, r = a*. 

Here, if l = , we get 

’ log ct 

- — = Z> ; 5 = f 1 (1 + b 2 )\dr = (i + & 2 )* (n - ro). 

dr Jr Q 

Accordingly, the length of any arc is proportional to the difference between 
the vectors of its extremities ; a result which also follows immediately from the 
property that the curve cuts its radius vector at a constant angle. 

3. r m = a m cos mQ. 

dr 

Taking the logarithmic differentials, we get— = - tan md ; 

ds 

— - = secm0. 
rdd 

r X-l 

Hence » = a j (cos m$) m d$. 

Or, ■writing <p for m6, 

1 -.1 

a r m 

* = -] (cos?) dp. 

This is readily integrated wlien A is an integer (see Art. 56). 
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■Whatever he the value of m, -we can express the complete length of a loop of 

the curve in Gamma Functions. For if we integrate between o and we oh- 

yiously get tlx© length of half the loop. 

Hence the length of the loop (Art. 122) is 



157. Formula of legendre on Rectification.— 

Another formula* of considerable utility in rectification lol- 
lops immediately from the result obtained in Art. 192, Ifitt. 
Calc. For, if this result be written in the form 


= j we get s — t = J pdui. (5) 

dio 


Consequently, the total increment of s - t between any two 
points on a curve is equal to J pdu> taken between the same 
two points. ^ 

For example, in the parabola we have p = — > and 


hence . 

t - t = a [ — = a log tan ( j + - ) + const. 

J cos o> \4 2 J 

If we measure the arc from the vertex of the curve, and 
observe that t = this gives 


$ 


a sino? 
cos 2 w 


+ a log tan 


(j 



The student can without difficulty identify this result with 
that given in Art. 151. 


* This theorem is due to Legendre. See Traitk des Fonctiona Flliptiquea , 
tome ii., p. 5 88 * 
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It should bo observed that when the curve is closed, its 
whole length is, in general, represented by 

2tt 

pd<x). 

0 

Equation (5) furnishes a simple method of expressing the 
intrinsic equation of a curve, when we are given its equation 
in terms of p and w. 

For, if p we have 

« = d £ + |j» =/» + J/M (6) 

taken between suitable limits. 

158. Application to Ellipse . Fagnani’s Theorem. 

In the ellipse we have 

p 2 = a 2 cos 2 a> + ft 2 sin 2 w. 

Hence, measuring the arc 
from the vertex A , and observ- 
ing that in this case PN is to be 
taken with a negative sign, we Fig 2g# 

have 

arc AP + PN = | (a 2 cos 2 w + 6 2 sin 2 «)& 
where a = lACIT. 

But, in Art. 155, we have found that if £ be measured 
from the vertex P, the arc is represented by 

| (1 a 2 cos 2 0 + J 2 sin 2 $)^0. 

Consequently, if we make L JBCQ = a = L ACJST, and draw 
QM perpendicular to the axis major meeting the curve mP , 
we shall have 

arc j BP' = arc AP + PiV", 
or, t akin g away the common arc PP r , 

BP - AP r = PN. 



(?) 
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This remarkable result is known as Fagnani’s Theorem*, 
and shows that we can in an indefinite number of ways find 
two arcs of an ellipse whose difference is expressible by a right 
line. 

We add a few properties connecting the points P and P' 
in this construction. 


Examples. 

1. If (a?, y) and (%', y’) "be the co-ordinates of P and P', respectively, prove 
the following : — 

(0. pn= — (i). pn= p'N\ (3). car. car = ca . cb, 

a 

(4). GF Z + GN 2 = CA 2 + GW = GF 2 + GN 2 . 

2. Divide an elliptic quadrant into two parts whose difference shall he equal 
to the difference of the semiaxes. 

This takes place when P and P' coincide ; in which case ON = */ ab , and 
FN= a-b. 

We shall designate the point so determined on the elliptic quadrant as Fag- 
nani’s point. 

3. Show that if a tangent he drawn at Fagnani’s point, the intercepts 
between its point of contact and its points of intersection with the axes are 
respectively equal in length to the semi- axes of the ellipse. 

4. If the lines BN and FN r he produced to meet, show that they intersect 
on the confocal hyperbola which passes through the points of intersection of the 
tangents to the ellipse at its vertices. Show also that this hyperbola cuts the 
ellipse in Fagnani’s point. 


* Fagnani, Giornale d£ Letter ati d* Italia, 1716, reprinted in his. Produzioni 
Matematiche , 1750. It may he noted that if we integrate the equation of Art. 
1 16, Biff. Gale., taking the angle G as obtuse, and adopting zero for the lowest 
limit in each integral, we obtain 

( « pi 

\/ 1 - k 2 sin 2 ada + I * - & sin 2 # db 

- J */ 1 — k 2 sin 2 c do + h 2 sin a sin b sin e, 

where h is defined by the equation sin G = Jc sin c t and a, b, c are connected by 
the relation 


cos 0 = cos a cos b - sin a sin b 1 - k* sin 2 c. 

This equation furnishes a relation between three elliptic arcs, from which 
Fagnani’s theorem can be readily deduced, as well as many other theorems con- 
nected with such arcs. See Legendre, Bone. Filip . , tome i., ch. 9. 
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The equation of F2s is 

ar sin 0 + y cos d — +/ a* sia*0 + b 2 cos 3 0, 

and that of P’N' is . 

x cos 9 y sin 0 _ ^ 


If we eliminate 0, we get 


X 2 y* 


- a, -b. 


which represents the hyperbola in question. 

X 59 . The Hyperbola.— In the hyperbola we have 
ft = o? cos 2 w - & 2 sin 2 to. 

Hence, measuring the arc from the vertex A of the curve, 
we find, since w is measured below the axis, 

p_ZV _ AP = | {a 2 cos 2 w - b- sin 2 wftdw, 

where a = i- AON. 

As we proceed along the hyperbola 
the perpendicular p diminishes, and 
vanishes when the tangent becomes 
the asymptote. , . 

Moreover, as the limit of e> m this 

case becomes tan -1 it follows that the 

difference between the asymptote and. 
the infinite hyperbolic aro, measured 
from the vertex, is represented by the 
definite integral 

a 

b (a 2 cos 2 a> - V sin 2 w)^dw. 

Examples. 

1. If a > i, prove that J(a+Jflfli ^ 

is represented by an elliptic arc, and that the semaxes of the ellipse are the 
greatest and least values of (a + b cos <pp. 

2 . If o < 5, prove that 

J(a + b cos <pft dtp 

is represented by the difference between a right line and a hyperbolic aro. 
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160. Si an den’s Theorem on a Hyperbolic Arc. — 

We next proceed to establish an important theorem, due to 
Landen ;* namely, that any arc of a hyperbola can be expressed 
m terms of the arcs of two ellipses . 

This can be easily seen as follows : — In any triangle, 
adopting the usual notation, we have 


c = a cos B + l cos A, 


Now, representing by C the external angle at the vertex 
C, we have C = A + B, and hence 

cdC= (a cos I? + b cos A) dA + (a cosB + b cos A) dB. 

Consequently, supposing the sides a and b constant, and 
the remaining parts variable, we have 

J cdC = j a cob Bd A + J b cos AdB + 2 a si nB + const., 
or 


j\/a 2 -h b 2 + 2ab cos CdC = 

+ 2 a sin 5 + const, 


v^ 2 - b 2 sin 2 A dA+f^b 2 - a 2 sm 2 B dB 

' ( 9 ) 


Now, if we suppose a > b, j a/ a 2 - b 2 sin 2 A dA represents 
(Art. 155) the arc of an ellipse, of axis major 2a and eccen- 

J p 

trioitj Also L/#* - a 2 sin *BdB represents (Art. 159) the 
difference between a right line and the arc of a hyperbola, 
whose axis major is i and eccentricity 

Again, */ a 2 + 1 ? + 2 ab cos 0 = J (a - 6) s sin 2 — + (a + 6) 2 cos J — , 

V 2 2 


* Landen, Philosophical Transactions , 1775 ; also, Mathematical Memoirs. 

1780. 
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and consequently the integral 


+ l 2 + 2 ab cos CdC 


represents an arc of the ellipse whose semiaxes are a 4 b and 
a - b. 

Hence, Landen’s theorem follows immediately. 

It should be noted that the limiting values of A , B and 
C are connected by the relations 


a sin B - b sin-4, and C - A + B. 


Again, if we suppose the angle A to increase from o to 7 r, 
the external angle 0 will increase at the same time from 
o to 7 r, while B will commence by increasing from o to^ a, 

"%nd afterwards diminish from a to o ("where a = sin l - 


\ f 

Moreover, in the latter stage b cos A is negative, and dB also 
negative, consequently the term b cos A dB is positive through- 
out the entire integration ; and the total value of 


yb 2 - d ! sin 2 # dB is represented by 2 j o - a 2 sin 2 # dB. 

c 

Henoe, substituting for -, and integrating between tbe 
limits indicated, we get, after dividing by 2 , 


ir 

+ ft) 2 sin 2 $ + {a - J) 2 cos 2 $}M0 

IT 

= j^a 2 - b 2 sinM) IdA + j*(5 2 - a 2 sin 2 #) M#. ( 1 o) 

Accordingly, the difference between the length of the asymp- 
tote and of the infinite arc of a hyperbola is equal to the differ- 
ence between two elliptic quadrants. This result is also due to 

Landen.^t pro(jeed to tw0 important theorems, which may 
be regarded as extensions of Fagnani’s theorem. 
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1 6 1 . Theorem* of Dr. Crraves. — If from any point 
P on the exterior of two confocal ellipses, tangents PP and 
FT' be drawn to the in- 
terior, then the difference 
(PP+PP'~PP') between 
the sum of the tangents 
and the arc between their 
points of contact is con- 
stant. 

For, draw the tangents 
QS and QS' from a point 
Q, regarded as infinitely 
near to P, and drop the 
perpendiculars PiV" and Fig. 30. 

QN ' ; then, since the conics are confocal, we have 

L PQN~ l QPN'; PIT = QI\r. 

Also, PT - TR + RN = PP + PS + SN* = TS + fluZV 
- TS+ SQ- QN. 

In like manner 

PP' = PN' + S'Q - T'S'; 

/. PP + PT = QS+ QS' +TS- T'S', 
or PP + PT' - TT' - QS + QS' - SS'. 

Hence, PP + PP' - PP' does not change in passing to 
the consecutive point Q ; which proves that PP + PP' - PP' 
has a constant value. 



* This elegant theorem was arrived at by Dr. Graves, now Bishop of Limerick, 
for the more general case of spherical conics, from the reciprocal theorem, viz. : — 
If two spherical conics have the same cyclic arcs, then any arc touching the 
inner will cut from the outer a segment of constant area. (See Graves* transla- 
tion of Chasles on Cones and Spherical Conics , p. 77, Dublin, 1841.) 

It should be remarked that the theorems of this and of the following artiole 
were investigated independently by M. Chasles. The student will find in the 
Comptes Rendus, 1843, 1844, a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conics, as also 
to the addition of elliptic functions of the first species. 
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This value can be readily expressed by taking tbe point 
at B', one of the extremities 
of tli© minor axis of the 
exterior ellipse. Let D be 
the point of contact of tbe 
tangent drawn from and 
drop DM, and DN perpen- 
dicular to CM and CD, 
respectively. 

Let CA = a, CD = b, 

CA'=a', CD' = b', e tbe eccen- 
tricity of interior ellipse. 

Then, by Art. 155, tbe length of are 

DD = a j*(i - e 2 sin 



Fig- 3 1 * 


where 

Again, 


cos a = 


DM CM _ CD _ b 


hence 


CD ~ CD CD V 
DD* = DN 2 + DN 3 = {b' -b cos a) 4 + a 2 sin 2 a 


DD = y*/b ' 2 - b 2 = a' sina. 


Consequently we have 

DD - DD = a’ sin a - aj°(i - e 1 ein 2 <pfd<p, 
Hence, in general, 

PT + PT' - TT’ = 2 a' sin a - 2a j (x - e 2 sin" fy* dtp, 


(») 


a = 00S' 


.-1 


& 


where 
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A 

N 




Fig. 32 . 


The analogous theorem, due to Professor Mac Cullagh, 
may be stated as follows : — 

. *62. Theorem.— If tangents PT y PT be drawn to an 
ellipse from any point on a con- 
focal hyperbola, then the differ- 
ence of the tangents is equal to 
the difference of the arcs TK and 
KT f . 

The proof is left to the student, 
and is nearly identical with that 
given for the previous theorem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
hyperbola, provided that the tan- 
gents both touch the same branch 
of the hyperbola ; as can be seen 
without difficulty. 

As an application* we shall prove another theorem of 
Landen; viz., that the difference between the length of the 
asymptote and of the infinite branch of 
a hyperbola can be expressed in terms 
of an arc of the hyperbola. 

For, let the tangent at A meet 
the asymptote in D, and suppose a 
confocal ellipse drawn through P. 

Then, regarding PT as a tangent to 
the hyperbola, it follows, by the 
theorem just established, that the 
difference between P T and KT is 
equal to the difference between PA 
and AK. 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch AT is equal to 
PA + PC - 2KA. Consequently the 
required difference is expressible in 



Fig. 33- 


terms of given lines and of the hyperbolic arc AK. 

4lie*rem am to I)r ' Ingram for this application of Professor M'OullagVs 
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We next proceed to consider two important curves wliose 
rectification depends on that of the ellipse. 

163. The liimacon. — From the equation of the limacon, 


and hence 


r = a cos 6 + b, we get ~~ = - a sin 0, 
ds = (a 2 + b 2 + 20b cos 0 )%d 9 ; 


11 


(a + b ) 2 cos 2 ^ + (a - 6) 2 sin 2 ^d0. 


Accordingly, the rectification of the limafon depends on 
that of the ellipse whose semiaxes are a + b and a - b. 

164. The Epitroehoid and Hypotrochoid. — The 
epitrochoid is represented by the equations (see Diff. Calc., 
Art. 284) 

/ a « + i * 

x - {a + b) cos 9 - c cos — 0, 


2/ = (# 4- Z>) sin 0 - 0 sin - 6 . 


Hence 


da; 
d0 = 

dy 


+ b) |i 


c . a + b a{ 
sm u - v sm -rr- 0>, 
6 0 


Squaring and adding we get 


/•» c 0 + 6J 

COS0 - J COS -y- 0j 


/d$\ 2 __ A 

W \ 


d + b \ 3 


& 2 + C 2 - 2i(? cos - 


s = * 


# 4- b 


II 


b 2 + c 2 - 2bc cos 


a 6 )% 


d 6 . 


2 b<p 


Hence, substituting — for 0, we get 
a 


2 J {(5 + c ) 2 sin 2 0 + (b - c ) 2 cos 2 ^>}id0. 
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Consequently the length of an arc of the epitrochoid is equal 
to that of an ellipse. 

The corresponding form for the hypotrochoid is obtained 
by changing the sign of h. 

165. Steiner’s Theorem on Rectification of 
Roulettes. — If any curve roll on a right line, the length 
of the arc of the roulette described by any point is equal 
to that of the corresponding arc of the pedal, taken with 
respect to the generating point as origin. 

For (see fig. 20, Art. 145), the element 00 ' of the roulette 
is equal to OPdu. 


Again, to find the element of the pedal 
at N and N' are right, the 
quadrilateral NN'TO is inscri- N* 
bable in a circle, and consequently 7 \Z 
NN' r OT sin NON'. But, in 
the limit, NN' becomes the ele- A V 
ment of the pedal, and OTbecomes &/ Y\ 
OP : hence the element of pedal ' / \ 
is OPdto ; consequently the ele- ' 

ment of the pedal is equal to the 
corresponding element of the E 
roulette; &c. 


Since the angles 



Fig. 34. 


# We proceed to point out a few elementary examples of this 
principle. In the first place it follows that the length of an 
arc of the cycloid is the same as that of the cardioid ; and 
the length of the trochoid as that of the limafon. Again, if 
an ellipse roll on a right line, the length of the roulette 
described^ by either focus is equal to the corresponding aro of 
the auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that, if one 
curve roll on another, the elements ds and ds', of the roulette, 
and of the corresponding pedal are connected by the relation 


ds = ds'^i 4- — 


In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of cardioids and of limacons, which 
agrees with the results established already. 
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166. Oval of Bescartes. — We nest proceed to the 
rectification of the Ovals of Descartes, some properties of 
which curves we have given in chapter xx., Diff. Calc. 

The curve is de- 
fined as the locus oi 
a point whose dis- 
tances, rand f , from 
two fixed points are 
connected hy the 
equation 

mr + lr f — d, 

where l, m, d are 
constants. 

For convenience 
we shall write the 
equation in the form 

mr + lr'=nc, (12) 

where c is the dis- 
tance between the 
fixed points. 

The polar equation of the curve is easily got. For, let F 
and F l he the fixed points, and L FiFP = 0 , then we have 
/ 2 = r 2 + c 2 - 2 rc cos 0 ; 

also from (12), 

T~r' 2 = (nc - mr) 2 , 

hence the polar equation of the locus is readily seen to be 



r — 2TC ■ 


mn - l 2 cos 6 „n 2 -l 2 


m 2 - l 2 


+ <r 


nr 


1 ‘ 


= o. 


(13) 


For simplicity we shall write this in the form 

r 2 - 2r£2 + 0 = o. (14) 


Solving this equation for r , we get 

»> = Q± or FP 1 = Q + y^-C, FP - Q, - ^0? - C. 

It can he seen without difficulty that, so long as l, m, n are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 



240 Lengths of Curves. 

Again we get from (14), by differentiation 

d£ 1 

(: r - Cl) dr = rCl'dO, where Cl' = ; 

yef+w^c 


dr_ _ Q' 
rdO r - Cl 


Cl' , ds 

’ tence vie " 


yo?-c 


yci*- c 


Or ds = Qa/Q 8 + Q/ !~ — dO ± yci 2 + Cl ' 2 -CdO, (15) 

y^-c 

the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Hence the difference between the two corresponding 
elementary arcs is equal to 


2 ycC + Cl ! 2 - CdO, or, 2 y c? + zab cos 0 + b 2 - CdO, 

(writing Cl in the form a + b cos 0 ) ; this plainly represents 
the element of an ellipse. Consequently, the difference 
between two corresponding arcs of the ovals oan be repre- 
sented by the arc of an ellipse. This remarkable theorem is 
due to Mr. W. Roberts (Liouville, 1847, p. 195). Some years 
after its publication it was shown by Professor Genooohi 
(Tortolini, 1864, p. 97), that the arc* of a Cartesian is ex- 
pressible in terms of three elliptic arcs. 

In order to establish this result we commence by proving 
one or two elementary properties of the ourve. 

Suppose a circle described through F, F, and P ; and let 
PQ be the normal at P to the oval, meeting the circle in Q, 
and join FQ and F,Q ; then let L FPQ = w, and F X PQ = 0/ ; 

and sinoe m % + l — = o, we have l sin &>' = m sin w; 
dsds 

FQ : FtQ = l:m. 


* For the proof of this theorem given in the text I am indebted to Mr. 
Panton. 
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Also, since mr + Ir = nc ; and (by Ptolemy’s theorem) 

FP . FQ + FP.FQ = FF 1 . PQ> 

we have 

FQ^FQ^PQ 

l m n 

. Hence, denoting the common value of these fractions by 
u , we have 

FQ = lu 9 FiQ = mw, PQ = 

Again 

dr Ql a/ — C 

tan CO = — 77, = — 7 "" — : ; cos CO = —7ZZZ. -T . — . 

rdti yo* _ c Vo? + Q,'*-C 

Hence the first term in the expression for ds in (15) is 
equal to 

Q,dO c mn -P cob O^q 
cosw m? - P cos 00 

Again, let L FPF 1 = ip, L PFG = cp, 

and we have the two following relations between the angles 

0 , 

<p = 0 + ip, l sinfi + m sm<j> = n sin^. (16) 

Henoe 

dip- dO = dip, l cos Odd + to cos <p dp = n cos \pd\p ; 

(mn - P cos 0 )d 0 = m in + l cos tp)d<p - n (to + l cos ip)dip, 
or 

mn-P cos# n + lcoap 7j to + ^ cos \p f , 

— dO = m — dip - n — — dip. (17) 

COS CO COS CO COS <0 

Again, from the triangle FPQ, we have 

r cos to = PQ + FQ cos <p = (n + l cos <p)a ; 

- - - 008 — = - = y P + n‘ + 2ln cos p. 


COS (0 
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In the same manner it can be shown that 


m 


- = - = */l 2 + m 2 + zlm cos p. 


COS (t) 


Hence we have 


fQcM 

me 

JCOS (X) 

m 3 - l 2 


nc 


m* - V 


yp + m 2 + zlm cos pdp. (18) 


Each of these latter integrals is represented by the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 9 , (j>, m&p 
are connected by the relations given in (16). 

Again, it can be shown without difficulty that the axes of 
the ellipses are the lines ( AB , CL), (AC, BL), and (. AL , BC), 
respectively : a result also given by Signor Oe nocchi. Fir st, 
with respect to the ellipse whose element is y CP + €l n - CdO, 
it is plain that its axes are the greatest and leas t values of 
2 y&r + Ql 2 - C, or of 2\/ a 1 + V + zah cos 0 - C ; but these 
are 2 yja + b ) 2 - C and 2 y(a - b ) 2 - C, which are plainly 
the same as the greatest and least values of JPI\ ; and, con- 
sequently, are AB and CL. 

Again, from the equation mr -1- lr f = nc, we get 

mFJB + l(FJB + e)= nc ; FJB = 

v t * m 

In like manner, 

FO-klM. 

1+ m 


Again, since we get the points on the outer oval by 
changing the sign of l, we have 


FA = 


(n + l)c 
m - l 9 


FL = 


(n - l)c * 
m-l 9 
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and, consequently, 

AD 


2nc 


AC = 


m-V 

2mc (n + 1 ) 
m 2 - P 9 


JSC- 


2 nc 
l + m 9 


BJ) 2 me(n- l) m 
m 2 ~ l 2 9 


but these are readily seen to be the values for the axes of the 

ellipses in ( 1 8). . _ , . . 

It should be noted that if we substitute m (15) the values 
for a and b, the expression for the element ds becomes of the 
following symmetrical form : 


ds= ■ 


me 


1 2 +n 2 + 2 In cos (j> d<j> - V 1 * + « ^ + 2 1 lm cos i cI] P 


+ — — — * m 2 + n 2 - 2mn cos 6 dQ. (19) 

m 2 - l 2 

We shall conclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Rectification of Corves ofBouWe Curvature. 
If the points in a curve be not situated in the same plane, the 
curve is said to be on© of double curvature. The expression, 
for its length is obtained in an analogous manner to that 
adopted for plane curves ; for, if we refer the curve to a 
system of rectangular axes in space, and denote the co-ordi- 
nates of two consecutive points by (x, y , *), (x+dx, y+dy, z + dz), 
we get for the element of length, ds, the value 

ds = a/ dx 2 + dy 2 + dz 2 . 

The ourve is commonly supposed to be determined, by the 
intersection of two cylindrical surfaces, whose equations are 
of the form 

f(x,y) =0, ${x, z) =0. 


From these equations, if ^ and ^ be determined, the formula 
of rectification is 



(20) 
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When s is taken as the independent variable, this formula 


becomes 



the limits being in each case determined by the conditions of 

the question. „ it ... ,, 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. From its mode ot generation 
it is easily seen that the helix is represented by two equations 
of the form 

x = a oosfj), y = asin(jJ. 


Hence 


dx 

dz 

ds 



dy a 
Tz " b 008 


or s 






dy 


the arc being measured from the point in which the helix 

meets the plane of xy. . 11 

This result can also be readily established geometrically. 


Examples. 

i. Find the length of the curve whose equations are 


x l 
' 2a 1 


'6a?' 


= # + *; 


h» •-J('+S*£)M( , *S)'— + 

the arc being measured from the origin. , « * 

This is a case of a system of curves whioh are readily rectified , for, m ge 

neral, whenever 

\dx) ‘ 


we have 


( 


dx 1 


i+'£3 + ^) 4 =(*+S). 


dy 2 dz 2 y 


ds = dx + dz, or s = x + e + const. 


and therefore 
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Tims, if y —f(x) be one of the equations of a curve, we get — = fix), and 

dx v n 


hence, if a second equation be determined from the equation 

rwj*. 




the length of the curve is represented by x + z + const. ; the value of the con- 
stant being determined by the conditions of the problem. 

For instance, if y — a sin x } we get f{x) - a cos x , and 

dz a 2 a % . 

— - = _ cos^; z — — [x + cos# sin a). 

Hence the length of the curve of intersection of the cylindrical surfaces 

a 2 

y = a sin x, z = — (x + cos x sins) 

4 

is z + a; ; the length being measured from the origin. 

2 . y 2 \/ ax — x, z ~ x - ^ Ans. s - x + y - z. 

j<g2 tyZ q 5L p * 

3. — - = r , x = - (e a + e «), the length being measured from the point 


of intersection of the curve with the plane of xy. 


Ans. s = 


(a 2 +■ Z> 2 )* 

a 


(x 2 - a 2 ) i. 
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Examples. 

1. Find the length, of any arc of the catenary 

a / * _£\ 

y — - ( e<t + e a J , 

and show that the area between the curve, the axis of x y and the ordinates at 
two points on the curve, is equal to a times the length of the arc terminated by 
those points. 

2. In any curve prove that s = [ ■ - p - . and hence find the length of a 

V r 2 - p 2 

parabolic arc. 

3. Show that the integral f — == — may be represented by an arc of 

J y bx 2 — oft — & 

a circle, and find the limiting values of x for its possibility. 


f \d l - e z x 2 

T )<-^W dx < 


4. Show that the length of an elliptic arc is represented by | 

where a is the semiaxis major, and 0 the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of its eccentricity. 


6. Prove that the integral of 


x 2 dx 




can be represented by an arc of the ellipse whoso semiaxes are a and 0 . 

7 . Show that the rectification of the sinusoid y = b sin x is the same as that 
of an ellipse. 

8. Prove that the whole length of the first negative pedal of an ollipse, taken 
with respect to a focus, is equal to the circumference of the circle described on 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r = a sin nQ is equal to that 
of an arc of the ellipse whose semiaxes are a and na. 

10. If, from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking r — y and rd$ = dx } then the 
lengths of the corresponding arcs of the two curves are equal, and the area J y dx 
of the former curve is equal to the corresponding sectorial area of the latter. 

11. Prove that the difference between the lengths of the two loops of the 
limaqon r = a cos 0 + b is equal to : a being greater than b. 

12. Being given three points A, JB, 0 on the circumference of an ellipse, 
show that we can always find, at either side of C 7 a fourth point D such that the 
difference between AJB and QJD shall be equal to a right line. 
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13. If a circle "be described touching two tangents to an ellipse^ and also 
touching the ellipse, prove that the point of contact with the ellipse divides the 
elliptic arc between the points of contact of the tangents into two parts, whose 
difference is equal to the difference of the lengths of the tangents (Chasles, 
Comptes JRendus 9 1S43). 

14. Prove that the entire length of any closed curve is represented by 
taken round the entire curve ; p being the radius of curvature at any 

point, and p the length of the perpendicular from any fixed point on the tangent. 

ax 4. x . ds +■ 1 _ 

- be the equation of a curve, prove that ~ = ~ 2 y — 7, and 


15. liev 
hence rectify the curve. 

16. Calculate approximately, by the tables of Art. 125, the whole length of 

t t 4 n 
a loop of the curve r = a cos - 9. 

Here, by Ex. 3, Art. 156, the required length is 


5 

4 




13 9 

Hence, taking logarithms, and observing that — = 1.625, and -= 1.125, we 

get as the required approximation a x 3. 2 948 8. The figure of this curve is 
exhibited in Art. 268, JDiff. Calc. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercepted by any two transversals from the exter- 
nal focus, is equal to a straight line which may be found. [The above curve 
is the inverse of an ellipse from a focus.] — Professor Crofton, JEduc. Times , 

Prompt 1 3) Art. 166, it follows, making n = m, that the equation of the 
limaqon, in this case, is 


r 3 + 2 ro 


P cos 9 - m 3 

P - 


4 c 2 = o, 


whioh is of the f orm 

r 2 + 2 r (a cos 9—1 3) + (a - /3) 3 == o. 

Hence, by (15), the difference between two corresponding elementary axes is 


4<\/ a/3 cos - d9. 


Consequently, if 0i and 02 be the values of 9 for the two transversals in 
question, we get the difference of the corresponding arcs 



t Also, it can be readily seen that the distance between the vertices of the 
limaqon is &c. 
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1 8. Show that the length of an arc of the ellipse ^ -f |L - x is repres 
by the integral 

OI ,f d& 

arb 2 — ~ 

{a 2 cos 2 # *f i* sin 2 #)^ 

This result is easily seen, for we have ds = p d$, and p = ~ 2 * • 

jp 3 ’ 

19. Show, in like manner, that the length of a hyperbolic arc is repres* 


J (# 2 cos 2 0 — b 2 sin 2 #)^ 

20. Hence prove that the integral 

I dx 
(a - b$ 2 )% {cd — b'x 2 )^ 

is represented by an elliptic arc when ah' > bed, and by a hyperbolic arc t 
ah' < bed . 

21. Prove that the differential of the arc of the curve found by cuttin 
the ratio n : 1 the normals to the cycloid J 

y — a + b cos u, x = au + b sin u, 


is (a + nb ) 2 + 4 nab sin 2 - du. 

22. Each element of the periphery of an ellipse is divided by the diarr 

parallel to it : find the sum of all the elementary quotients extended to the ei 
elE P 36 - Am. 

23. In the figure of Art. 158, if a = L AON', and $ = 1 BON, prove 

tan a tan $ 


24. Find the length, measured from the origin, of the curve 


v 

x 2 = a 2 ( 1 - c a ). 

Ans. s = a log — , 

25. Find the length, measured from <£ = o, of the curve which is reprose 
by the equations 

x - {la- b) sin <p - (a - b) si n 3 4>, 
y ~ {lb — a) cos <p- (b — a) <m 2 <p. 

Am 8 ^l(a-\~b)<p + %(a~b) sin <j> cos < 

26. Prove that the sides of a polygon of maximum perimeter inscribed - 
come axe tangents to a confocal conic. —Chasles, Comptes Jtendus, 1845* 

27. To two arcs of an equilateral hyperbola, whoso difference is rectifia 
correspond equal arcs of the lemniscate which is the pedal of the hypert 

T/nd " * 
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28. The tangents at the extremities of two arcs of a conic, whose difference 
is rectifiable, form a quadrilateral, whose sides are tangents to the same circle. — 
Ibid . 

29. In an equilateral hyperbola prove that 

rds = %a 2 d( tan 20), 


and hence show that jrds taken between any two points on the curve is equal to 
the rectangle tinder the chord joining the points and the line connecting the 
middle point of the chord with the centre of the hyperbola. Mr. W. S. M‘Cay. 

30. If 

Z 4 Z — 


x = a 


l-f 


y - a 


I + 


be any point on a curve, show that the arc is the integral of 


a 


_ dz 

v/l V I + s 4 ' 


(M. Serret 


■What curve do the equations represent ? 

31. Through any point in a plane two conics of a confocal system can be 
drawn. If the distance between the foci be 2 c, and the transverse semi-axes of 
these conics be /x, v, prove the following expression for any arc of a curve 


ds 2 = (/r 2 — v 2 ) 


du? 


c 2 — v 2 ; 


32. Prove that the following relation is satisfied by the fx and v of any point 
on a tangent to the ellipse for which fi has the value fx \ : 

dfx dv 

V (/“ 2 - ° 2 ) o * 2 - /*i 2 ) - v * ) ivi 2, - v 2 ) 


33. The arc of the envelope of the right line x sin a — y cos a =/(a) is the 

integral of (/(a) + /" (a)) da. (Hermite, Cours d' Analyst.) 

34. The arc of the curve in which y 2 +■ c&x 1 - 2 ax - 0 and z* - b 2 x 2 + ibx — o 
intersect, if a 2 = 1 + 5 2 , is 


\/ 2 {a — b) dx 
x (2 — ax) (2 - bx) 


{Ibid). 


35. Show that the arc of the curve — + ~-~ 

(pn fitn 


the form 


depends 011 an integral of 


J dz\/ a 2 (1 + z) k -t- i 8 ( I — z) k , where h = — - 2. 

36. Show that rectification may, in general, be reduced to quadratures* as 
follows : — 

Produce each ordinate of the curve to be rectified until the whole length is in 
a constant ratio to the corresponding normal divided by the old ordinate, then 
the locus of the extremity of the ordinate so produced is a curve whose area is in 
a constant ratio to the length of the given curve. 

By this theorem Yan Huraet rectified the semi-cubical parabola nearly simul- 
taneously with Ym. Neil. 
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CHAPTER IX. 


VOLUMES AND SURFACES OF SOLIDS. 


1 68. Solids. — The Prism and Cylinder. — The most 
simple solid is the cube, which is accordingly the measure of 
all solids, as the square is that of all areas. Hence tho 
finding the volume of a solid is called its cubature . Before 
proceeding to the application of the Integral Calculus to 
finding the volumes and surfaces of solids we propose to show 
how, in certain cases, such volumes and surfaces can he found 
from geometrical considerations. In the first place, tho 
volume of a rectangular parallelepiped is measured hy tho 
continued product of the three adjacent edges; and that of 
any parallelepiped hy the area of a face multiplied by its 
distance from the opposite face. 

Again, the volume of a right prism is measured hy the 
product of its altitude into the area of its 


base. Eor example, the volume of the right 
prism represented in the figure is mea- 
sured by the area of the polygon A JB CDE , — r|i^ 

multiplied hy the altitude AA\ Again, 
since each lateral face, AB S' A' for ex- 
ample, is a rectangle, it follows that the 
sum of the areas of all the faces (exclusive 
of the two bases), i.e. the area of the sur- 
face of the prism, is equal to the rectangle a 

under the altitude and the perimeter of jT 

the polygon which forms its base. p. 6 

This and the preceding result still hold lg ‘ 3 ’ 

in the limit, when the base, instead of a polygon, is a closed 
curve of any form, in which case the surface generated is 
called a cylinder . Hence, if V denote the volume of the por- 
tion of a cylinder bounded by two planes drawn perpendi- 
cular to its edges, h its height, and A the area of its base, we 
get V = Ah. 
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Again, if 2 denote the superficial area of a cylinder, 
bounded as before, and 8 the length of the curve which forms 
its base, we have 2 = Sh. 

169 . The pyramid and Cone. — If the angular points 
of a polygon be joined to any external point, the solid so 
formed is called a pyramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the .sections 
made by any plane parallel to the base are equal in every 
respect ; and, consequently, if we suppose the pyramids 
divided into an indefinite number of slices by planes parallel 
to the base, the volumes of the corresponding slices will be 
the same for all the pyramids ; and henee the entire volumes 
are equal. 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 
cube, and whose vertex is at the centre of the cube, is 
the one-sixth part of the cube ; for the entire cube can be 
divided into six equal pyramids, one for each face. Hence, 
denoting the side of a cube by a, the volume of the pyramid 
• a 3 

in question is represented by — ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been established above it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height * 


* This demonstration is taken from Clamant’ s J Ellmenx de Qdometrie. The 
student is supposed familiar with the more ancient proof, from the property that 
a triangular prism can to divided into three pyramids of equal volume. 
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If the base of the pyramid he any closed onrve, the solid 
so formed is called a cone ; and we infer that the volume of a 
cone is equal to one-third of the product of the area of its base 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case each face of the pyramid is an isosceles triangle, 
whose area is the rectangle under the side of the polygon 
and half the perpendicular of the triangle. Hence the 
surface of the pyramid is equal to the rectangle under the 
semi-perimeter of the regular polygon and the perpendicular 
common to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumferenoe of its 
circular base and the length of an edge of the con©. 

Hence, if a be the semi-angle of the cono, l the length of 
an edge, and r the radius of its base, wo have r = ^sin «, and 
the surface of the cone is represented by ttP sin a. 

If aright cone be divided by two planes ABO, DEF \ 
perpendicular to its axis, as in figure, the 
part intercepted by the planes is called a 
truncated cone. 

The surface of a truncated cone is 
easily expressed; for if OA OD = l\ 
the required surface is 7 r sin a (l 2 - P h 
or 7r (l - V) (l + V) sina. 

Now,. if the circular section XJfiVhe 
drawn bisecting the distance between 
ABO and DEF \ the circumference of the , 
circle LJKIT is ir (l 4- 1') sin a. Hence the 
surface of the truncated cone is equal to 
the rectangle under the edge AD and the 
circumference of LI WAT its mean section. 

l f?\ fwrfece and Volume of a Sphere.— To find the 
SS 01 - 81 ar6a -°- a , spher ® 5 suppose a regular polygon in- 

£1? a /p emi f\ ’ aU t ht -P ^ ure evolve aid the 
diameter AB ; then each side of the polygon. PQ for 
example, -will describe a truncated cone. 



■t’iff- 37- 
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Now, from the centre C draw CD perpendicular 
and construct, as in figure ; then, by the preceding 
the surface generated by A Q is “ ' 

equal to 2 it PQ . DI. Ji ^ 

Again, by similar triangles, PAhP 
we have DC: DI=PQ: MN; A~\ 

PQ . DI = DC . MN. / K 

Accordingly, since the per- fl \ 
pendicular CD is of same length f , \ 

for each side of the polygon, the 4 min c 
surface generated by the entire Fig. 3 s. 

polygon in a complete revo- 


to PQ, 
Article, 


lution is equal to 2-tr CD . AB = 4^ A 2 cos ^ ; where n repre- 
sents the number of sides of the polygon, and A the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
by the polygon becomes a sphere ; and we get 477- A 2 for the 
entire surface of the sphere. Hence, the surface of a sphere 
is equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 2n CD . AN. 

Hence, in the limit, the surface generated in a complete 
revolution by the arc AQ is equal to 2 ir . AC . AN Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
AQ 2 = AD . AN, it follows that the area of the spherical cap 
generated by the aro AQ is equal to the area of the circle 
whose radius is the chord A Q. 

The volume of a sphere is readily found from its surface ; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface. But the 
volume of eaoh pyramid is represented by the product of one- 
, , third of its height (i. e. the radius) by its base. Hence the 

| entire volume of the sphere is one-third of its radius multi- 

plied by its surface, i. e. — A 3 . 
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Examples. 

cute to the^ a rrf\^ cylinder be cut by planes peipendi- 

suifaces are equal ia^area. yllnder ’ pr0Te ttat the intercepted portions of the 

m the woMrto^o^c ° f i is to , that of its circumscribing cylinder 

tion mcnHc ° ^ a an< ^ their suifaces also are in the same propor- 
tion. ihcfae results were discovered by Archimedes. i P 

1 7 1 - Surfaces of Revolution.— In the preceding we 

ivlu r fl egard q ed a r s P h ® re as generated by the revolution^ a 
circle around a diameter. In general, if any plane be sup- 

LThi t°l ^nT Und u a fixedline sit nated in ft, every poift 
m the plane will describe a circle, and any curve lying in the 

plane will generate a surface. * h 

a surfaee is called a surface of revolution; and the 
theS'fStw *10 revolution takes place, is called 

m fl ,u w Obvi0US r that } he secti °n of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 

If we suppose any solid of revolution to be cut by a series 
ot planes perpendicular to its axis, the volume of the solid 
as^thtTlirn > ^ ?T een any two such sections may he regarded 
drical pkt es ^ “ mdefillite number of thin cylin- 

ro „,^ 0w ’ ii WG su PPose the generating curve to be referred to 
®!l f+i lar ax ® 8 ’ tlle axis of revolution being that of x, the 

to If JJS + T 0le f T at i d } J a P0int (*» V) i® Piaiuly equal 
to «/ , and the cylindrical plate standing on it, whose thick- 
nesses dx, is represented by ^fclx. 

is Jr^t me + nt ° f ? lume of tlie surf ace of revolution 
„ d th ® entl f e volume comprised between two sec- 
tions, corresponding to the absciss® a and 6, is obviouslv 
represented by the definite integral P 7 


Trj^fdx, 

eqimtion of th^generatfug curve! ° f ' “ * ^ g0t fr0m 
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In like manner, the volume of the surface generated by 
the revolution of a curve around the axis of y is represented 
by 7r J x 2 dy, taken between suitable limit s. 

Again, we may regard the surface generated by any 
element ds of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 170; and hence the 
surface generated by ds in a complete revolution round the 
axis of x is represented by 27 ryds; and accordingly the entire 
surface generated is represented by 


2 7T 



taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

172. The Sphere. — Let x 2 4- y 2 = a 2 be the equation of 
the generating circle ; then, substituting a 2 - x 2 for y 2 s we get 
for the volume 


Y = 7T 


[a 2 - x 2 ) dx - 


7 r 



+ const. 


If we take o and a as limits, we get — — ■ for the volume of 

3 

the hemisphere ; the entire volume of the sphere is 
as in Art. 170. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter out off by the boun ding plane, 
and we get for the corresponding volume 


(a 2 - a? 2 ) dx = nil 2 (a - 
! \ 3 / 

Again, to find the superficial area, we have 


ds= (* + df 2 ) * J = ( 1 + yds = adx. 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the absciss*© x x and x 0 is 


ccdx = 27 ra (x x — x 0 ) ; 


27T 
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that is the product of the circumference of a great circle by 
the breadth of the zone. This agrees with Art. 170. 

173. mi gist Cone.— If a denote, as before, the angle 
which the right line which generates a cone makes with its 
axis of revolution, we get y => x tan a, taking the vertex of the 
cone as origin, and the axis of revolution as that of x ; accord- 
ingly, the element of volume is tt tan 2 a x 2 dx. 

Hence, if h denote the height of the cone, we get its 
volume equal to 

7 r tan 2 a [ x 2 dx = — tan 2 a ; 

Jo 3 

i.e. - x area of its base, as in Art. 169. 

3 

Again, to find its surface, we have ds = sec adx ; 


2 n / yds = 27 r tan a sec a 


xdx = 7 r ^ 2 tana sec a ; 


which agrees with the result already obtained. 


Examples. 

I. The base of a cylinder is a circle whose area is equal to the surface of a 
sphere of radius 5 ft. ; being given that the volume of the cy lin der is equal to 
the sum of the volumes of two spheres of radii 9 ft. and 16 ft., find the height 
of the cylmder. Am _ <; 4 | 

2 -.\ s . 0 ^ sec *°J * 8 ou ^ ou * a sphere of 10 ft. radius, by a cone the angle 
oi which is 120 0 j find the radius of the sphere whose solid contonts are equal to 
those of the sector. j^ nSm J 

, 3* T wo cones have a common base, the radius of which is 12 ft. : the alti- 

tude of one is 9 ft. ; and that of the other is 5 ft. ; find the radius of a sphere 
whose entire surface is equal to the sum of the areas of the cones. 

Ans. 2y^2i”ft. 

. I 74 - Paraboloid of Mevolution. — Writing the equa- 
tion of a parabola in the form y 2 = 2mx, we get for the 
volume of the solid generated by its revolution round the 
axis of x 


znm J xdx = nmx 2 + const. = ~ v*x + const. 

2 a 
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Hence, the volume of the surface generated by the revo- 
ution oi the part of a parabola between its vertex and the 

point (x h y,) is represented by j y^x lf i.e. is equal to half the 

volume of the circumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 


yds - y(i +~j dy - i (f + ndfydy. 


Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

Sf; W + = ~ j (yr + my - mj . 


of Revolution. — If -we suppose an 
ellipse to revolve round its axis major, the surface generated 
by tiie revolving curve is called & prolate spheroid. If it re- 
volve round the axis minor the surface is called an oblate 
spheroid. 

. T ^ e volume of a spheroid is easily obtained ; for, taking 
^ + 52 = 1 as the equation of the curve, we get, on substitut- 

“ g J2 ( I- ?) for 


b 2 


(a* x 2 ) dx - — x (a? - — ) + const. 

a \ 3 , 


Hence the entire volume is A —ab\ In like manner, the vo- 

o 

lume of an oblate spheroid is obviously -—-bed. 

176. Surface of Spheroid.— In the case of a prolate 
spheroid we have pioiaie 
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Hence, if ON = x h CM = x 0 , we get for S, the zone gene- 
rated m a complete revo- ® 

lution by the arc PQ, 




be 




dx. 



Now, if we take CD = - 

and construct an ellipse 
whose somiaxes are CD 
and CD, it is easily seen 
(Art. 129) that the elementary area between two consecutive 

ordinates of this ellipse is dx. Hence it follows 

that the area of the zone generatod by the arc JPQ is tt times 
the area of the portion I\(fQ,P., of this ellipse. 

_ Again, if AE X be the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is 43- 
x the area ECAPi ; but this is seen, without difficulty, to bs 

<ib . , 

2 -rO- -| 27T — sm' 1 6. (ij 

In liko mannor, we got for the surface £ generated by the 
revolution of an ellipse round its minor axis 


S- 


X d.i =27 r 


2 „ 

« + t 


dy 


are 

"P 


P \i 


tf H — ~ 2 
a 2 e 2 


dy. 


If this bo integrated, as in Art. 15 1, we get, after some 
obvious reductions, 

o a V t 2 2 2 Jim V . aey + U % 2 e*y 2 + 

S^Tr-p (a 2 e 2 tf 1- b *)* + tt- log 

If this be taken between the limits o and 6, and doubled, we 
get fo^ the entire surface of the ellipsoid 

b 2 


1 + e 
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It is readily seen, as in the former case, that the surface 
oi any zone of this ellipsoid is tt times the area of a corre- 
sponding portion of the hyperbola 


cc 2 a 2 e 2 y 2 
a 2 W = 1 

bounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 


Examples. 

round its^se 16 V0 ^ Ume sur ^ ace generated by the revolution of 

Here, referring the cycloid to DA and 
DB as co-ordinate axes, we hiave (see Diff. 

Calc., Art. 272) 

% = 4 sin<£), y = «(i 4 costf>), 

__ where z BCD - <b. 

Hence 

dV~iry 2 d%~Trcfl(i + cos <p) 3 d(j>; 

* '* for the entire volume V 9 we get 

V= 2va z (1 + cos <p) 3 d<p = i6irra 3 | cos 3 -d<j> 


a cycloid 



= 3 2 tt « 3 J 2 cos 6 6 dd, making - = fl. 
Hence y ~ 57^ er 3 . 

2. Find the whole surface generated in the same case. 


Here 


8 = 2 ir | y ds = 47 r« 2 j* (1 4 cos < fi ) cos ~ d<p ; 


hence the entire surface is 
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3. Find the volume and the surface of the solid generated by the revolution 
of the tractnx round its axis. 

(1). Here we have 

y*dx = - ( a 2 - y*)\ydy ; 

hence the volume generated hy 
the portion AP is 


7r[ (at-y^ydy^I (a 

dy 3 

The volume generated hy the 

entire tractrix is — a 3 ; i. e half 
3 

the volume of the sphere whose 
radius is OA. 

(2). The surface generated hy AP is 
2 t | yds as 2nra j d\ 



v 


— " 



" — _ 6 

ST 






Fig. 41. 


(see Ex 2, Art. 134) 


= 2-7 ra{a - y). 


Hence the entire surface generated is 271 -a 2 ; i. e. half the surface of the sphere 
of radius OA. 


4. Find the volume, and also the surface, generated by the revolution of the 
catenary around the axis of x. 



(z). Again, since 
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Consequently the surface generated by PV in a complete revolution is ~ 
x the volume generated ; he. — ir (y$ + ax). J 

5. In the same curve to find the surface generated by its revolution round 
the axis OV. 

Here 


Again 


S — 2 ir j xds = 7r j xe°> dx + t j 

f a * 5 f* ® * a> 

= axe a — a J c a dx — a (.?£« — 


Also the value of 


( * 

.r tf*" a 

0 




is obtained by changing the sign of a in the last result. 
Hence 

f* -2 _£ 

#0 a dx = a 2 — axe « - <? 2 <? *"«: 
j 0 


$ = 7 T ] 2« 2 -f I 


■I- e 


: )i 


_2\ / £ 

*r a® — e a J - a* ( e a 

— 27 r(a i ■+ xs — ay). 

177. Annular Solids.— If a y 

closed curve, which is symmetrical 
with respect to a right line, he made 
to revolve round a parallel line, then 
the superficial area generated in a 
complete revolution is equal to the 
product of the length of the moving 
curve into the oiroumference of the 
circle whose radius is the distance 
between the parallel lines. 

This is easily proved: for let 
APJBP' heany curve, symmetrical with respeot to AB. and 
® u PP ose OX to he the axis of revolution; and draw PJf QM 
two lndefinitel.y near lines perpendicular to the axis. It is evi- 
dent that PQ = P Q . Again, let PJV= y, P'iV = f,PQ**P'Q' 

7 7 sum e ^^entary zones described 

oy rial and P Q m a complete revolution is represented by 

21 r(y + f)ds=* 4nbds. 



A 

A 


y s 

I 


' % 




43. 
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Conseqiientty the surface generated by the entire curve is 
2 irbS, where S denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid ge- 
nera^ed : viz., the volume generated is equal to the produot 
of the area of the revolving curve into the oircumferenoe of 
the same circle as before. 

For the volume of this solid is plainly represented by 

j (y 2 - y' 2 ) dx, 

or by tt| ( ; V-y')(y+tf)dx = J (y-y')dx. 

But the area of the curve is represented by 

J (y - y') dx : 

consequently, denoting this area by A, and the volume by V, 
we have J 9 

V - 27 rb x A . 


In these results the axis of revolution is supposed not 
to intersect the. curve ; if it does, the expression 27 xb x A 
represents the difference between the volumes of the surfaces 
^e Portions of the curve lying at opposite sides 
ot the axis of revolution ; as is readily seen. A similar alt©* 
ration must be made in the former theorem in this oase. 

If a circle revolve round any external axis situated in its 
plane, the surface generated is called a spherical ring. Prom 
the preceding it follows that the entire surfaoe of such a ring 
is 47 r 2 ab ; where a is the radius of the oircle, and b the 
tanoe of its centre from the axis of revolution. 

In like manner the volume of the ring is 27 rW£. 

It would be easy to add other applications of these 
theorems. 

x 78. Ghuldin’s* Theorems. — The results established ill 
the preceding Artiole are but particular cases of two general 

* GhiMin, Cmtrobaryim, seu de centra yravitatis trium spccierum quantitatw 
continue. 1035. G uldin arrived at his principle by induction from a small num- 
ber 01 elementary cases, but his attempt at a general demonstration was an 
eminent failure. See Montucla Hist, des Math. } tom. ii. p. 34. Montuola has 
mown, torn, in p. 92, that Guldm’s theorems can be established from ge ome * 
tncal considerations, without recourse to the Calculus. ' 
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propositions, usually called Gruldin’s Theorems, but originally 
enunciated by Pappus (see Walton’s Mechanical Problems, 
p. 42, third Edition) . They may be stated as follows 

(*)• . a plane curve revolve round any external axis, 
situated m its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve by the 
length of the path described, during the revolution , by the centre 
of gravity of that perimeter. 

(2). Under the same circumstances, the volume of the solid 
generated is equal to the product of the area of the generating 
curve into the path described by the centre of gravity of the re- 
volving area. 

To prove the former, let s denote the whole length of the 
x ’ ^ , co ' or dinates of one of its points, x, y, those 
ot the centre of gravity of the curve; then, from the defi- 
mtxon of these latter, we have 


2 iry s = 27t f yds, 

i. e. the surface generated by revolution round the axis of x is 
equal to^the product of S , the length of the generating curve, 
into 2 iry, the path described by the centre of gravity. 

To prove the second proposition ; let A denote the area 
of the generating curve, aud dA the element of area corre- 
sponding to any point «, y. Also let x, y he the co-ordinates 
of the centre of gravity of the area, ihen 

^ yd A fh/dxdy . , 

y = — j— = — — — (substituting dxdy iovdA ) ; 

2iryA = 2ir\\ydxdy = trfifdx; 

where the integral is supposed taken for every point round the 
perimeter of the curve: hut, from Art. 171, the integral at 
the right-hand side represents the volume of the solid gene- 
rated ; hence the proposition iu question follows. 

For example, the volume of the ring generated hy the 
revolution of an ellipse around any exterior line situated in 
its plane is at once 27 r 2 abe, where a and b are the semiaxes 



"jwno XJJ K3VMClb\ 


of revolutEm! ^ ^ ditoe of its centre the axis 

It may be noted that these results still hold if we suppose 

SrndX’ “ - te i d ° f ? aking a com P lete revolution, to^urn 

m^ur^ofTbfi i k T g V n I ! ngle ' For > let e be the circular 
measure of the angle of rotation, and in the former case we 


6'i/s = 6 / yds. 

But fhy is the length of the path described bv the cent™ 

“Vo/*" 4 ’ “ of tte rarf “ e-taS; 

ho la* hke manner the second Proposition can be shown to 

, '^ gai ?’ ®? 1<iin ’ s theorems are still true if we suppose the 
rotation to take place around a number of differences in 
succession ; m which case the centre of aS kS 5 
describing a single circle, would describe f number of ares of 

thesum ° f reV ° l 0n se P aratel 7> and therefore holds fo? 

«d^ g ZL°S g ‘ Wem kold * for tlle TOl ™» «« 

119 . Expression for Volume of any Solid r TU la 



of a number of infinitely thin cylindrical plates. Thus, if we 
suppose a system of rectangular co-ordinate axes taken, and 
the outting planes drawn parallel to that of xy ; then, if A s 
represent the area of the section made by a plane drawn at 
the distance z from the origin, the entire volume is denoted 
by 

J Aids, 

taken between proper limits. 

The area A % is to be determined in each case as a function 
of z from the conditions of the bounding surface. 

For example, to find the volume of the portion of a cone 
cut off by any plane ; we take the origin at the vortex, and 
the axis of z perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

A z : B = z 2 : h z , or A z = — ; 

h 2 

* i 

z z dz = - B x h; as in Art. 169. 

0 3 



If the cutting planes be parallel to that of yz, the volume 
is denoted by jA x dx; where A x denotes the area of the sec- 
tion at the distance x from the origin. 

180. Volume of Elliptic Paraboloid.— Let it be 

proposed to find tho volume of the portion of the elliptio 
paraboloid 


cut off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

x 2 y 2 . , — 

- + -.== 22, by Art. 128, is zirz^/pq. 

Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 


V = 2 ir*/ pq I zdz = wc 2 */pq. 
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This result admits of being exhibited in another form ; for if 
flane, weWe pti ° S6Cti ° n made ^ the bo ™<%r 

B = 27 rc^jpq, 

TOl2n F= 1 CirCUmSCriMn ° ^“r, as iQ Paraboloid of re- 
ellipsoid The EUipsoid — Nest = to find the volume of the 


a? 


y 


~,+^ + 


¥ C* ~ • 

is tKlhpse 0n ° f the SUrfaC6 at the distance z from the ori g ia 


« 2 b 2 e* 


the area of this ellipse is 




Hence, denoting the entire volume by V, we have 


1 ~ ~j jflfe = — 7 rabe. 


V = 27 rab 


ssss: r 

Iu this case, if, as before, we take the cutting planes paraM 

Se nl° fl If “£ lf “ t6 the an ^ le the of, makes with 

plane of xy , the expression for the volume beoomes 

sin to / A,dz, 

rrs sr ^ «>• — •* 

e iu P »a e rS e ty L™ T0l ™ e of ““ p<,iaon of “ 
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Suppose DED'E' to represent the section made by the 
plane, and ABA'B' the parallel central section. Take OA , 
OB, the axes of this section as axes of 
x and y respectively ; and the conju- 
gate diameter OC as axis of z. 

Then the equation of the surface 
is 

x? y 1 z 2 

Y 2 + 7 * = i; 

where OA = d, OB = V, OC=c'. 

It will now be convenient to transfer the origin to the 
point O', without altering the directions of the axes, when the 
equation of the surface becomes 

x 2 y 2 zz z 2 

+ ¥ = V ~ 1*‘ 



The area A z of the section, by Art. 128, is 


2Z *" 


( 3 ) 


hence, denoting C'N by h, the volume cut off by the plane 
BED' is represented by 


or 


7 rdV sin w dz, 

J 0 \ G 0 J 


. (h % W 

7 ra 0 smw 7 2 

V 


But, by a well-known theorem,* we have 
db'c' sin w = abc, 


where a, b , c, are the principal semiaxes of the surface. 

Hence the expression for the volume V in question be- 
comes 


V — irdbc 


h 2 



(4) 


* Salmon’s Geometry of Three Dimensions , Art. 96. 
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C'jsr 

° r , denoting by k, 


V - irabck 2 ^! - -\ 


( 5 ) 


2S~**T i tte T , olume eut off is constant for all 
se^ons for winch k has the same value. Again, since 

OC' = 1 ~ ^ the loous °f A" is a similar ellipsoid ; and we infer 

^th{ centlToAZ Cons j ant mlume f r °m an ellipsoid, the locus 
ellipsoid . ^ ^ Sectwn ls a sm ^ar and similarly situated 

for £;2! C far^t.loid.-The corresponding results 
W T- pt fi. parabol o id canl:)e deduced from the preceding 
the asul m ,aod of SM h demattalFT hf 

« s = pc, b 2 = qc, 

and afterwards making c infinite ; observing that in this case 
the ratio becomes unity. 

Making these substitutions in (4), it becomes 
F=7r ^ A * ( J - -y). or 7 th 2 yfq, since f = ^ 

-w&Sv£ 

Again, the area of an elliptic section by (3) i s 

■aa'b'f— - 0T J abc f2h h 2 

\ ft />' 2 P J 


c sm w\ 4 


some Proj^iSerof^^ “ referred to a memoir “ On 

1874, by Professor Allman ’ Q y Jourml °f Mattematm, June, 
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On making the same substitutions, this becomes for the 
paraboloid 


ZTTy/pg h 

sin oj 


Now, if we suppose a cylinder to stand on this section, 
the volume of the portion cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by h sin o> ; and, consequently, is 

27 r \Zjpq7i 2 , 

i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. 1 80. 


Examples. 

1. Prove that the volume of the segment out from a paraboloid by any plane 
is fths of that of the circumscribing cone standing on the section made by the 
plane as base. 

2. A cylinder intersects the plane of xy in an ellipse of semiaxes OA — a y 

OB as by and the plane of xz in an ellipse of semiaxes OA — a , 00 = c; the 
edges of the cylinder being parallel to BO; find the volume of the portion of the 
cylinder bounded by the three co-ordinate planes. A ns. £ abc. 

3. The axes of two equal right cylinders intersect at right angles ; find the 
volume common to both. Ans. a 3 , where a is the radius of either cylinder. 
This surface is called a Groin. 

184. Volume by Double Integration. — In the ap- 
plication of the preceding method of finding volumes the 
area represented by A xy instead of being immediately known, 
requires in general a previous integration ; so that the deter- 
mination of the volume of a surface involves two successive 
integrations, and consequently V is expressed by a double 
integral. 

Thus, as the area A x lies in a plane parallel to that of yz r 
its value, as in Art. 126, may generally be represented by 
J zdy 9 taken between proper limits. Hence V may be repre- 
sented by 

or, adopting the usual notation, by 

$\zdijdx, 

taken between limits determined by the data of the question. 
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The value of % is supposed given by a relation % -f(x, y ), 
by means of the equation of the bounding surface ; hence 

- \f(x, y) dy. 

In the determination of this integral we regard x as 
constant (since all the points in the area have the so.mo 
value of x), and integrate with respect to y between its proper 
limits. 

Thus, if y x and y 0 denote the limiting values of y, the 
definite integral 

y x 

v) <ty 

Vo 

becomes a function of x : this function, when integrated 
with respect to x between the proper limits, determines the 
volume in question. 

If x x and x 0 denote the limits of x , V may be represented 
by the double integral 

rvx 

f{x, y) dydx . 

Vo 

We shall exemplify this by a figure, in which wo suppose 
the volume bounded by the plane of xy , by a cylinder 
perpendicular to that plane, and 
also by any surface* Let 
RPR'Q represent the section of 
the cylinder by the plane of xy ; 
and suppose PMNQ to be the 
section of the volume by a plane 
parallel to yz at the distance x 
from the origin. Let PL = y l9 
QL = y 09 then the area PMNQ 
is represented by the integral 


Pig. 4 5. 

* The determination of a volume of any form is virtually contained in this. 
For, if we suppose the surface circumscribed by a cylinder perpendicular to the 
plane of xy, the required volume will become the difference between two 
minders, hounded by the upper and lower portions of the surface, respectively. 
See Bertrand, Calc. Int. § 447. * J 
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The values* of y 1 and y 0 in terms of x are obtained from 
the equation of the curve RPR Q. 

Again, suppose P'MN'Q to represent the parallel section 
at the infinitesimal distance dx from PMNQ , then the 
elementary volume between PMNQ and P'M'N'Q' is repre- 
sented by 

[y x 

dx z dy . 

JVo 

Now, if 12 Z 7 and RT f be tangents to the bounding curve, 
drawn perpendicular to the axis of x, and if OT' = x l9 OT=x Qy 
the entire volume is represented by 

r*i Mi 

zdy dx. 

J **o J Vo 

It should be observed that zdydx represents the volume 
of the parallelepiped whose height is *, and whose base is the 
infinitesimal rectangle having dx and dy as sides ; and conse- 
quently the volume may be regarded as the sum of all such 
parallelepipeds corresponding to every point within the area 
RPRQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to x } and afterwards 
with respect to y, or vice-versa ; i. e. whether we conceive the 
volume divided into slices parallel to the plane of xz y or to 
that of yz. 

We shall illustrate the preceding by an example.f 

Suppose RPRQ to be the circle 

{x - a) 2 + (y - b) 2 = R\ 

and the bounding surface the hyperbolic paraboloid 

xy = cz ; 

* In onr investigation we have assumed that the parallels intersect the 
curve in but two points each; the general case is omitted, as the solution in 
such cases can be rarely obtained, and also as the investigation is unsuited for 
an elementary treatise. 

t This and the next example are taken from Cauchy’s Applications Gdome- 
triques du Calcul Infinitesimal , p. 109. 
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then we have 

2/o = b - */R 2 - (x - a) 2 , y L = J + JR 2 - (x - a) 2 , 


and 


2,1 rJ 1 

zdy- — 


Vx 


xydy= (y, 2 - y 0 2 ) = — V / R i - (x- a)\ 
y 0 2C c 


Again, 


Xi^a + R, x 0 = a - R; 


F = 


•\/ A 2 - (a? - a ) 2 


Now let x - a = R sin 6, and we get 
2&iJ 2 | ? 


F = 


cos 2 0 (a + sin 0) e?0. 


But 


7T 

cos 2 6dd f cos 2 6 sin OdQ = o, 

2 J IT 


F = 


abR 2 


Again,, if for the cylindrical surface which has for its 
hase the circle we substitute a system of four planes x = x 0 , 
x = A, y = y 0 , y = F, we get 


F = 


’ x T xy 
x o Jy. c 


dydx 


= -(* 2 -*° 2 )(r 2 -yo 2 ) 

- (X - x 0 ) (F- y 0 ) ^ ° + *° F + X y° + * F 

4C 


= (A - (Bo) (F - y 0 ) 


Si + S 2 + 


4 



in "which. Zi, z s , s 3 , .z 4 , are the ordinates of the four comer 
points of the portion of the surface in question. 

Again, from the -well-known properties of the surface, in 
order to construct the hyperbolic paraboloid it is sufficient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordinates z 1} s 2 , z 3 , z 4 ; then a right line 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane parallel to the other pair, will generate 
the paraboloid in question. 

Hence we arrive at the following proposition : — 

Having traced a gauche quadrilateral on the four lateral 
faces o f a right prism standing on a rectangular base, if a 
right line move on two opposite sides of this quadrilateral 
and be parallel to the planes of the faces which contain the 
other two sides, then the volume cut from the prism by the 
surfaoe so generated is equal to the product of the area of 
the reotangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral. 

185. Double Integration. — From the preceding Article 
it is readily seen that the double integral 


/(*, y)dyctx 


can be represented geometrically by a volume ; and the deter- 
mination of the double integral, when the limits are given, is 
the same as the finding the volume of a solid with correspond- 
ing limits. 

For instance, the example in the preceding page is equi- 
valent to finding the value of the double integral 

^xydxdy 

taken for all values of x and y subject to the condition 
(x - ay + (y - b) 1 - A 2 < o ; 

and similarly in other cases. 

When the limits of x and y are constants, as in 


s /(»> y)dydx, 

[ 18 ] 
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the double integral represents the volume cut by the surface 

« -/(*, y) 

from the parallelepiped whose base is the rectangle formed 
by the lines 

x = a, x = a\ y = b, y = b\ 

It is plain that in this case the order of integration is in- 
different, as already seen in Art. 1 15. 

186. It is sometimes more convenient to refer the curve 
RPJR'Q to polar co-ordinates, in which case we conceive tlie 
area divided into infinitesimal rectangles of the type rdrdO . 

The corresponding parallelepiped is represented by 
zrdrdd , and the expression for V becomes 


V = 


'f 

zr dr dO , 

J + 


taken between proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 

3 = \/ a 2 - r 2 , 

and the equation becomes 


but 


V = 


*/ or - r 2 r dr dO ; 


'fa 2 - r 2 r dr = - -J- (a 2 - r 2 ) s . 


Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 

F=i JV -*■)*<», 

where we suppose each radius of the sphere to out tlie 
cylinder in hut one point. 

For example, let the base of the cylinder he the pedal of 
an ellipse whose major axis coincides with a diameter of the 
sphere; then 

r 2 = a 2 cos 2 0 + ¥ sin 2 9, 

V=}(a‘-¥) i f sin 3 0 c/6. 


and 
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7T 

If this be integrated between tbe limits o and - we get 
the £fch of the entire volume ; hence the entire volume 

- b*)*. 


Examples. 

1. A sphere is cut by a right cylinder, the radius of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the volume common to both surfaces. 

Arts. — —3 a being the radius of the sphere. 

3 9 

2. If the base of the cylinder be the complete curve represented by the 
equation r = a cos nd, where n is any integer, find the volume of the solid be- 
tween the surface of the sphere and the external surface of the cylinder. 

187. It is readily seen, as in Art. 1 41, that the volume in- 
cluded within the surface represented by the equation 


F 


'x y *\ 
f V c) 


= o 


is abc x the volume of the surface 

F(x, y , z) = o. 

For. let - = /, % m - = *' and we stall have 
a b e 

zdxdy = abez' dx'dy % 

and J ' \%dxdy - abc l\z r doi dy r ^ 

which proves the theorem. 

Hence, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

Again, if the point (0, y , z] move along a plane, the cor- 
responding point (#', y\ z) will describe another plane. From 
this property the expression for the volume of an ellipsoidal 
cap (Art. 182) can be immediately deduced from that of a 
spherical cap (Art. 170). 

[18 a] 
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In like manner the yolnme included between a cone en- 
veloping an ellipsoid and the surface of the ellipsoid is reducible to 
the corresponding volume for a sphere . 

188. Quadrature on the Sphere. — We next propose 
to give a brief discussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In the first place, 
since the area of a l un e is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lune of 
angle A is represented by 2R 2 A ; where R is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by R 2 (A + B + C - tt) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented by 

2 = R 2 {A + B + C + &o. - (n - 2 )w}; 

A , B , C , &c., being the angles of the polygon. 

This result admits of being expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
a\ b\ c\ &e., we have 

A ~ 7 r - a\ B - 7 r - b\ &o., 
and consequently 

S = I2 2 {27r- (a'+y + c' + &c.)}. 

Or, denoting the perimeter of the polar figure by S , 

2 + RS = 27 tR\ ( 6 ) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any closed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the . spherical area bounded by a lesser circle 
(Art. 170) admits of a simple expression. If p denote the 
circular radius of the circle, or the arc from its pole to its 
circumference, the area in question is represented by 

2 tt R 2 (i - cos p ) ; 
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for (see fig-. Art. 1 70) we have 

AN-AC- CN = jB(i - cos/*). 

This result also follows immediately as a simple case of 
equation (6). 

Again, the area hounded by the lesser circle and by two 
arcs drawn to its pole is plainly represented by 

P~ a (l - COS p), 

where a is the circular measure of the angle between the arcs. 

We can now find an expression for the area bounded by 
any closed curve on a sphere ; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OP drawn to a fixed 
point, and of the angle POX 
between this arc and a fixed arc 
through 0 . These are called the 
polar co-ordinates of the point, and 
are analogous to ordinary polar 
co-ordinates on a plane. 

Now, let OP = p, and POX - a) ; 
then any curve on the sphere maybe supposed to be expressed 
by a relation between p and oj. 

Again, suppose OQ to represent an infinitely near vector, 
and draw PE perpendicular to OP; then, neglecting in 
the limit the area PQP, the elementary area OPQ by the 
preceding is represented by 

i2 2 (i - cos p)du. 

Hence the area bounded by two vectors from 0 is 
expressed by the integral J2 2 j (1 -cosp)<&*>, taken between 
suitable limits. 

If the curve be closed, the entire superficial area becomes 




cos p) dw. 


The value of cos p in terms of is to be determined in 
each case by means of the equation of the bounding curve. 
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• r 2n * 

The integral R 2 cos p dto obviously represents the area 

included between the closed curve and the great circle whioh 
has 0 for its pole. 

The length of the curve can also be represented by a 
definite integral ; for, regarding PRQ as ultimately a right- 
angled triangle, we have in the limit, 

PQ 2 = PR 3 + RQ 2 : also PR = sin pdco. 

Hence ds 3 = dr 2 + sin 2 p du 2 , 

or ds = dco J sin 2 p + ^ ’ 

Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible to finding the 
area of its polar curve, and vice versd. 


Examples. 

* *• Fiadthe area of the portion of the surface of a sphere which is inter- 
c ptea by a right cylinder, one of whose edges passes through the centre of the 
8 Pkere, and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r = It sin a>, 
drcular base 18 ^ 3 s P^ ere > ^ °> being measured from the tangent to the 

* ■ homthe sphere we have r = It B m P ; .-./> = » is the equation of 
the curve of intersection of the sphere and the cylinder; hence the area in 
question is 


cos oo) doo — 2 M 2 


(*-)• 


being doubled gives the whole intercepted area = nr It 2 - 4.M 2 

Florentine enigma, proposed by Yincent Viviani as a 
challenge to the Mathematicians of his time, in the following form “ Inter 
venerabiha ohm Gtaacia monumenta extat adhuc, perpetuo quidem duraturum, 
lemplum augustissnnum ichnographia circular! Aim® Geometric dicatum, quod 
iestudme mtus perfecte hemisph®rica opentur : sed m hac fenestrarum qiatuor 
®quales are® (cncum ac supra basin hemisph®r® ipsius dispositarum) tali con- 
guratione, amphtudine, tantaque industria, ac ingerui acumine sunt exstruct®, 
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lit his detractis, superstes curva Tesludinis superficies, pretioso opere_ musivo 
omata, Tetragonismi vere geometricisit capax ” — Acta JEruditorum, Leipsic, 1692. 
[See Montucla, JHistoire des Mathdmatiques , tome ii , p. 94.] 

In general, if r =f(ec) he the equation of the base of a cylinder, it is easily 
seen that the equation of the curve of its intersection with the sphere may he 
written in the form JR sin p = /(«). 

For example, let the diameter of the right cylinder he less than half that 
of the sphere ; then writing the equation of the base in the form r = a sin co, 
where a is the diameter of the section, we get JR sin p = a sin co, or sin p = k sin ea 
(where k is < 1), as the equation of the curve of intersection of the sphere and 
the cylinder. 

Hence the intercepted area is denoted by 

it tr 

sin 2 ec) dec 5= 7 rJ 2 2 — 2JR 2 1 I — tc 2 sin 2 cocfco. 


Hence the area in question depends on the rectification of an ellipse. 

2. Find the area of the portion of the surface of the cylinder intercepted by 
the sphere, in the preceding. 

Here the area in question is easily seen to be represented by 2 J zeds, where 
ds denotes the element of the curve which forms the base, corresponding to the 
edge z, 

Now (1), when the diameter of the base is equal to the radius of the sphere, 
we have 

z — R cos co, and ds — JRdec ; 

7T 

area in question = 2 JR 2 l cos odea = 4.K 2 , i.e. the square of the diameter of 
J 0 

the sphere. 

2. When the diameter is less than the radius of the sphere, 


2 J zds - 2 aj \/ JR 2 - a 2 sin 2 codec = 2 aJR J 1 ~ /c 2 sin 2 co die , .*. &c. 

189. Quadrature of Surface®. — In seeking the area 
of a portion of any surface we regard it as the limit of a 
number of infinitely small elements, each of which is con- 
sidered as a portion of a plane which is ultimately a tangent 
plane to the surface. Now let dS denote such an element of 
the superficial area, and da its projection on a fixed plane 
which makes the angle 6 with the plane of the element ; then, 
from elementary geometry, we shall have 

da - cos OdS, or dS = sec 9 da. 


Hence 



sec 6 da, 


taken between suitable limits. 
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The applications of this formula usually involve double 
integration, and are generally very complicated ; there is, 
however, one mode by which the determination of the area of 
a P fi ti0n a s y rf ? ce can re duced to a single integration, 
and by whose aid its value can in some cases be found ; viz., 
by supposing the surface divided into zones by a system* of 
curves along each of which the angle 6 between the tangent 
plane and a fixed plane is constant; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles 6 and 0 + d0 ; and, if dA 
be the projection of this area on the fixed plane, we sha ll 
have dS = sec OdA. 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of xy ; and 
adopting the usual notation, if we take A, y, v as the direction 
tlle uormal at any point on the surface, we get 
for dS, the area of the zone between the curves corresponding 
to v and v + dv, the equation r 

dS = sec vdA, 

where ^ denotes the area of the projection on the plane of 
xy of the closed curve defined by the equation v = constant 
JNow whenever we can express the area A in terms of ./ 
and constants, then the area of a portion of the surface 

e eystem “ questi0 °'" red “ 2 

, A° St im P ortailt applications of this method are 
furnished by surfaces of the second degree, to which we 
proceed to apply it, commencing with the paraboloid 

19 °. Quadrature of the Paraboloid.— Writing the 
equation of the surface in the form g tn 

# 2 y 1 

p q 9 


M. by ]Ml 2 form ly 

Journal, yoL i., as also by other* writers 7 Gamb \ md P uh ' Math, 
parallel curves by M. Lebesgne Liouville tnmpt? CUrvea em ployed are called 
Normalen , by Dr. Schlomilch. * ’ me XL ' } P 33 2 > and Curven isohliner 
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the equation of the tangent plane at the point (x, y, z) is 

xX yY 
— + — = 2 + 

P q 

■where X, Y, Z are the co-ordinates of any point on the plane. 
Comparing this with the equation 

-2 cos X + Y cos y + Z cos v = P, 

we get cos A = - - cos v, cosu = -- cosv : 

P q 

substituting in the identical equation 


we get 


COS 2 A + COS 2 fl + COS 2 v = I, 

£» 2 y 1 

~ h — ; = tan 2 v. 

p r 


( 7 ) 


Consequently the curve along which the tangent plane 
makes the angle v with the tangent plane at the vertex is 
pro] ected on that plane into the ellipse 


t + t 

p 2 q 2 


■ tanV 


^ The area -4 of this ellipse is 7rj?^tan 2 y ; accordingly, we 
dA = 7rj9^(tan 2 y) ; 

VP9 sec W (tan 2 v) = wpq secv^(sec 2 v) ; 
hence the area of the paraboloidal cap hounded by the curve 

v = a IS 

"*a 

irpq sec v d (sec 2 v) = § 7 rpq (sec 3 a - 1 ) . 

Also the area of the belt* between the curves 

v = a and v = a is § ^^(seoV - sec 3 a). (8) 


f or the quadrature of a paraboloid is, I believe, due to Mr Jellett • 
see Comb, and Dub. Math. Journal, vol. i. p. 65. The proof Riven above is in 

relerredto? SUre fr ° m Mr * Allman - ,s P a P er “ the Quarterly Journal, already 
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1 91. Quadrature of the Ellipsoid Proceeding in 

Ilk© manner to the ellipsoid 

x 2 g 2 

V 1 = T 

a 2 b 2 c 2 9 

the equation of the tangent plane at the point (x, y , z) is 
Xx Ty Zz 
a 1 + V + V = U 
Hence, comparing with the equation 

X cos A + 7 cos ix + Z cos v = P, 

we get 

^ c 2 x c 2 v 

eos A = cos v, cos jU = — £ cos v. 
a z b~z 

Hence, we have 

2 c 4 / x 2 y 2 \ 

cos ^ + = cos2 ^ + C08 V = ; 

or, substituting 1 - - t - £ for -1 
a 2 6 2 c 2 

(« 2 + c 2 coss) + |j (V sin 2 v + c 2 oob’A = sin%. 


J'K , 

This shows that the projection on the plane of xy of 
a curve along which v = constant is an ellipse. 

Again the area A of this ellipse is 

7m 2 J 2 sin 2 i/ 

(a 2 sin 2 i, + c 2 cos 2 v)i( 6 2 sin 2 i, + c 2 00s 2 v) 4 ’ 

and accordingly, the area dA of the elementary annulus 
between two consecntive ellipses is 


ira 2 b 2 


dv 


dv . 


\(a 2 sin 2 v + & cos 2 v)^ {b 2 sin 2 v + c 2 cos 2 v )4 

r . jS . ted"" 1 ' 0 ^ 8 el ‘ malta7 effirSOiM ““ « » 


7 ra 2 b 2 d 


( 
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Now, if S denote the superficial area* between two 
curves corresponding to v = a and v = a , after one or two 
reductions, it is easily seen that 

£ = 7 mW (!+/'), (9) 


where 



sin v dv 

(b 2 sin 2 v + c 2 cos 2 v) 1 (a 2 sin 2 v + c 2 cos 2 v) 5 ’ 

sin v dv 

{a 2 sin 2 v + c 2 cos 2 v)i {b 2 sin 2 v + c 2 cos 2 y)S‘ 


It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a > b > c. 

For, assuming a 2 - c 2 = a 2 e 2 , and V - c 2 = b 2 e' 2 , and 
making cos v - x, we get 

" C0Sa dx 

cos a (1 ~ e' 2 x 2 )%(i - e 2 x 2 )# 

ji_f C0Sa dx 

d? b J 00s a (i - e 2 x 2 )$(i - e' 2 x 2 )& 

Again, let ex = sin 6 in the former integral, and dx = sin 0 
in the latter, and we get 

j _ e 2 f dO 

ab z J ( e 2 - e ' 2 sin 2 Q)& 

r=z f_ f rffl 

a 3 6 J (tf' 2 - e 2 sin 2 ©)*’ 

Now, since e > e\ the former integral represents an 
arc of an ellipse, and the latter an aro of a hyperbola. (See 
Ex. 19, p. 249). 



,* This form for the quadrature of an ellipsoid is given by Mr. Jellett in 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conics of the reciprocal ellipsoid; a result 
which can be easily arrived at from the forms of I and I * given above. 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mr. Jellett’s memoir. 
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92 f *" t ®f 1 ratioa °ver a Closed Surface.— We shall 
°5f pt - er . Wit]hL the ^deration of some general 
fcS® in double integration relative to any closed surface. 
We commence by adopting the same notation as in Art. 189, 

norZl f re tf®n as the angles which the exterior 

of th« „ v „ 4: e t emen t dS makes with the positive directions 

oi the axes of x, y, z, respectively. 

tl-m tu* 111 ’ i 6t each elemen t of the surface he projected on 
the piane of and suppose* for simplicity that each 2 ordi- 
nate meets the surface in hut two points: then, if the indefi- 

SmJof maU - ^ lmder landing on any element dA in the 
?• 70 ratersects the surface in the two elementary por- 

5ZS' f (wl r ff *“ d ds > 

lement) and if Vl and r 2 he the corresponding values of v it 
ha?e that Vl 18 “ a ° Ute ’ and v * an obtuse a ngle, and we 
dA = cos v 1 dS l = - cos v 2 dS 2 . 

Hence, if we take into account all the elements of the surface 
attending to the sign of cos v, we shall have ’ 

J J cos vdS = o. 

In like manner we get 

// cos A dS = o, and // cos fidS = o ; 

dortS” “ “>* “» tie whole of U,e 

These formulae are comprised in the equation 

// (a cos \ + (3 cos y + y cos v) dS = o. ( I0 ) 

Again, if s, and s 2 he the values of 2 corresponding to thn 

re 

dV= (s, - z 2 )dA = z 1 dS 1 cos Vl + s 2 dS 2 cos v 2 , 


oi points, which may be consideredT pms SUrface m ^ even number 
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and the sum of all such elements, that is, the whole volume, 
is evidently represented by 

//« cos v dS. 

Hence, denoting the whole volume by F, we have 

V ~\\x cos A dS = J J y cos fuidS = JJ z cos v dS ; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

JJ a; cos vdS= o, JJ y cos v dS = o, JJ a? cos fxdS = o, 

JJ y cosXdS = o, J J s cos A = o, JJs cosfxdS^o. 

For, as in the first case, it readily appears that the elements 
are equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

JJ (ax + (3 y + 7s) (a cos A + cos ju + f cos v) dS 

- (aa' + j 3(3' + yy') F. (n) 

For a like reason, we have 

jjxy GOBvdS = o, JJ zx cob fxdS = o, $ $ yz cos\dS = o. 
Also JJ# 3 cos vdS = o, JJ a?* cos judS = o, &c. 

Next, let us consider the integral 
((xz cos vdS. 

This integral is equivalent to JJ xdV; consequently, if 
x, y 9 % 9 be the co-ordinates of the centre of gravity of the 
enclosed volume F, we get JJ xz cos vdS = jfxd V = xV; in 
like manner J J xz cos A dS = 2 F. 

Again, the integral 

J J s 2 cos v 

consists of elements of the form (z^ - %<?) dA ; but 
(*i 2 - 3 2 2 ) = (*! + «a) («! - S 2 ) (LI 

= («i + %*)dV. 



286 


Volumes and Surfaces of Solids. 


But the % ordinate of the centre of gravity of dV i 


plainly — and consequently 




s 2 cos vdS=2 


+ 

dV = 2 z V. 

2 


In like manner it can he shown that 

JJV cos XdS = 2 xV, // y 2 cos fxdS = zyV. 

Accordingly we have 

Vx = jJJx 2 cos XdS = f Jay COS judS = fjats cos vdS, 

Vy= UyxoosXdS = if!f cosjadS=S jyz cos vdS, 
Vz-Jf zx cos A dS =JJsycos/i^/S r = ^//j3 2 cos vdS. 

193. Expression for Volume of a Closed Surface. 

^lext, u we suppose a cone described with its vertex 
at the origin 0, and standing on the elementary base d8> 
its volume is represented (Art. 1 69) by ^pdS, where p is the 
length of the perpendicular drawn from 0 to the tangent 
plane at the point. 6 

Also, if r be the distance of 0 from the point, and y th© 
angle which r makes with the internal normal, we have 
p = r cos 7. ’ u 

< Hence the elementary volume is equal to Ir cos y dS, and 
1 is easily seen that if we integrate over the entire surface, 
the enclosed volume is represented by 

Hjr cos ydS. 

’ 9 i- A S ai f ’ i£ we suppose a sphere of unit radius described 
ft* 0 , centre > and lf dw represent the superficial portion 
of this sphere intercepted by the elementary cone standing on 
> a it is easily seen that cos ydS = r*L ; g 

COS ydS 


of this 
dS, then 


do) 


7 

1,0 ° be t nside the closed surface, and the intesral 

f COS ydS 


4 V. 
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according as the origin is inside, on, or outside the surface. 

The multiple integrals introduced into this and the two 
preceding Articles are principally due to Gauss. 

_ The student will find some important applications of 
this method in Bertrand’s Calc. Int., §§ 437, 455, 456, 
476, &o. 
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Examples. 

1. A sphere of 15 feet radius is cut by two parallel planes at distances of 
3 and 7 feet from its centre ; find the superficial area of the portion of the sur- 
face included between the planes approximately. Ans. 376.9908 s<p feet, 

2. Being given the slant height of a right cone, find the cosine of half its 

vertical angle when its volume is a maximum. I 

a / 3 

3. Prove that the volume of a truncated cone of height h is represented Toy 

— (i2 2 + Er + J' 2 ), 

3 

where H and r are the radii of its two bases. 

* 4. A cone is circumscribed to a sphere of radius B, the vertex of the cone 
being at the distance D from the centre ; find the ratio of the superficial area of 
the cone to that of the sphere. . D- - 

Am. — — . 

4 Bit 

5. Two spheres, A and B, have for radii 9 feet and 40 feet ; the superficial 

area of a third sphere 0 is equal to the sum of the areas of A and JB ; calculate 
the excess, in cubic feet, of the volume of G over the sum of the vol um es of A 
andB. Ans. 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to the product of the 
length of the are into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of the 
surfaces must he taken mstead of the difference. 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side c. 

Ans. £ s ( s ~ a ) (jzH lilj) 

*3 0 

8. Apply Guidin’ s theorem to determine the distance, from the centre, of the 
centre of gravity, (1) of a semicircular area ; (2) of a semicircul ar arc. 

. 40 . . 2 a 

4 ns. ( 1)-, (2)—. 

37T IT 

9. If a triangle revolve round any external axis, lying in its plane, find an 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 


15 " as Ax 2 + By 2 


by any plane parallel to that of xy y is - - th part of the cylinder s tandin g on 
the plane section, and terminated by the plane of coy. 
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ii. A cone is circumscribed to a sphere of 23 feet radius, the vertex of the 
cone being 265 feet distant from the centre of the sphere ; find the ratio of the 
superficial area of the cone to that of the sphere. 


12, The axis of a right circular cylinder passes through the centre of a 
sphere ; find the volume of the solid included between the concave surface of the 
sphere and the convex surface of the cylinder. 

Ans. — , where c is the length of the portion of any edge of the cylinder 
intercepted by the sphere. 

This question is the same as that of finding the volume of the solid generated 
by the segment of a circle cut off by any chord, in a revolution round the 
diameter parallel to the chord. 


13. Find the volume of the solid generated by the revolution of an arc of a 
circle round its chord. Ans . nra j _ Ca j y 

where a — radius, c = distance of chord from centre, and cos a = -. 

a 

In this we suppose the arc less than a semicircle : the modification when it 
is greater is easily seen. 


14. If the ellipsoid of revolution, 


and the hyperboloid 


x 2 + + --p = a \ 


x 2 + z 2 — — ^ y 2 = <z 2 , 


b 2 


be cut. by two planes perpendicular to the axis of revolution, prove that the 
zones intercepted on the two surfaces are of equal area. 


15. Find the entire volume bounded by the positive sides of the three co- 
ordinate planes, and 



16. Find the volume of the surface generated by the revolution of an arc of 
a parabola round its chord ; the chord being perpendicular to the axis of the 
curve. 

g 

Ans. rb 2 Cj where c is the length of the chord, and b the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 

17. A sphere of radius r is cut by a plane at distance d from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cutting plane. 

Ans . \itd (r 2 - d % ) . 

[ 19 ] 
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1 8. Find the area of a spherical triangle , and prove that if a curve traced 
on a sphere have for its equation sin \ = f(l), A denoting latitude, and l longi- 
tude, the area between the curve and the equator = l f(l)dl. 

19 Show that the volume contained between the surface of a hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that ox tlio real 
axes, is proportional to the distance between those planes. 

20. Find the entire volume of the surface 


i 


+ 




Ans. 


5 ^ 7 * 


21. The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passmg through its vertex ; find tho volume 
of the portion of the sphere inteicepted within the cone. 

22. Prove that the volume of the portion of a cylinder intercepted between 
any two planes is equal to the product of the area of a perpendicular section 
into the distance between the centies of gravity of the areas of the bounding 
sections. 

23 If A be the area of the section of any surface mado by the piano of xy t 
prov*, us in Art. 192, that 


A - JJcos vdS } 

the integral being extended through the portion of the surface which lies above 
the plaj&e of xy. 

^ 2 4 ‘ ^ a n &ht cone stand on an ellipse, prove that its volume is represented 


- (0 A. OA')§ sin 2 a cos a ; 

where 0 is the vertex of the cone, A and A’ the extremities of the maf ox axis 
01 the ellipse, and a is the semi-angle of the cone. 

25. In the same case prove that the superficial area of the cone is 
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CHAPTER X. 

IN TEG- HALS OF INEKTIA. 

•sals off Inertia. — The following integrals are 
[uent occurrence in mechanical investigations, 
►posed to give a brief discussion of them in this 

lenient of the mass of any solid body be supposed 
Lied by the square of its distance from any fixed 
id the sum extended throughout every element 
the quantity thus obtained is called the moment 
the body with respect to the fixed line or axis . 
enoting the element of mass by dm, its distance 
s by p, and the moment of inertia by I, we have 
I^Sp 2 dm. (i) 

manner, if each element of mass of a body be 
y the square of its distance from a plane, the 
products is called the moment of inertia of the 
to the plane. 

ystem be referred to rectangular axes of co- 
len the expression for the moment of inertia 
he axis of £ is obviously represented by 
S (x 2 + y 2 ) dm. 

r, the moments of inertia relative to the axes of 
represented by S (y 2 + z 2 ) dm and S (x 2 + z 2 ) dm, 

he quantities Sx 2 dm, Sy 2 dm, Sz 2 dm, are the 
inertia of the body with respect to the planes 
d xy, respectively. Also the quantities S xydm , 
dm, are called the products of inertia relative to 
tem of co-ordinate axes. 

manner the moment of inertia of the body with 
i point is ^r 2 dm, where r denotes the distance of 
dm from the point. Thus the moment of inertia 
le origin is S (x 2 + y 2 + z 2 ) dm. 

[10 a] 
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196. Moments of Inertia relative to Parallel 
Axes, or Planes. — The following result is of fundamental 
importance: — The moment of inertia of a body with respect to 
any axis exceeds its moment of inertia ivith respect to a parallel 
axis drawn through its centre of gravity , by the product of ike 
mass of the body into the square of the distance between the 
parallel axes . 

Eor, let Jbe the moment of inertia relative to the axis 
through the centre of gravity, I' that for the parallel axis, 
M the mass of the body, and a the distance between the axes. 

b Then, taking the centre of gravity as origin, the fixed 
axis through it as the axis of z, and the plane through the 
parallel axes for that of zx, we shall have 

I = 2 [a? + y 2 ) dm, /' = 2 { [x + a) 2 + y 2 ) dm. 


Hence T -1= la^xdm + a^dm = a?M, 

since S . xdm = o as the centre of gravity is at the origin ; 

* .\ I' = I+a?M. ( 2 ) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through, 
its centre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distance from its centre 
of gravity. 

Again, it may be observed that of all parallel axes that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is ako apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. r , 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

In finding the moment of inertia of a "body relative to 
.7® usually suppose the body divided into a system 
of indefinitely thin plates, or lamina}, by a system of nlanes 
perpendicular to the axis ; then, when the moment of inertia 

rfZSfa I^”*’ W “ SMl * to *“1 
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197. Radius of Gyration. — If k denote the distance 
from an axis at which the entire mass of a body should he 
concentrated that its moment of inertia relative to the axis 
may remain unaltered, we shall have 

- 30 ;“ = I = 2 p 2 dm . ( 3 ) 

The length h is called the radius of gyration of the body 
with respect to the fixed axis. 

. In homogeneous bodies, which shall be here treated of 
principally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 


iPF-SjW, 

where dV denotes the element of volume, and Fthe entire 
volume of the body. 

Hence, in homogeneous bodies, the value of k is indepen- 
dent of the density of the body, and depends only on its form. 

We_ shall in our investigations represent the moment of 
inertia in the form j _ _ 

and., it is plain that in its determination for homogeneous 
bodies we may take the element of volume for the element of mass 
and the total volume of the body instead of its mass. 

Also, in finding the moment of inertia of a lamina, since its 
radius of gyration is independent of the thickness of the lamina , 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. If A and B be. the moments of inertia of an infi- 
nitely thin plate, or lamina, with respect to two rectangular 
axes OX, OY, lying in its plane, and if C be the moment of 
inertia relative to OZ drawn perpendicular to the plane, we 
118,76 n a t> 

C = A + B. ( 4 ) 

For, we have in this case A = ’ 2 y i dm, B = dm , and 

C= S(af + y*)dm. 

Again, for every two reotangular axes in the plane of the 
lamina, at any point, we have 


2 % 2 dm + 'Ey* dm = const. 

Hence, if one be a maximum, the other is a minimum, and 
vice versd. 

We shall, in all. investigations concerning laminae, take G 
for the moment of inertia relative to a line perpendicular to 
the lamina. 
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®-od, Rectangular lamina. We 

diHfT the J im P] e case of a r od, the axis being perpen- 
Let 1° WTf n f - h / and P f siD ^ thro ^ eithe r extSty 

the ^tremdv ^ 6 ^ 18 ^ 11-06 f m6nt dm of rod f£m 

tiorifll in ft ’ t j 6n ’ Smce tiie rod 18 uniform, dm is propor- 
tional to dx, and we may assume dm = gdx: hence the 

moment of inertia J is represented by g^x 2 dx, or by ’ 

juJ x’-dx, 

where l is the length of the rod. 


Hence 


gl° 


i,r V 


the same for each half of the rod, and we shall have in this case 

Z= M-. 

12 

_ Next, let us take a rectangular lamina, and suppose the 

to one rf iZE ” 
j it is evident that the lamina may he retarder? as 
made up 0 f an infinite number of parX roK eoua 
length, perpendicular to the axis, each having the slrne 
of fh^V* ? yxatl °“’ and consequently the radius^f gyration 

A i*T a f the S r 6 as that of 0118 of the rods. ^ 
Accordingly, we have, denoting the lengths of the sides 

e centre parallel to tie »dee, by A mi 


a=-w>\ 

3 


B = - 


(5) 

Hcuce also, by ( 4 ), the moment of inertia round an axis 

SttftSSf g “ ritT “ d *■*-«-* S«I1S 

jJf(a 2 + S*). ( 6) 

its moX P t^onutH fl P ™^ Ple ° f ft' ‘9 6 ™ can now find 
v • . Ets °* mer fo- a with respect to any rie*ht line eithe-p 

Ijnng m, or perpondienUr to, the pbnre o/ttXniT 
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200. Rectangular Parallelepiped. — Since a parallel- 
epiped may be conceived as consisting of an infinite number 
of laminae, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminae. 

Hence, if the length of the sides of the parallelepiped be 
2 a, 2 b y and 2C , respectively ; and, if A, B, C be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 


A = -M(b* + <?), B = -M(c % +a?), C = -M(a*+b*). (7) 

3 3 3 

201. Circular Plate, Cylinder. — If the axis be 
drawn through its centre, perpendicular to the plane of a 
circular ring of infinitely small breadth, since eaoh point of 
the ring may be regarded as at the same distance r from the 
axis, its moment of inertia is r*dm, where dm represents its 
mass. 

Hence, considering each ring as an element of a circular 
plate, and observing that dm = fx2i rrdr, we get for ( 7 , the 
moment of inertia of the circular plate of radius a, 


C = 27TJJL 




Consequently, the moment of inertia of a ring whose 
outer and inner radii are a and b, respectively, with respect to 
the same axis, is 


27 TfX 


[ r 3 dr = 


J* 


7 T fl- 


it + b 2 

— = M . 


Again, by (4), the moment of inertia of a circular plate 

about any diameter is AT—, since the moments of inertia are 

obviously the same respecting all diameters. 

In like manner, the moment of inertia of a ring relative 
to any diameter is 


4 
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. "H 80 ’ tlie moment of inertia of a right cylinder about its 
axis of figure is 

a being the radius of the section of the cylinder. 

Again, the moment of inertia relative to any edge of the 

cylinder is - Ma 2 . 

2 

L'** w* C ? n ®;~ T ? find the moment of inortia of a 
right cone relative to its axis, we conceive it divided into an 

a^ mt and UI den r r f ^ cmcular plates, whose centres lie along the 
axis, and, denoting by a; the distance of the centre ofanv 

of ae “ d * « 


j= 




-f 

J 0 


IO 


where h is the height of the cone, and b the radius of its base. 

Hence, since by Art. 169 the volume of the cone is - b% 
we have 3 ’ 


7 = 


IO 


( 8 ) 



dB : d& = («p)* . = : 

B : S' = a? : b 3 . 


(oby = . {S; 
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But B\ by Art. 201, is — — • 

4 


Similarly, 


4 5 4 1 

A-*». 

4 


,, 5r nC6 the m °T n \ Cl ' 0unrl a line though the centre of 
the ellipse, perpendicular to its plane, is 


M , 

~(a* + V). 


(9) 

It is plain, as before, that the expression for the moment 
samefoL^ “ eUl P tlcal °y linder rel ative to its axis is of the 

. „ 2 ° 4 ' Sphere.— If we suppose a sphere divided into an 
°t o® 000 **? 0 spherical shells, the moment of 
inertia of eaoh shell is plainly the same for all diameters- 

Xell W dmg ^\ rGpreSenting the maSS of an y ele ment of a 
shell by dm, and by x, y, z any point on it, we have 

’Stfdrn = 2 y*dm = 2 z % dm. 

But 2 {x' + y' + z 1 ) dm = 2 t»dm ; 

2 (V + y*) dm = - Sr 2 dm. 

3 

Hence, (a) the moment of inertia of a shell whose radius 
is r with respect to any diameter is - mr\ where m repre- 
sents the mass of the shell. ° 

Again, (5) for a solid sphere of radius B, since the volume 
of an mdefimtely thm shell of radius r is 4 irr^dr, we get 


'2ir 2 dv 


-j 

= 47 r 

Jo 


r l dr = -ttB* = i VB.\ 
5 5 


When this is substituted, the moment of inertia of a solid 
homogeneous sphere relative to any diameter is found to be 

!**’• (zo) 
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205. Ellipsoid. — Let the equation of an ellipsoid be 


x 2 y 2 z 2 

J. £ f- — == T * 

a? ¥ <f ’ 


and suppose A, B, O to be tie moments of inertia relative to 
the axes a, b, c, respectively ; then 

(7 = //S {x 1 + f) clV = j X JJ (,-r + f) <lrd//th. 


Now, let - = / y . o ,/ 5 _ 

« ’ b y ’ c ’ 

and we get 

C = J + £»/>) <Mdtfdz', 

where the integrals are extended to all points within the 

«'* + f l + s' 2 = x. 

But, by the last example we have 

| J af 2 dxdy'cti =| JJ y' 2 dx'dy'dz' = l r; 


(? = 


In like manner. 


-rr^ 5 c( a 2 + ^) = £i (a » + ^ > 


^- T e’ + 0, £ - f(«- + »>). 


If , Jf 
— a 2 , — » £. 


d, respectively, 
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206. Moments of Inertia of a Stamina. — Suppose 
that any plane lamina is referred to two rectangular axes 
drawn through any origin 0 , and that a is the angle which 
any right line through 0, lying in the plane, makes with the 
axis of x ; then, if I be the moment of inertia of the lamina 
relative to this line, we have 

I = ILf dm = S (y cos a - x sin of dm 

= cos 2 a 'Sfdm + sin 2 a%x 2 d»i - 2 sin a cos a 'Sxydm 

= a cos 2 a + b sin 2 a - 2/1 sin a cosa ; (12) 

where <3 and 5 represent the moments of inertia relative to 
the axes of x and y, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, supposing X and P to be the co-ordinates of a point 
taken on the same line at a distance It from the origin, we 

get cos a = — , sin a = — ; and, consequently, 

Jfi 2 ==aX 2 + bY z - 2 /iXY. 

Accordingly, if an ellipse be constructed whose equation is 
aX* + IY 2 - 2hXY~ const., (13) 

we have 

IM 2 = const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of the ellipse had 
been assumed as the axes of co-ordinates. Again, since in 
this case the coefficient of XY disappears from the equa- 
tion of the curve, we see that there exists at every point in 
a body one pair of rectangular axes for which the quantity 
h or l&xydM = 0. 

t This pair of axes is called the principal axes at the 
point; and the corresponding moments of inertia are called the 
principal moments of inertia of the lamina relative to the point. 
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inertia, Equation (J?) fecome? 6 ^ ^ prind P al moments 


I=A cos 2 a + B 


sm 2 a. 


(*4 


any axis through Tpoint I ?° m f ent ° f inertia relative t< 

to A e the 

to the principal axes, 6 6 ^ ^ becomes > when referred 


AX 2 + BY 2 


■■ const. 


for all axes are determined when a the 1 “? ments of iner tia 
of gravity are lmoZT itiJZS t ? latlTe to the centre 
where the origin is at the oent^f * *? consider the case 
to this case, the ellipse ° f gravit F- With reference 

AX 2 + BY 2 = const. / \ 

“ 'S 1 ; Of the lamina. 

»m, 8 pl"’e L™°, d „‘«Stf 0,,S ? “«* “ *• 

same principal axes and 1 f gravit ^ and have the 

that point, they h ave thes a P ™2 TT ts of inertia, at 
all axes. X Same aments of inertia relative to 

‘ same as far tie system fo „ eqna l masses, ea eh * 

tances ± a and ±T fromal centie^f aXe \ at the f onr dfs- 
are determined by the equations where a and b 

A = ^ Mb 2 , B =- Mar. 

Z 2 

Of mertia relative to any tLree Lt l iT moments 

ss? ^ “*■ * s sassjsre 



Momenta l Ellipse. 301 

This Mows immediately since an ellipse is determined 
when its centre and three points on its circumference are 

ir ^ a f’ it ma 7 *e observed that the boundary of an 
the lamina amma may regarded as t]ie momental ellipse of 

For, if I be the moment of inertia relative to any 
diameter mating the angle a with the axis major, we have 


But, by Art. 203, 


I = A 00s 2 a + B sin 2 a. 

4 4 

M 

T= — (J 2 cos 2 a + a 2 sin 2 a) 


M / cos 2 a 

= — a?bH — J- + 
4 V « 


sin 2 a' 

~W 


_Ma 2 b i 

~ 4 

Hence the moment of inertia varies inversely as the square 
of the semi-diameter r ; and, consequently, the ellipse may be 
regarded as its own momental ellipse. ’ ‘ 

208. Products of Inertia of JLamina. — Suppose the 
lamina referred to its principal axes at a point 0; and letp 
and q he the distances of any element dm from two axes, 
which mate the angles a and (5 with the axis of x ; then we 
have 


s PI dm = 2 (y cos a-x sin a)(y cos j3 - x sin /3) dm 
= cos a cos j3 S y 2 dm + sin a sin /3 %x 2 dm 

~ sin (a + (3) 2,xydm 

~ -d cos a cos p + J? sin a sin (3, 
since A = ^y 2 dm, JB = '2iX 2 dm, and 'Stxydm = o. 

Henoe, if 'Sjpqdm = o, we have 

A oos a cos (3 + B sin a sin /3 = o, 
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and accordingly the axes are a pair of conjugate diameters 
ox me momental ellipse 


AX 2 + BY 2 = const. 

Hence, if two laminae in the same plane have for any point 
two pairs of axes for which 2pqdm = o and ^p'q'dnf^ o 
ttiey have the same principal axes at the point. This follows 
trom the easily established property, that if two ollipsos have 
two pairs ot conjugate diameters in common, they must be 
similar and coaxal. 

+ • *° 9 ; lamina and Prism.— Suppose a 

Ts&r ^ 0 f/ ldeS .r ff ’ h ’ c ’ t0 ho di vHed into 
a system oi rods parallel to a side a ; 

and let A represent the moment of 

mertia relative to a line parallel to 

the side a , and drawn through the 

opposite vertex; also let p he the 

perpendicular of the triangle on 

the side a, and a; the distance of an 

elementary rod from the vertex; then 

we have, since the mass dm of the 



Kg- 48. 


elementary rod may he represented by 


ax _ 
u — ax. 
P 


A = 2x 2 dm = 

P 


a CP 
^ P}o 


x z clx = fi^. = 

4 2 ^ 


relative to linetTdraw thronnh jol 19 mome ote of inertia 

* and 0 j aSt, fcot 9 °?- 9r T8rti « e ‘ 

the triangle, and we have rres P on dmg perpendiculars of 


T> A[ Jf 

£ = TZ> C = ~r>. 
2 2 


Again, if A 0 , £ 0) Co , represent the moments of inertia 
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relative to three parallels to the sides, drawn through the 
centre of gravity of the lamina, we have, hy (2), 

A <> = -~8 Mp2 ’ = Oo-jz&t*. (16) 

Also, if Ai, Pi, Ci, he the moments of inertia relative 
to the sides a, b, c, respectively, it follows, in like manner, 
from (2), that 

Ai= J -Mp\ B, = Ci = ~Mr\ (i 7 ) 

Again, it is readily seen that the values of A , A 0 , A l9 &c., 
are the same as if the whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

# Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 
M 

three masses, each — , placed at the middle points of the 
sides of the triangle. 

Hence, if I be the moment of inertia of a triangular 
lamina with respect to the perpendicular to its plane drawn 
through its centre of gravity, we have 


J=^lZ>* + ^ + c ’). (x 8) 

This expression also holds for the moment of inertia of a 
right triangular prism with respect to its axis.* 

In like manner the moments of inertia of the triangular 
lamina relative. to the three perpendiculars to its plane, 
drawn through its vertices, are 









and the same expressions hold for a triangular prism relative 
to its edges. 


* By the axis of a prism is understood the right line drawn tlirough its 
centre of gravity parallel to its edges. 
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210. Momenta! Ellipse of a Triangle.— It can be 
shown without difficulty that the ellipse which touohes at the 
middle points of the sides 
may be taken for the mo- / 7 \ 

mental ellipse of the triangle. 

. For, let x, y, z be the 5<C 

middle points of the sides, 

and it is easily seen that o '■ " * 

is the centre of this ellipse ; I — 1 — 

also, if I, I 2) i 3 fee the r 

moments of inertia of the 49 • 


™^i a r ® latlv ® to Fnes ax, by, cz, respectively, it oan be 
readily shown from (17), that we have 


I : I : I 


(ax ) 2 ‘ (by ) 2 ' (cz ) 2 


A 

” (^P ‘ Joy ) 2 ‘ Jmj 2 ' 

divided tet ™hedron be supposed 

3 nded into thin lamina parallel to one of its faces, and if 

in’ thL f ^ 7 pres ® nt lts moments of inertia with recard 

*-***>- (V* 

™ I Jo 

_ „ a P z 3 „. 

- M — = -Mp 2 . 

0 0 

Ii like manner we have 


£ = \ Mq 2 , C = - Mr 2 , D=1 

v 5 7 er - 
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Solid Ring. 

Again, if A 0 , £ 0 , Co, D a be the corresponding moments of 
inertia relative to the parallel planes drawn through the 
centre of gravity of the tetrahedron, we have, by (2 ), S 

A 0 = joMp\ £ 0 = ±Mq\ C 0 =~~ Mr 2 , £ 0 =±MsK (19) 

, n lf Z 1 ’ 9 1 ’ Dl be ttle moments of inertia relative 

to the four faces of the tetrahedron, we have 

A l = ±M P % C^±Mr\ A=^m ( 2 o) 

212. Solid Ring.* — If a plane closed curve, which is 

™S et » 1Cal r6S ? ect n to . an asis A£ > b® made to revolve 
round a parallel axis, lying in 

its plane, but not intersecting the 

curve, to prove that the moment \ P t 'v 

of inertia I of the generated solid, ~ A 7 — -j A, 

taken with respect to the axis of f N A s 

revolution, is represented by V. 

M{h 2 + 3k 2 ), 

where M is the mass of the solid, ^ 

h the distance between the parallel ^ ^ 

axes, and k the radius of gyration K S- S°- 

of the generating area relative to its axis. 

^ 6 i aX !? of revolution he taken as the axis of x. 
and, if y, Y be the distances of any point P within the 
generating area from AB and from OX, respectively; and, 
i f 0 £ R H ^responding element of the area, then the 
volume of the elementary ring generated by dA is 2 nYdA 
and its mass 2vn YdA ; hence the moment of inertia of this 

£S3£&%2?“" ‘° ^ ° f X “ 

1 = ZTTfi 2 Y 3 dA = 27t g. 2 {h + y) 3 dA 
= 27 T^S (h* + 3 h*y + 3 hy* + y ») dA. 

617611 ty Professor 

[ao] 
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Moreover, since the curve is symmetrical with respect to 
the axis AB , it is easily seen that we have 

ULydA = o, 'EifdA = o. 

Also, by definition, '2y 2 dA = AkK 

Hence I = 27 rfihA (h 2 + 3k 2 ). 

Again, by Art. 177, M = zirphA ; 

•\ /= Jf(A 2 + 3/s 2 ). (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
ring, of radius a , round its axis is 

h(w+^. 

Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, wo have 

I ~ M(h 2 + a 2 ). 

There is no difficulty in adding other examples. 

213. General Expression tor Products of Inertia . 

—We shall conclude this Chapter with a short discussion of 
the general case of the moments and products of inertia, for 
any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let p, q, r represent the respective distances of 
any element dm from the three planes 

x cos a + y cos /3 + 3 cos 7 = o, 

x cos a + y cos j 3 ' + s COS y = o, 

X cos a + y COS + z cos 7" « 0. 

Then ' 

^M^m='2(xcoaa+poosl3+scosy)(xcosa.'+i/oo8(i / +sooBy') dm 

= cos a cos a' 2 X* dm + cos 0 cos/ 3 / Sy*rf» + cos y cosy' 2 s 2 dm 
+ (cos a cos (3' + cos (3 cos a) Say dm 

+ (cosy COS a' + cos a COS y) 2 2* dm 

+ (cos (3 cos y' + cos y cos (3') lyzdm ; 
and we get similar expressions for Sprint and 2 qrdm. 



Now, suppose that we take 

2af ! c?»J = «, 'Siy i dm = b, ’ 2 iZ 2 dm = c, 

" 2 yzdm = /, l&xzdm = g, ' 2 ,%ydm = h ; 
then the preceding equation may he written 

Ypqdm = cos a ( a cos a + h cos (S' + g cos y) 

+ cos (3 {h cos a + b cos ( 3 ' + / cos y') 

+ cos y ( g cos a + f cos ( 3 ' + c cos y ) ; (22) 

along with similar expressions for 'Zrpdm and 2 qr dm. 

214. Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

2j oqdm = o, 'Zrpdm = o, hqrdm = o ; 

then it is easily seen* that these planes are a system, of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

aX 1 + bY 2 + cZ 2 + zfYZ + 2 gZX + 2 hXY = const. (23) 


Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products of 
inertia, for any body, vanish: viz., the principal planes of the 


preceding ellipsoid, f . . _ 7 £ ,, 

These three planes are called the principal ’ planes ot the 
body relative to the point, and the right lines m which they 
intersect are called the principal axes for the point. 

Again, every two solids have for every point at least one 
common system of planes for which ’Zpqdm = o, 2 rpdm = o, 
S or dm = o, Zp'c/dm = o, 2 r'p'dm' = o, 2 ? r dm = o; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 


* Salmon’s Geometry of Three Dimensions, Art. 72. . , 

f The exceptional cases when the ellipsoid is of revolution, or is a sphere, 
will he considered subsequently. 
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216. Ellipsoid off Gryratfon. — Suppose, as before, tlie 
solid referred to its three principal axes at any point, and let 
a> b , c be the corresponding radii of gyration, i.e. let 

A = Me?, B = Mb 2 , C~Mc\ 

and I = Mk 2 ; then equation (25) becomes 

k 2 = d 2 COS 2 a + b 2 cos 2 /3 + 0 s C0S 2 y. (26) 

Now, if we suppose an ellipsoid described haying the 
principal axes for the directions, and a , 6, c for the lengths 
of its corresponding semi-axes ; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to this perpendicular. (Salmon’s Geometry 
of Three Dimensions , Art. 89.) 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the point. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the centre of 
gravity of the body. 

217. Momenta! Ellipsoid. — If X, T } Z be the co- 
ordinates of a point R taken on the right line through the 
origin 0, whose direction angles are a, / 3 , y, we have 

X = OR cos «, Y = OR cos / 3 , Z = OR cos 7. 

Substituting the values of cos a, cos j 3 , cos 7, deduced 
from these equations, in (25), it becomes 

I. OR 2 ~ AX 2 + jBF 2 + CZ \ 


Suppose, now, that the point R lies on the ellipsoid 

AX 2 + BY 2 + CZ 2 = const., (27) 

and we get I . OR 1 - A, denoting the constant by A ; 

A 


1 = 


OR ‘ 


(28) 


Hence the moment of inertia relative to any axis , drawn 
through the origin , varies inversely as the square of the cor- 
responding diameter of the ellipsoid (if). 
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From this property the ellipsoid is called the moment ^ 

ellipsoid at the point. ' . „ •,***!> 

When the origin is taken at the centre oi gravity of t>** 
body, this ellipsoid is called the central ellipsoid of the bod^'y 
If two of the principal moments of inertia relative to 
point he equal, the momental ellipsoid becomes one of 
volution, and in this case all diameters perpendicular to 
axis of revolution are principal axes relative to the point. 0 
If the three principal moments at any point be equal, t** j 
ellipsoid becomes a sphere, and the moments of inertia for *** 
axes drawn through the point are equal. Every such axiid * 
a principal axis at the point. 

For example, it is plain that the three principal mome*** 
for the centre of a cube are equal, and, consequently, **. 
moments of inertia for all axes, through its centre, are equ**'** 
218. Equimomental Cone. — Again, since 

cos 2 a + cos 2 j 3 + cos 2 7 = 1, 
equation (25) may be written in the form 

(A - I) cos 2 a +(£-!) eos 2 /3 + ( 0 - I) cos 2 y = 0 ; 


hence the equation 

(A - I) X 2 + (A - I) F 2 + (C - I) Z* = o (ssrjl 

represents a cone sncli that the moment of inertia is the sai»^ 
for each of its edges. Such a cone is called an equimomemi 
cone of the body. 

Again, the three axes of any equimomental cone, for clt* J 
solid, are the principal axes of the solid relative to the vertex a 
of the cone. 

When J= By the cone breaks up into two planes ; 
the cyclic sections of the momental ellipsoid. 

For a more complete discussion of the general theory cij 
moments of inertia and principal axes, the student is refemwtj 
to Routh’s Rigid Dynamics , chapters i. and n. ; as also %A 
Professor Townsend’s papers in the Camb . and Dub . IMCaiM 
Journal , 1846, 1847. 
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Examples. 

egg inni. for the moments of inertia in the following, the bodies 
jmogeneous in all cases : — 

gram, of sides a, i, and angle 0, with respect to its sides. 

Ans. — 4 2 sin 2 0, — a 2 sin 2 0. 

3 3 

ength a, with respect to an axis perpendicular to the rod and 
om its middle point. 

Ans. M . 

,eral triangle, of side a, relative to a line in its plane at the 
ts centre of gravity. 

Ans. M^-***)- 

tgled triangle, of hypothenuse c, relative to a perpendicular to 
through the right angle. 

c~ 

Ans. M-r. 
o 

iircular cylinder, relative to its axis. 

w r2 LL- where r and / are the radii of the hounding circles. 
2 ’ 

id cone 'with reference to its axis. 

Ans &£ 58 where b and V are the radii of its bases. 

10 b z -b'V 

me with respect to an axis drawn through its veitex perpen- 

3 . 

AnSt + ^ere K denotes the altitude of the cone, 

of its base. 

,id with respect to a diameter making angles a, /3, y with its 


Ans. — sin 2 a + b 2 sin 2 0 + c 2 sin 2 7 j . 

aded by two rectangles having a common centre, and whose 
tively parallel, with respect to an axis through their centre 
the plane. 
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ro. A square, of side a, relatiye to any line in its plane, passing through * 
centre. 




Ans. M ~ 

i* 

11. A regular polygon, or prism, with, respect to its axis. 

Ans. ~ 2r 2 j , where It and r are the radii of tl 

circles circumscribed, and inscribed to tho polygon. 

12. Prove that a parallelogram and its maximum inscribed ellipse have ft 
same principal axes at their common centre of figure. 

13. Prove that the moments and products of inertia of any trianguf 

lamina, of massif, are the same as for three masses, each — , placed at ii 

~ 1 2 

three vertices of the triangle, combined with a mass - if placed at its centra * 
. 4 

gravity. 

14. Prove that the moments and products of inertia of any tetrahedron m* 

M 

the same as for four masses, each — , placed at tho yerticos of the tetrahedron 
4. f o 

combined with a mass j if placed at its centre of gravity. 

15. If a system of equimomental axes, for any solid, all lie in a prineJpr 
plane passing through its centre of gravity, prove that thoy envelop a cons* 
having that point for centre, and the principal axes in the plane for axes. 

1 6. Prove also that the ellipses obtained by varying the magnitude of if * 
moment of inertia form a confocal system. 


17. Prove that the sum of the moments of inertia of a body relative to lift; 
three rectangular axes drawn through the same point is constant. 

18. Prove that a principal axis belonging to tho contro of gravity of a bo* I 
is also a principal axis with respect to every point on its length. 

19. Prove that the envelope of a plane for which the moment of inertia * * 
a body is constant is an ellipsoid, confocal with the ellipsoid of gyration of tl* 
body. 

20. If a system of equimomental planes pass through a point, prove tbm 
they envelop a cone of the second degree. 

2I * ^ ereilt yalues of tlie constant moment the several enveloped con» 
are confocal P r 

? 2 *, T ^ e common axes of this system of cones are the three principal axe® t* 
the body for the point ? * 

23. The three principal axes at any point are the normals to the three sttr 

wHel1 * MS 
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CHAPTER XI. 

MULTIPLE INTEGRALS. 

219. Double Integration. — In the preceding Chapters we 
have considered several cases of double and triple integra- 
tion in the determination of volumes and other problems 
connected with surfaces. "We now proceed to a short treat- 
ment^ of the general problem of Multiple Integration, com- 
mencing with double integrals. 

The general form of a double integral may he written 

[ f ffay)dxdy, 

J £ 0 Jyo 

in which we suppose the integration first taken with respect 
to y, regarding x as constant. In this case, Y, y 0 , the limits 
of y, are, in general, functions of x ; and the limits of x are 
constants. 

Let us take for example the integral 


U = | J x Ul y m ~ l dxdy, 
in which l is supposed greater than m. 


Here 

therefore 



In many cases the variables are to be taken so as to in- 
clude all values limited by a certain condition, which can be 
expressed by an inequality : for instance, to find 


Z7= 


u 


x l-l ytn-l 


extended to all positive values of % and y subject to the con- 
dition x + y < h. 

[ 21 ] 
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Here the limits for y are o and h - x ; and the subsequent 
limits of x are o and h. 


Hence 


27 = 


'h-x 


x i-\ ym-i d% dy 


i 

m 


x l ~ l (h-x) m dx. 


Let x = hu 3 then 


27 = 


fol+m ri 


tt?~ l (i - u) m du = 


h hm F{1) r(m) 

r{l + m+ i) ’ 


(0 


by Art. 12 1. 

220. Change of Order of Integration. — We have 
seen (Art. 115) that when the limits of x and y are con- 
stants in a double integral we may change the order of inte- 
gration, the limits remaining unaltered. But when the 
limits of y are functions of x, if the order of integration be 
changed, it is necessary to find the new limits for x as func- 
tions of y . This is usually best obtained from geometrical 
considerations. 

For example, in the integral 


* 7 =[T /(* y)dxdy, 

Jo J*C 

the limits for y are given by the right line y » x and the 
hyperbola xy = a 2 ; and the integral 
extends to all points in the space T 
included by the hyperbola AL , the 
right line OA , where A is the ver- 
tex of the hyperbola, and the axis 
of y. Draw A B perpendicular to 
the axis of y. Now when the order B 
of integration is changed, we sup- 
pose the lines which divide the area 
into strips taken parallel to the axis 
,of a? instead of the axis of y . Thus 
the integral breaks up into two parts — one corresponding to 
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the triangle OAJB , the other to the remaining area : hence 


?7= 


-y r* ry 

<f(#,y) dydx + I /(a?, y)dydx . 
o J« Jo 


As another example, let us interchange the variables in 
the integral 


*7= 


0 J 


H 


Vdxdij. 


Here, let 00 and OD be the 
lines represented by y = h and 
y = mx - ; and let OA = a. f 

Then the integral is extended to 
all points within the triangle OCD . 

Aooordingly, changing the order, ° 
we get 

rla 


/ 

s' 


y 

J-— - — ^ 




A X 


'la r a rma rm 

U = Vdydx + I Vdydx . 
Jwa Jy Jo Jy 


EXAMPLES. 


i. Find the value of the double integral 

f* f* f(y)dxdy 


Jo Jo via — a 


V(« -«?)(« - y) 
Here, changing the order, the integral becomes 

P [ rt f(y) fy&* 

Jo iy y/(a — 
dx 


But 


r-= 

Jv V(« — 


V(<* - #) {# - y) 


o JS/ V(« -#)(# — #) 

= 7 r ; hence IT = 7r [ /(«) —/(0) } . 


2 . Prove that 


f za rV 2 "®**® ( ’«+V a2 'y a 

= . 

o Jo *'o ■ , rt-V« IS ’"y s 


/(*», y)dydx. 
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3. Hence find the value of 


|-2a ^ 2 ax-xz (p) (x* 4- y 2 )xdxdy 
Jo Jo V4 a 2 x 2 - (x 2 + ifY 

Ans. ira 2 { <p (a) - <jE> (Oj } . 

4. Change the order of Integration in the double integral 

( 2 a r \J%ax 

Vdxdy, 

0 “V2aa:-a;2 

The limit s of y are represented by the circle x~ -f y 2 = 2 ax, and the parabola 
y 2 = 2 cix \ and we readily find that 

frt ra-*/a*-y* r2a f s « fa 

CT= y Vdydx + Vdydx + Vdydx. 

,'o Jy 3 < 0 J«+Va B -y fl *'iaj 


221. Hirichlet’s Theorem. — The result given in 
equation (1) has been generalized by Dirichlet (Liouville's 
Journal , 1839), and extended to a large class of multiple 
integrals, as follows : . 

Commencing with three variables, let us consider the inte- 
gral 


U - x l ~ l y m ~ l z 71 " 1 dx dy dz , 


in which the variables are supposed always positive, and 
limited by the condition 

x + y + z < 1. 

In this case the limits of z are o and 1 - x - y ; those of 
y are o and 1 - x ; and those of x, o and 1 . 

n l-x ri-x-y 

I x - 1 y m ~ l z 11 ” 1 dx dy dz . 

0 Jo 

It is easily seen, from (i), that 

f 1 -* f 1 ^ r (m) r 0) 

Jo Jo r(«»+»+x) 
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therefore 


F _ r(«)r(n) 

F(m + ^+ i) 



^)m+n 


r (m) r(n) r(Qr(w + n+i) _ rffl r(«n)r(n) . 

r(w + ^+i)* r(i+mf»+i) r(j+m + w + i)‘ ^ ■ 


Again, in the same multiple integral, if #, ?/, z, being 
still always positive, are subject to the condition 


we get 


x + y + z < h, 


U = h hm+n 


rjj) r(m) r(n) 

r(* + «»+» + 1 )‘ 


(3) 


This readily appears by substituting x = hx\ y = A?/, 
a - A/, in the multiple integral. 

There is no difficulty in extending these results to any 
number of variables. ¥e proceed from ( 3 ) to the case of 
four variables ; and so by induction to any number. 

Thus, the value of the multiple integral 

Z7 = JJJ . . . x 1 " 1 y m ~ l z n ~ l . . . dxdydz . . . , 


extended to all positive values of x t y , 2 , &c., subject to the 
oondition 

x + y + % + &c. < 1 , 


is 


u= r(Q r M r(» ) ■ ■ . _ 

r ( i + /+ m + n + • . .) 


(4) 


Again, in the integral 

U = Jjj x 1 " 1 y m " 1 dxdydz , 

suppose the variables to be still always positive, but limited 
by the oondition 
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then making 


x\p (y\ fz 

a) =V ’ ! H k 


the integral transforms into 


n l h m r n CCC i-1 --1 *-i 

TJ= — — u p v q w r dudvdiv , 

^ JJJ 


where « + 0 + w < i . 


Accordingly 


rfiW-W- 

a* i m c“ \y/ \J7 \r 

r ( 1+ i + “ + ?!' 

\ p q r t 


Again, from (3), the value of the triple integral 
JJJ ^ w " 1 z n ~ l dxdydz , 

extended to all positive values, subject to the condition 

x + y + s > u and < u + du, 
is 

rtorwrw or 

r(i+/+w + ») v r (/,+ m + n) 

Hence the multiple integral 

JJJ F(x + y + z) s"" 1 dxdyd % , 

taken between the same limits, has for its value 


r(0r(.)r(.) 
r(/ + «i + ») w 
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Accordingly, the value of the multiple integral 

JJj F(x + y + z) x l ~ l y m ~' z n ~ l dxdy dz , 

extended to all positive values of the variables, subject to the 
condition 

x + y + z < h y 

is HO r(m) r(«_) p F( ^ u i+ m+n -i du _ (6) 

r (l+m + n) J 0 

In like manner it is seen that if the multiple integral 


U = 


K 


Q + ( - ) [ x l ~ l y m ~ l z 1l ~ l dxdy dz 


be extended to all positive values, subject to the condition 

Cb, 


z\p M 4 (*X , 

- ) + i + H <h ' 
a] \bj W 


we 


have 


XJ- 


a l b m c n r \p 


pqr 


i\ 


r ^ r -u 


, l m n , , 

r _ + _ + - •'o 

\p q r 


. *F(u) u rV '~ 

ft 


du. (7) 


These results can be readily extended to any number of 
variables. 


Examples. 


t. Find the value of 


J J y~ l ty) 


extended to all positive values, subject to * + y < A 


Ans. — r («*-i). 
sin hr 
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2. More"generally, prove that 

(x + y)x M dx dy == A-j^{F {h) — F 

where x + y < h- 

3. Find the value of 

JJJ . . dx 1 dx% . . . dxn, 

extended to all positive values of the variables, subject to the 
xr + x 2 2 + * • • + x*? < ^ 

Ans. ( 


4. Prove that 


(if 


dx dy dz 

Vi ~ W- - y 1 - 2 2 


7 r 2 
¥' 


the integral being extended to all positive values of the varii 
expression is real. 

5. Show in general that 

»+l 


* ' Vi 


dx 1 dx 2 ^3 . . 

- ic» 2 


- #r — 372" 


2 »r 


under the same condition as in (3). 


222. Transformation of Multiple In 

proceed to consider the transformation of a 111 
to a new system of independent variables. 

Suppose it be required to transform tlie ini 

JJ 7 /(>, y , *) dxdydz 

to another system of variables, u , v, w, being 
terms of u 9 v , to. 

This transformation implies in general 
(1) the expression of /(a, y, z) in terms of 
determination of the new system or systc 
(3) the substitution for dx dy dz. 

The solution of the first two questions is a pu 
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problem. "We her© limit ourselves to the consideration of the 
third question, and write the integral in the form 

\dx\dy\f{x , y, z)dz. 

In the integration with respect to z, x and y are regarded 
as constant ; accordingly, in order to replace % by the new 
variable w, we suppose s expressed, by means of the given 
equations, in terms of x, y, w; and then we replace dz by 

— dw. Aerain, to transform the integration from y to v, we 
dw ° 

must suppose y expressed in terms of % w, x, and then dy 
replaced by ~~ dv : we next suppose 0 replaced by -j^du ; and 
we finally replace 

, dz dy dx 7 7 7 
icd,jd-. hj Tw t, £***’• 


It should "be observed that in each of the latter transfor- 
mations a change in the order of integration is supposed. 

By this moans the transformed expression is 


ffl 




( 8 ) 


where <!> (u, v, to) is the transformation of / (*, y, *)• 

The preceding would present, in general, a problem ot 
extreme difEoulty, especially in the investigation of the new 
limits at eaoh change in the order of integration 1 he one 
matter in every case to be carefully observed is, that the trans- 
formed integral or integrals must include every element 
which enters into the original expression, and no more 
Again, it may bo observed that in the foregoing substitu- 
tions for dx dy dz the order may be interchanged m any 

manner. , , 

Thus, if we commence by replacing x by u, we must 

suppose * expressed in terms of u,y,z; and then replace dx 

by ~ du, &o. 

J du 
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As. an illustration, we shall consider the ordinary trans- 
formation from rectangular to polar coordinates, viz. : — 

x - r sin 6 sin 0, y = r sin 6 cos z = r cos 9. 


Here we have 

x 2 + y 2 + z 2 = r 2 ; 

therefore 

x 2 = r 2 - y 2 - s 2 ; 

hence 

dx r i 

dr a? sin 0 sin 0’ 

a • dz 

Ag “ n m ' 

~ ^ sin 0, ~ = - r sin 9 sin <p ; 

therefore 

dx dz dy . 

a? 4 = r sm0; 

and for the element of volume dx dy dz we substitute 


r 2 sin 0 dr d0 d<j> } 


a result which can be also readily shown from geometrical 
considerations. 

Next, let us oonsider the more general transformation 

^ = rsin0 */ i-m. 2 sin 2 j>, */=rsin0y/ i-w 2 sin 2 0, z=rcos0oos0>, 
in which m 2 + n z = i . 

Squaring, and adding the three equations, we get 

x 2 + y 2 + s 2 = r 2 . 

In replacing x by r, we get, therefore, 

dx r i 

dr x sin 9 */ 1 - m 2 sin 2 ([>' 
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Next/to replace y by <•/>, we must express y in. terms of r y 
0, and s : thus 


m 2 r 2 + — — 

cos 2 0 


Hence 

d(p ~ 


» tan 0 y WV 2 cos 2 0 + n 2 $ 2 . 


seo 2 <j> *y ni l r 2 cos 2 0 




wr r 2 sin 2 0 


y mV 2 cos 2 0 + s a 


m 2 r 2 cos 2 0 + n 2 s 2 sec 2 0 r (w 2 cos 2 0 + n 3 cos 2 0) ^ 

y m 2 r 2 cos 2 0 + M a s 2 cos 0 y m 2 + n 2 cos 2 0 * 

clz 

and, finally, = - r sin 0 cos 0. 

Henoe for dx dy dz wo substitute 

r 2 (m 2 cos 2 0 + n 2 sin 2 0) c/r <^0 d<j> ^ 

y i - w* sin r 0 y I - sin 2 0 f 

In general (D# CWo., Art. 325), the product ^ ^ J 

is the Jacobian. of the original system of variables, as, y, s, 
regarded as functions of the new system, u, v, w. 

Accordingly, the general substitution for dx dy dz is 


dx 

dx 

dx 

du 

dv 

dw 

dy 

dy 

dy 

du 

dv 

dw 

dz 

dz 

dz 

du 

dv 

dw 


223. Transformation ttor Implicit Functions.— If, 

instead of being given x, % explicitly as functions of u, v , w, 
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we are given equations of the form 

-fi {x,y,s, u,v,w) = o, F 2 (x,y,z, u,v,w) = o, F a (x,y,z, u,v,w ) = o. 

we have [Fiffl. Calc., Art. 324), adopting the usual notation 
for Jacohians, 

j) 

d ( x , y, s) d (u, v, w) 
d (u, v, w) ~ d{ F„ F 2 , F .) ' 

d ( x , y, z) 

And for dx dy dz we must then substitute 


— du dv dw, 
J 2 


(») 


'where J \ is the J aeohian of the given system of equation!: 
"with respect to the new variables, and c/j» their JacobiaE 
■with respect to the original system. 

224. Transformation of Element of Surface. — IJ 

the equation of a surface be referred to a system of rectangu- 
lar axes it is easily seen, from Art. 189, that the element oi 
its superficial area, whose projection on the plane of xy is 
dxdy^ is equal to 



Accordingly the area of a surface may be represented by 



taken between proper limits. In this result z is regarded a 
a function of x and y by means of the equation of th 
surface. 

To transform this expression to new variables u , v, wt 
by the preceding Article, substitute 


'dx dy 
du dv 


dy dx\ 
du dv) 


dv instead of dx dy . 
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Also 


therefore 


dz 

dz dx 

dz 

dy 

du 

dx du 

dy 

du 9 

dz 

dz dx 

dz 

dy 

dv 

dx dv 

dy 

dv ' 

dz 

dz dy 


dz 

_ du dv 

. 

du 

dv 

dx 

dx dy 

_ <*l 

dx 


du dv 

du 

dv 


dz dx 

dx 

dz 

dz 

dv du 

dv 

du 

dy 

dx dy 

_ ^ 

dx 


du dv 

du 

dv 


Substituting, the expression for the superficial area be- 
comes 



dy dx V ( dx dz 
du dv ) \dv du 


+(- djL ---^dudv. 
dvdu) \dv du dv du) 


225. General Transformation for n Variables. — 

The transformation of Art. 223 can be readily generalized. 
Thus, for the oase of n variables, in the transformation of 
the multiple integral 

JJJ . . Vdx 1 dx, dx 3 .. . dx n 

to a system of new variables, _ y lt y 2 , . . . y n , we substitute 
for dx 1 , dxz, . . . dx n the J" acobian of X\ } x., . . . x n regarded 
as functions of yi, y*, y* • ■ • yn ; hence 


dx 1 


. dx n = 


d (xi, x 2 , 
d (yi, y*, 


dy x dy,... dy n . 

Vn) 


And in the case of implicit functions, we substitute 


Ji 


(i3) 
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where Ji and J 2 are respectively the Jacobians of the system 
of equations with respect to the new, and to the original, 
system of variables (compare Diff. Calc ., Art 324). 

226. Cfreen’s Theorems. — We shall conclude this 
Chapter with a brief notice of the very remarkable theorems 
given by Green (“ Essay on the Application of Mathematics to 
Electricity and Magnetism,” Nottingham, 1828, reprinted, 
1871), as follows: — 

If U and V he functions of x, y, s, the rectangular coordi- 
nates of a point ; then, provided TJ and V are finite and con- 
tinuous for all points within a given closed surface 8 , we have 


u 


'dUdV 
dx dx 


If 


U d fdS- 

dn 

V~dS 

dn 


TJ 


-III 


’ dU 

dV dU dV\ 

+ dy 

dy dz 

dz ) 

fd*V 

d 2 V 

d*V\ 

\dx l 

+ dtf + 

dz 2 ) 

fd'TT 

dJU 

d l l T\ 

\ dx 3 

+ dtf + 

dz 1 ) 


dx dy dz 


dx dij dz r J 


where the triple integrals are extended to all points within 
the surface 8 , and the double integrals to all points on 8 ; 
aud dn is the element of the normal to the surface at dS y 
measured outwards. 


For, since 
we have 


s(*sr> 


dUdV d*V 

dx dx + dx 2 9 


•" d_ 
J dx 


dV 


dx\ dx 


TJ j— dx dy dz = 


u 


f dUdV 

dx dx 


dx dy dz 


+ 


TT d * V J J J 
U -fafdxdydz, 


(H) 


the integrals being extended to all points within 8 . 

Again, since S is a closed surface, any intersecting right 
line meets it in an even number of points ; consequently 



dxdydz = 


dy dz S | U-i 


dVt 

dxi 


- TJ, 


dVA 
dx i y 
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wliore a?!, # 2 , JJ h Z 7 2 , represent the values of JT ? for two 
corresponding points of intersection with S , made by an 
indefinitely thin parallelepiped standing on dydz ; and 2 
denotes the summation extended to all such points 'of inter- 
section. Now, as in Art. 192, let d 8 u dS 2 , dS ,, &c., repre- 
sent the corresponding elementary portions of the surface; 
and Ai, A2, X3, &c., the angles that the exterior normals make 
with the positive direction of the axis of x; we shall have 

dy dz = cos Ai dSi = — cos A 2 dS 2 — cos X3 dS% = — cos A* dS \ = &c. 

Accordingly 


(- 5 ) 

nnder the same restrictions as to limits as before. 

Hence, from (14), we find 


'[[dJJdV 
JJJ dx dx 


dx dy dz - 


\U 


— cos X dS 
dx 


\ U dx dy dz, 
dx 2 


alon] 


; with corresponding equations for y and s. 
.ccordingly 


[UdUdY dUdV dTT dV\ _ . 

j \dx dx + dy dy + dz dz J * ydz 


rrfdV . dV dV \._ 

U — cos\ + cos tt + -z — cos v dS 

\dx dy dx J 




U [da? + if * d* j 

Again, we obviously have 


dx dy dz. 


cos A 


dx 

’ohi’ 


dy dz 

cos n = -7-, cos V = -r- ; 


, „ tfF , ^F tfF <#F 

therefore cos A + — cos ^ cos v = * 
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Hence 

ff [(dJTdV dTTdV^dUdV 
jjj yfo dx + dy dy dz dz 


dxclydz 


A»- 

an 

r~ds- 

an 


\\\^ + w +d ^) dxdydz \ (l6) 


' &U d*TT d*U 
.dx* + dy * + dz* 


\dxdydz 


The latter expression is obtained by the interchange of 17 and 
V in the preceding. 

If 17 = F, we get 





<FV 

dy* 



We ptia.11 now determine the modification to be made when 
one of the functions, U for example, becomes infinite within 8. 
Suppose this to take place at one point P only : moreover, infi- 
nitely near this point let TT be sensibly equal to r being 


the distance from P. If we suppose an indefinitely small 
sphere, of radius a, described with its centre at P, it is clear 
that (i 6) is applicable to all points exterior to the sphere; 
also since 


£\ 

dx* + dy* + dz*) 



it is evident that the triple integrals may be supposed to extend 
through the entire enclosed space, since the part arising from 
points within the sphere is a small quantity of the order of a 2 . 

Moreover, the part of jj 27-—" dS, due to the surface of the 

sphere is indefinitely small of the order of a. It only remains 

to consider the part of fj V -j — dS due to the spherical sur- 
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iu'umjih'n. 

fane. II w, n« V Is supposml to vary continuously, wo may 

tako for ifH vuluo that ( V‘) at tho point i* : also 


, 1 V Jtr 

tin dr 




i 



•■oiiwquonily tho vnhu* of 


r (IV, for tlio sphere is 


Air V'. 


Tints ( 1 6 ) lioiiotnes 
tlV 


X 


V 7 dti 
tin 


,tW <rv <PF\, . . 
1,1 [ *s ' , v ■' 




</or 

rv'* 

ru - 1 

d,f 1 rfj* j 


(i7) 

dXtbjdz- 4 7 T V\ 


where, m hefons the integral* extend over the whole volume 
iifiil 1 over the whole exterior mirfnoo. 

The mine method will evidently apply however great 
nmy h*$ the immher »f point*, rntoh an J\ at wlrieli either XT 

nr V l*tHitrtin*H mthute, 


EfrXAMPLBfi. 

f , If V '■ if mm u t- k tin u oo« v } c sin u nin v f 

S i# tuw 

fit?) Ml udmfv Zrf j ^ f(Atr) u'tlu\ 

wltff** A " I b* f #*» 

| #1 1 *,««, |/ > h!u tt mm %\ t * > nin u «in 1 * ; 

thm {#* f» «) am tlm of a point on a HpUero of unit radium 

»l!fe altlw migiti* , , . , 

X\m li,*i n - ,fa f k ' A®, 0 * Ay; then «, $, 7 in tXm a point on the same 

fitful 

iffjti* ■¥ lilt* « <#•# i I* sin u mn v v A {\w 0, 

[22] 
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where 0 it the arc joining the point a, jB, y to x, y, *• Again, the element of 
foe surface of the sphere at the latter point may bo represented by sm u du dv, or 
by sin 8 d 0 d<p, indifferently. Consequently 

f (a cos « + 5 sin ucotsv + c sin « sin v) sin « du dr =/ U cos 0) sin 0 dd Af>. 


I nt e grating each of those over the entire surfaco, wo get 

D") sinu dudv = cos 8) sin 0 d 0 d<p - Zn^/(A cosO) sr 


si n@d&> 


2. Hence, deduce the following : 

j w | w f ( U) sin n cos u du dv = ^ / (-^) wdw, 

j'J*7 ( V ) sin* u cos v du dv = J J{Aw)wdw. 

These are deduced from (i) by differentiation under the sign of integration. 

3. Show that the integral 

U = JJ/ (a; + y) a; 1 " 1 ^ 

supposed extended to all positive values subject to the condition x\y< A\ 

Toe reduced to a single definite integral, by the substitution 


x = uv, y ~u(i - v). 

Here x +■ y * u, and dx dy becomes udv dv ; also the limits for u are o and k % 
and those for v are o and I ; hence 

U = [ [ f(u) t) 1 " 1 (1 — v) #n ~ 1 du dv 
Jo Jo 


g= j f(u)u l +™- l du. (Compare Art. 22 x). 

4. Show that the foregoing process can be extended to the integral 
XT = Jfff(x 4 -y + z) x lA y ™- 1 x n ' L dx dy dz, | 
when the variables are always positive and subject to the condition 
x + y + z < a. 

Substitute for x and y as in last ; then, regarding a as constant, the limits 



for v are o and i, and those for w are o and a — z ; hence 


rfflrfrn) 

r (l + m) 


pa ra-z 

Jo Jo /(« + *)«' 


^J+w-1 45H-I 


duaz 


V{T)T(m)V{n) 
T (l + m + n) 


j 0 / M w I+fn+n_1 du 


This process is readily extended to any number of variables. 
5. Find the value of the definite integral 


By Art. 120 we have 


4 *jM (x fo 

lo {b (I - v) + 



x 1 ' 1 y m ~ l e~ ax ~ h y dxdy — ~ . 

a 1 b m 


Transform by the substitution x — uv, y = u (l - v), then, since the limits for 
are o and I, and those for u are 0 and 00 , we get 


r W E.M „ f 1 ( ^m-1 / ! .. dll 

a 1 J 0 J 0 


= r (l + m) 


P 1 v 1 - 1 (1 — v ) m ' 1 dv 
lo (I —v)-\-av } l+m ’ 


therefore 

6. Prove that 


f 


1 V 1-1 (1 — v) M_1 dv _ r (i) r (m) 

0 {^(i-'y) +av} Um r (*+■*») a 1 6™’ 


! ® pto ! j'® r°° 

I l(ax + by, a’x + Vy) dx dy = - -F(a?, y) dx dy , 

-« J-OO ^ J-CC J-QO 


where 

7, Prove that 


a b 
a' b' 


fS pT (m 2 cos 2 0 + w 2 cos a <p) dO dp r 


( 2 p 2 {tit* C08* l 

0 Jo V ( I - m 2 sin 2 0 )(i -f^sin^) ~~ 2 J 
when m% + n 2 - 1. 

This is an immediate consequence of (9), Art. 222. 

8. Show that Legendre’s Theorem connecting complete elliptic integrals 
with complementary moduli follows immediately from the preceding example. 

[22a] 
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TV ~~ 

Let ^=4^, j 

Jo vx— w^snrfl J0 

then the result given in Ex. 7 is easily transformed into 

F (m) E (n) + E (m) F{n)-F (n) F ( m ) = 

9. Prove that the area of a surface in polar coordinates is represented by 


jjjsm’8 (>' 2 + ^) + rd9d f 


taken between suitable limits. 

io. Show by actual integration that 


Hit 


+ d 2. + —\ d% iydz = f ( (m cos a + v cos $ + w cos y) dS, 
clx dy dz ) Jj 


where the integrations, respectively, extend through the volume and over a 
closed surface S; a, /3, 7 being the direction angles of the outward drawn 
normal at dS. 

1 x . Transform the multiple integral 

JJ'JJ Ydxdydzdu > 

by the substitution 

3 = r cos 9 cos <*>, y-r cos 6 sin <f>, z-r sin 0 oos w = r sin 0 sin ^ 
The transformed expression is 

ass sm 0 cos 0 # tyj 

where Fi is the new value of F. 


12. If 


W3W3 «1 «1 % 

*1 = > ^3=— i 

Ml M‘i «3 


proye that JJJT <foi<fca fe transforms into ^jjJViduidihdu^. 
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CHAPTER XII. 

ON MEAN VALUE AND PROBABILITY. 

22 7. A very remarkable application of the Integral Calculus 
is that to the solution of questions on Mean or Average 
Yalues and Probability. In this Chapter we will consider a 
few of the less difficult questions on these subjects, which 
will serve to give at least some idea of the methods em- 
ployed. We will suppose the student to be already acquaint- 
ed with the general fundamental principles of the theory 
of Probability. 


Mean Values . 

228. By the Mean Value of n quantities is meant their 
arithmetical mean, i.e. the n th part of their sum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
the intervals, the nearer is this to the required mean value. 

This mean value, however, depends on the law accord- 
ing to which we suppose the n representative values to be 
seleoted, and will be different for different suppositions. 
Thus, for instance, if a body fall from rest till it attains the 
velooity v , and it be asked— What is its mean velocity 
during the fall ? If we take the mean of the velocities at 
successive equal infinitesimal intervals of time, the answer 
will be but if we consider the velocities at equal intervals 
of space, it will be -|». The former is the most natural sup- 
position in this oase, because it is the answer to the question 
—What is the velooity with which the body would move, 
uniformly, over the same space in the same time ? a question 
which implies the former supposition. We might frame a 
similar question, of a less simple kind, to whioh the second 
value above would be the answer. 
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On Mean Value and Probability . 

Again, if we wish to determine the mean value of the 
ordinate of a semicircle, we might take the mean of a series 
of ordinates equidistant from eaoh other ; or through equi- 
distant points of the circumference ; or such that the areas 
between eaoh pair shall he equal : in each case the mean 
value will he different. 

Thus we see that the Mean Yalue of any continuously 
varying magnitude is not a definite term, as might he sup- 
posed at first sight, but depends on the law assumed as to its 
successive values. 

229. Case of One Independent Variable. — We 

will therefore suppose any variable magnitude y to be ex- 
pressed as a function <j> (a?) of some quantity x on which it 
depends, and its mean value taken as x prooeeds by equal 
infinitesimal increments h from the value a to the value J. 
Let n he the number of values, then nh = b - a. The mean 
value is 

~ | <j> (a) + (j> (a + h) + <j> (a + 2J1) + . . . . j . 

But (Art. 90), 

h | (f> (a) + (p(a + h) + <fr[a + zh) + . . . .j - j* <f>(x) dx. 
Hence the mean value is 

<■> 

Examples. 

1. To find the mean value of the ordinate of a semicircle, supposing the 
series taken equidistant. 

I rr I 

M - — 1 Vr 2 - x 2 dx — - 7r r, 

2 r)-r 4 

viz., the length of an arc of 45 0 . 

2. In the same case, let us suppose the ordinates drawn through equidistant 
points on the circumference. 

M - - (% sin0*?0= -r ; the ordinate of the centre of gravity of the arc. 

* Jo Tr 
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Case of One Independent Variable. 


i Determine tie mean Horizontal range of a projectile m vacuo .for different 
angles of elevation from 45° - 8 to 45° + a . ^n the mitral Telocity V. 

If a be the angle of elevation, the range is 


^ F* . 

B = — sm 2a. 
9 


Hence ““ lada ’ tetween tlie limits 4S ° * * ’ 

F 2 sin 2d 


therefore 


Jf=- 


A 


. 2 F 2 

The mean value for all elevations, from o to 90 , is ^ ^ • 

4. A number » is divided at random into two parts ; to find the mean value 
of their product. 


M - - x (n - as) dx = - » 2 


5. To find the mean distance of two points taken at random on the circum- 

ferenoe of a circle. ,, ,, n 

Here we mav evidently take one of the points. A, as fixed, and the other, 
to range over the whole circumference • since 

should onlv have the same series of values repeated : let 9 be the angle Dew ee 
“d the Seter through : as we need only consider one of the two semi- 

circles, 


M 


-if 1 

ir Jo 


2 r cos 9d9 = 


4 r 


6 To find the mean values of the reciprocals of all numbers from n to 2 n, 
when n iB large : that is, to find the mean value of the quantities 


»' -x+i* 

n 


i +- 


2’ ' * 


1 +- 


that is, the mean value of the function as a; goes hy equal increments from 


therefore M ~\ l nx~ n ° g ' 

7. To find the mean values of the two roots of the quadratic 
— ax 4 * b — 0 , 

the roots being known to he real, hut b being unknown, except that it is 
positive : 



On Mean Value and Probability . 


That is, b is equally likely to have any value from o to — ; henco for tlie 
greater root, a, 4 


:Jj 


therefore 


M = \a. 
6 


The mean value of the smaller root is a. 

6 

The mean squares of the two roots are a 2 , ~~« 2 . These might be deduct'd 

from the former results, since 

M{x l ) ~ aM{x) + M[b) = o. 

8. Find the mean (positive) abscissa of all points included between the axis 
of x and the curve 

* a 

— t* 

y-ae * . J.ns, -■> 

V?r 

The mean square of the abscissa is Jc 2 . 

230. If M be the mean of m quantities, and M' the mean 
of m' others of the same kind, and if be the mean of the 
whole m + m' quantities, we have evidently 

mM + m'M' y v 


Thus if it be required to find the mean distance of one ex- 
tremity of the diameter of a semicircle from a point taken at 
random anywhere. on the whole periphery of the semicircle; 
since the mean value when it falls on the diameter is r 9 and 

the mean value when it falls on the arc is — , we have 


A.r 

2 r . r + irr— 


ir + 7r r 



Case of Two or More Independent Variables . 
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231. Case of Two or More Independent Variables. 
— If z = $ (x, y ) be any function of two independent variables, 
and x , y be taken to vary by constant infinitesimal increments 
h, k, between given limits of any kind, the mean value of tbe 
function 2 will be 

jjzdxdy 
JJ dx dy 9 

both integrals being taken between tlie given limits. 

The easiest way of seeing this is to suppose x, y, z the 
coordinates of a point ; and to conceive the boundary, repre- 
senting the limits, traced on the plane of xy, and then ruled 
by lines parallel to x, y at intervals k , h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
each angle an ordinate z be drawn to the surface z = <£ (x, y), 
as the number of ordinates will be the same as that of rect- 
angles, we shall have 

volume Jfzdxdy = sum of ordinates x hk; 

also the plane area JJ dxdy = number of ordinates x hk ; 

so that dividing the sum of the ordinates by their number, 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

It is evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the coordinates 
of a series of points uniformly distributed over a given plane 
area. 


Examples. 

1. Suppose a straight line a divided at random at two points, to find the 

averago value of tho product of the thiee segments , 

Let the distance of the two points X, Y, iiom one end A of the line, be 
called a, y Consider first the cases when x>y, the sum of the pioduets tor 
those is half tho whole sum ; hence 

Jlf= - f ° \*y(x -y)(p- x) dxdy = A cfi. 

a Jo Jo 

2. A number a is divided into three parts ; to find tbe mean value of one 
part. 
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Let x, y, a - x - y, be the parts ; 




r r* 

Jo Jo 


xdxdy 


! a rarx 

Jo dXd! ' 


This value might he deduced, without performing the integrations, by consider- 
ing that the expression is tho abscissa of the centre ot gravity of the triangle 
OAB ; OA, OB being lengths taken on two rectangular axes, each -a. 

Of course the result in this case requires no calculation ; as the sum of the 
mean values of the three parts must bo = a , and tho throe moans must bo equal, 
i a 


The mean square of a part is - 


3. A number a is divided at random into three parts * to find the moan 
value of the least of tho three parts: also of the <j) eal&st, and of the mean. 
Let x, y, a- x — y y bo the greatest, mean, and least parts. Tho mean value 

: the limits of both 


of the greatest is if = 


integrations being given by 


x>y> a - x-y> o. 


M 


If x, y be the coordinates of a point, referred 
to the axes OA , OB, taking OA = OB = a , tho 
above limits restrict the point to tho triangle AVI f 
(AM being drawn to bisect OB) ; and tho above 
value of M is the abscissa of the centre of gravity of 



this triangle , i. e. - of the sum of tho abscissas of its 
angles; hence 

u 


T'ig. 53* 


1 / 1 1 \ 

if = — ( a + a — a\ 

3 \ 2 3 j 


IS 


The ordinate of the same centre of gravity, vis*., 


3\2 


t8 a ’ 


is the mean value of the moan part ; hence the mean values of the three parts 
required are respectively 


n 5 1 

~0 a * - n a i - a ' 

18 ? 18 ’ 9 


4. To find the mean square of the distance of a point within a given square 
(side = id), from the centre of tho square. 


4 a J-a J-« 3 
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Case of Two or More Independent Variables. 


It is obvious that the mean square of the distance of all pomts on any plane 
area from any pomt in the plane * square of the radius of gyration of 
the area round that point 


5. To find the mean distance of a point on the circumference of a circle from 
all points inside the cncle. _ , 

Takrng the origin on the circumf erence, and the diameter for the axis, 11 a 
he any element of the area, we have 


Tra? irctr J _' nr J 0 


32 a 
gir 


232. Many problems on Mean Yalues, as well as on 
Probability, may be solved by particular artifices, which., it 
attempted by direct calculation, lead to difficult multiple 
integrals which could hardly be dealt with. 


Examples. 

1. To find the mean distance between two points within a given circle. 

If if be the required mean, the sum of the whole number of cases is repre- 
S0ntedby 

How let us consider what is the differential of this, that is, the sum of the ne w 
STs introduced hy givmg r the increment dr If Mo be the mean drtroeof 
a pomt on the circumference from a point within the cncle, CJ f es .“ 

duced by taking one of the two points A on the infinitesimal annulus v , 

7rr 3 Jfo . 2 irrdr ; 

doubling this, for the cases where the point B is taken in the annulus, we get 

d. { (nr 2 ) 2 M } = 47 r 2 Jfo» 3 ^. 


How Jfo = — (Ex. 5, Art. 231) , 

9 T 

128 

therefore * — 


r 

Jo 


r^dr ; 


therefore 


Jf = 


128 
45 ^ 


2. To find the mean square of the distance between two points taken on any 

PlllI Let T dsfdS' be any two elements of the area, A their mutual distance, and 
we have 

ifo XjJJ/AWdS'. 
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Now, fixing the element d&, the integral of A 2 dS f is tho moment of inertia 
of the area a round dS ; so that if K = radius of gyration of tho area round dS > 


M~~SSK*dS: 

let r = distance of dS from the centre of gravity 0 of the area, k the radius of 
gyration round G : then 


therefore 




thus the mean square is twice the square of tho radius of gyration of the area 
round its centre of gravity. 

233. The mean distance of a point P 'within a given area 
from a fixed straight line (which does not meet the area) is 
evidently the distance of the centre of gravity (J of the area 
from the line. Thus, if A , B are two fixed points on a line 
outside the area, the mean value of the area of tho triangle 
APB = the triangle A GB. 

From this it will follow, that if X, Y, Z are throe points 
taken at random in three given spaces on a piano (such that 
they cannot all be cut by any one straight lino), the mean 
value of the area of the triangle XYZ is the triangle U (/£?", 
determined by the three centres of gravity of the spaces. 

Example. 

1. A point P is taken at random within 
a triangle ABC, and joined with tho three 
angles. To find the mean value of the 
greatest of the three triangles into which 
the whole is divided. 

Let G he tho centre of gravity ; then if 
the greatest triangle stands on AB, P is 
restricted to tho figure CHGK , and the 
mean value of APB is the same as if P 
were restricted to the triangle GCK ; hence 
we have to find the area of the triangle 
whose vertex is tho centre of gravity of 
GCK , and base AB ; 


C 



therefore if = - (ACB + AKB + AGIt) = ^ + 1 + 

hence the mean value is ™ of the whole triangle. 

The mean values of the least and mean trianglos are respectively 1 ami ^ 
of the whole. 

This question can readily he shown to he reducible to Question 3, Art. 131. 


Case of Two or More Independent Variables . 
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234. If M be the mean value of any quantity depending 
on the positions of two points (e. g. their distance) which are 
taken, one in a space AT, the other in a space B (external to 
A) ; and if M f he the same mean when both points are taken 
indiscriminately in the whole space A + B ; M A , M B the 
same mean when both points are taken in A , or both in B 9 
respectively; then 

(A + By M f = 2 ABM + J?M A + B*M b . (4) 

If the space A = B, 

4 M f = 2 M + M a + M b ; 

if, also, M a = M m , 

2M'~M+M a ; 

thus if M be the mean distance of a point within a semi- 
circle from one in the opposite semicircle, Mi that of two 
points in one semicircle, we have (Art. 232) 

45 71 " 

To determine M or M 1 is rather difficult, though their 

1472 

sum is thus found. The value of M is * r. 

i35tt 


Examples. 

I. Two points X, Y are taken at random within a triangle. What is the 
mean area M of the triangle XYC, formed by joining them with one of the 
angles of the triangle ? 

Bisect the triangle by the line CD ; let M\ he the mean value when both 
points fall xn the triangle A CD ; the value when one falls in A CD and the 
other in BCD ; then 

2 M = M\ +• Mi. 


But Mi « -M; and M% = GG'C 7, where G, G r are the centres of gravity 
% 

of AGD> DCD, this being a case of the theorem in Art. 233 ; hence 
Mi ABC, and M = ^ABC. 

2 . To find the mean area of the triangle formed by joining an angle of a 
square with two points anywhere within it. 
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By a similar method this is found to ho 
1 3 

— of the whole square. 


3 . What is the mean area of the triangle formed hy joining 
points with tho centre of the square ? 

Wo may take one of the points X always in tho square 0^£ ; 
square as unity ; then if M be the mean, tho sum 
of all the cases is 

- M= 4 , Mi + 2 4 , M 3 , 

4 4 2 4 2 4 2 

Mu M 2 , Mz being tho mean areas when the second 
point Y is taken respectively in OA , OB, and 00, 

But M% as Mu for to any point Y in 00 there cor- 
responds one Y f in OA, which gives tho area 
OXY f = OXY; 

therefore M = ~ Mi + - M 2 . 

2 2 F3 

But Mi = ^ g .4 Mi = ^ ; hence M = of tho wlio 

235. If two spaces A + C, B + C have a comi 
and M be any mean vahie relating to two points, ( 
the other in B + C ; and if the whole space A ■+■ . 
and M w he the same mean when both points are 
criminately in W ; M A when taken in A, &o., the 

2 ( A + C) (£ + 0) M - W ' ! M w + C* M c - A \ar u - 

as is easily seen by dividing the whole number 
into the different classes of cases which compose i 

* In such questions as the above, relating to areas detcira 
taken at random in a triangle or parallelogram,* we may consitle; 
equilateral, and the parallelogram as a square. This will appear; 
projection; or by deforming the triangle into a second tilling 
base and between tho same parallels, when it is easy to so© that 
random points in the former there correspond alike set in the Xat 
the same areas. This second triangle may be made to have a 
side of an equilateral triangle of the same area ; and then h© < 
manner into the equilateral triangle itself. Likewise a parallc 
deformed into a square. 




Case of Two or More Independent Variables . 
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Example. 

Two segments, A B, 02), of a straight line have a common part CB ; to 
find the mean distance of two points taken, one in AB, the other m CD. 


x AX . CV.M=AV* .-AV+ CX*.-CX-AC* -AO -XV*. -XV, 
3 3 3 3 

since the mean distance of two points in any line is ^ of the line ; 


therefore 


Jf: 


AB Z + CB Z - AG 3 - JDB Z 
6AB . CB 


236. The consideration of probability often may be made 
to assist in determining mean values. Thus, if a given 
space S is included within a given space A, the chance of a 
point P, taken at random on A , falling on S, is 

8 

P °A' 


But if the space S he variable, and M (S) be its mean value, 


j P = 


M{8) 

A ' 


( 6 ) 


Por, if we suppose S to have n equally probable values 

St the chance of any one S, being taken, and of 

P falling on S„ is 

1 Si. 

Pl n A' 


now the whole probability p = Pi + Pi + P> + - • • ; whioh leads 
at once to the above expression. 

The chanoe of two points falling on S is 


P jt ■ 


( 7 ) 


In such a case, if the probability be known, the mean value 
follows, and vice vend. Thus, we might find the mean value 
of the distance of two points X, Y taken at random m a line, 
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by the consideration that if a third point Zbo taken at random 

in the line, the chance of it falling between X and 7 is - ; as 

one of the three must he the middle one. Hence the mean 

distance is ~ of the whole line. 

3 

2d n 

Again, the mean n th power of the distance is 

where a = whole line. For if p is the probability that n more 
points taken at random shall fall between X and Y, 

M[XY) n ’= a n p. 

Now the chance that out of the n + 2 points, X shall 
be one of the extreme points is ; and if it is so, the 

chanoe that Y shall he the other extreme point is ■ * ^ 


Examples. 


i. From a point X taken anywhere 
in a triangle, parallels are drawn to two 
of the sides. Find the moan valuo of 
the triangle XJXV. 

If a second point X' he taken at 
random within A B G, the chance of 
its falling in X UV is the same as the 
chance of X falling in the correspond- 
ing triangle X f (/' V ; that is, of X! 
falling on the parallelogram XO. Hence 
the mean value of XIX V = mean value 
of XO. But the mean value of ( XJXV 

+ XO) is -AJ 3 C; as the whole triangle 

can he divided into three such parts by drawing through X a parallel to A B. * 
Thus 

M[UXV) A- ABO. 

The mean value of Wis -AS. For W is the same fraction of AS that the 
3 

altitude of X is of that of 0 : see Art. 233. 



The triangle may ho considered equilateral : see note, Art. 234. 
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. CoR - Hence, if jt? be the perpendicular from X on AB, h the altitude of 
triangle ABC, we get 

M(r?) = lh\ 

If the area ABC be taken as unity, we have, since UXT: AXB = AXB : ABC, 

* (AXB) 2 = XTXV. 

Thus the mean square of the triangle AXB is If two other points Y t Z are 
taken at random in the triangle, the chance of both falling on AXB is thus the 
same as that of a single point falling on JJXV ; i. e. Hence we may easily 
infer the following theorem : — 

If three points X, Y, Z are taken at random in a triangle, it is an even 
chance that Y, Z both fall on one of the triangles 
AXB, AXC ; BXC. D 

2. In a parallelogram ABCJD a point X is taken at 
random in the triangle ABC, and another Y in ABC. 

Find the chance that X is higher than Y. 

Draw XS horizontal : the chance is 

mean area of ASK -f- ABC. 

But ASK —XUV, and the mean area of XJJV=\ ACB H| 

i ® 

(Ex. i) ; hence the chance is g. 

3. If 0 be a point taken at random on a triangle, and 
lines be drawn through it from the angles, to find the 
mean value of the triangle JDEF. (Mr. Miller.) 

It will be sufficient to find the mean area of the triangle ABF, and subtract 
three times its value from ABC. If we put a, 0, 7 tor the triangles BOC, 
AOC , AOB , it is easy to prove 



AEF= 


07 


(a + 0) (a + 7) 


. ABC. 


If we put the whole area ABC = 1, and if 
dS be the dement of the area at 0 , 

PydS 





the integration extending over the whole triangle. 

But if p, q are the perpendiculars from 0 on the sides l, c, it maj be easily 
shown that the element of the area is 


dS-. 


dp dq 
sin A 


be sin A 

[S3] 


df} dy = 2 dp dy. 
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Tima the mean value of A El becomes 


M 


-1:1 


1 2f3yd$dy 

(, Jo (I -0)(l-7) 


= j (5- I -log 


Again, by Art. 95, tlio definite integral 

r'Alogfi tt\ 

).T 3 J^ = i -6’ 

therefore if = — 1. — 2 = — - 3 - 

Hence the mean value of the triangle DEI is 


IO - 7 T-, 

that of ADC being unity. 

It is curious that the same value, 10 - 7 r 2 , has boon found by Col. Clarke to 
be the moan area of a triangle formed by the intersections of three lines, drawn 
from A, B, C to points taken at random in a, b, c respectively. 

4. To find the average area of all triangles having a given perimeter (2*) . 
By this is meant that the given porimcter is divided at random in every possible 
way into three parts, a, b, c, and only those cases are taken in which a, b, c can 
form a triangle ; then the moan value of 


A = \Z's(s - a) (s ~ b)(#~ c) 


r 




Fig. 59. 

has to he found. . w 

p q Take AB = 2s, let X, Y be the two points of division, AX — x y A Y - y : 
these are subject to the conditions 


Now 


v/ 


x < 5, y > 5, y - x < s, 

: = V (« - *)* (y -«)(*- y ? #) ; 


V 


-M(A)=^ 


n v/ (a - x) (y - s){s - y + rr) . dydx 

y-» __ __ _ 

n>* 


Again, by Art. 132, we havo 

| s (a-j/ + *)d*= g (2 »-y) 2 ; 

if = [* (2 S -y)VF^-^= 

Tbo result is therefore Mean area = (2 s) 2 . 

In the same case we should easily find 

Moan square of area = 
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5. Three points are taken at random within a given triangle ; prove that the 
mean area of the triangle formed hy them is — of the given triangle. 

Call the area of the given triangle A, the requiied mean If* we will first 
prove that if Mo he the mean area when one of the three points is restricted to a 
side of the given triangle, 

JTo. 

4 

Let A receive an increment of area dA, hy adding to it an infinitesimal band 
included between the base a and a line parallel to it , the increase produced in 
the sum of all the cases is found by considering one of the random points X 
taken in this band ; the additional cases introduced will be 


A 2 dA . M 0 . 

The whole increase is treble this, for we must consider also the cases when 
Y, Z fall in this band (the cases when two of the three fall on it may be 
neglected, their number being propoitional to the square of dA). Now the sum 
of all the original cases is A 3 M , hence 

d (A 3 M ) = 3 A 2 Mod A. 
jlf" 

Now— is constant for all triangles (see note, 

A 

Art. 234) ; 

M 3 

hence — d . A^~ 3A 2 Jfo<fA , M— ~ Mo. 

A 4 Fig 60. 



Again, to find M 0 , consider the random point X fixed at a particular point 
D'of the base a, the other two points, Y, Z, ranging all over the triangle. Let 
JT bo the mean value of DYZ; the sum of all the cases, viz., A 2 M', maybe 
decomposed into three groups : (1) when T, Z are in AJBD , (2) both in ACD ; 
(3) one in each triangle : 

(ABO) 2 M f = {ABB ) 2 * ABB+ {ACD ) 2 . —ACB + zABB.ACB.^—^, 

by Ex. (1) Art. 234, and because in case (3) the mean value is the area of the 
tnangf© f ormed by joining B with the centres of gravity of ABB and ACB 
(Art. 233). Lot BB = x, altitude of triangle =p, and we get 




Nov when the point X falls in the element dx, the sum of all the cases is 

[23a] 
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A 2 M’dx ; and hence, when X ranges from B to C, the whole sum of cases is 
«A 2 Jfo = A m'dx = (i -pf [“ + 7 7 (* - *> 3 + ^ (* - *) j ; 

therefore a&sMo = (Ap ) 3 ~a 4 = ~ «A 3 . 

I 7 £ 

Hence Jfo = •- A*: and therefore M- -Mq— — A. 

9 4 12 

Con. Hence, if four points, A , B , (7, D, are taken at random within a 
triangle, the chance that they determine a re-entrant quadrilateral is -* For 
the chance that JD falls in ABC is the mean value of ABC divided by the 
whole triangle, that is — ; and we have to add to this the chances that C falls 

2 

in ABB , &c. The chance that ABGB is convex is 

6 . The mean distance of the vertex of a triangle from all points in the area is 
equal to its distance from the centre of gravity, measured along a parabolic path, 
which leaves the vertex in the direction of one of its sides, and reaches the 
centre of gravity in a direction parallel to the other — the axis of the parabola 
being parallel to the base. 

Let an indefinite line AF be con- 
ceived to revolve round A, from the 
direction A G to AB ; and as it revolves, 
suppose that all the mass of the triangle 
ABC which lies to the right of it is 
transferred continuously to the vertex A . 

The centre of gravity of the whole mass 
will thus describe a curve starting from 
9, and ending at A. When the line is 

at AF let the centre of gravity be at g ; A , ^ 

and when it is in the consecutive position r r u 

AF' , let the centre be at <f , As the t>1, 

mass of the triangle AFF' has been transferred to A , gg' is parallel to AF; also 

99’ 



*FF' 2 
'ABC ' Z ’ 


since - AF in the distance traversed by the centre of gravity of the transferred 
3 

portion of the whole mass.*' 

But as - AF is the mean distance of all points in AFF' from A , the sum of 
3 

2 

every element in AFF' into its distance from A = AFF' x - AF. Hence the 

sum of all the elements gg', i. e. the whole arc GA - sum of every element of 
ABC into its distance from A , divided by the area ABC, i. e. the mean distance 
required. 


* See Eankine, Applied Mechanics , p. 54 . 
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It is easy to show that if gT is drawn parallel to BO, 

AT 2 = - — gT, 

3 * 

so that the curve is the parabola mentioned above. For A and g are in directum 
with the centre of gravity of A BP; and hence, as g is the centre of gravity of 
ABB and a mass at A equal to ABC, 

AT __BB BP _ g 

2 4” a 9 and 2qT~ AT' 

-c 

3 


PBOB AB ILITIES . 

237. The calculation of Probabilities, when the number 
of favourable cases, as well as the whole number of oases, is 
finite, is not a subjeot for the Infinitesimal Calculus. It is 
when the number of cases depends on continuously varying 
magnitudes, and is therefore infinite, that recourse has to be 
made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 228). The value of the pro- 
bability will depend on the law according to whioh we select 
the series of cases which we take as representing the total 
number — that is, it will depend on which variable (or varia- 
bles) we suppose to be taken at random , that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be different if, first, we suppose a series of lines drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. In many cases, however, the problem has an obvious 
sense whioh precludes any such uncertainty. 

238. Let us consider a simple question on chances. Two 
integers are ohosen at random from o to 6 inclusive ; to find 


* Of course a large number of values taken at random for a variable do not 
really form an equi- different series • but, as they must give a number of points 
(wbcri measured along a straight line) of uniform density, they may be taken, 
for the purposes of calculation, as equi-diffcrent 



the chance that the greater of the two exceeds a given value, 
suppose 3. Here the whole number of cases, all equally 
probable, is easily seen to be 

1+2 + 3 + 4 + 5 + 6, 

and the number of favourable cases is 

4 + 5 + 6, 


so that the required chance is 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a ; find the ohance that the 


greater of the two is less than a given value b : — 

Let x be the greater; then for any assigned value of a 
the number of cases is measured by x (since the lesser may have 
any value from o to x ] ; hence the number of cases when the 
greater falls between x and x + dx is measured by xdx ; the 

whole number of cases is therefore I xdx ; and the favourable 

( i . V 

oases are 1 xdx. The required chance is therefore p = — t . 

This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances. It is true that it 
might easily be solved otherwise ; for if the two numbers are 
considered as the distances of two points taken at random in 
a line of length a, from one end of the line, and if we 
measure a distance b from that end, the problem is really to 
find the chanoe that both points fall within b ; which chance 


is evidently — ' 

ct> _ 

239. We proceed to give a few easy questions, on proba- 
bilities : general rules can hardly he given for their solution, 
the number and diversity of the questions whioh may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them into a regular theory. We 
will give, in particular, several on Local or Geometrical 
Probability. 
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Examples. 

I. If an event B is known to have occurred in a certain century, the chance 
that it was not distant more than n years from the middle of the century J ls of 

course — ; hut if three events, A, B, C, are known to have occurred in the 
ioo ’ * ’ 

century, and that A preceded B, and B preceded C, let it he proposed to find 
how far this amount of knowledge alters the value of the chance for B. 

Let# he the time from the beginning of the centuiy to the event B ; 7 for 
any assigned value of x, the number of tiiple cases is % (ioo — x ) : hence ^the 
number of favourable cases divided by the whole number is 

fSO+n 

a? (ioo — x) dx 


P = 


S ol 
V 


■ = 3 : 


- 4 ^ 


\I°0 / 


( IOO 

#(ioo - x) dx 
o 

2. Two numbers, x, y, are chosen at random between o and a : find the 
chance that the product xy shall be less than — (its mean value). 


Here 


JJ dxdy 


(v 

the integral being limited by a> x> o, a>y> o, and xy < — . We have 

% * * 

accordingly to integrate for y from a to o, when ^ is between o and - ; and irom 

— to o, when x is between - and a , thus 
4# 4 

a 

r* a 1 , a 2 

JJ dxdy = + ], £ * = 4 + 4 log 4 ' 


llonce 


x i . 

: - log 2 

4 2 


x. Two points are taken at random in a given line «; to find the chance 
that their distance asunder shall exceed a given value <?• , - ,, 

It is easy to see that the distances of two such points from one end of t 
line are the coordinates of a point taken at random 
in a square whose side is a. Thus to every case B 
of partition of the line corresponds a point in the 
square — such points being uniformly distributed over 

its Q^g^if in the above question a, y stand for the 
distances of the two points, from one end of the > line, 
y being greater than *, we have to find the chance H 
of v - I exceeding The point P whose co- 


ordinates are x, y, m tke square OJ) (side - a), 
may take all possible positions m tke tnangle 0 £D 
if no condition is imposed on it. But if y - x >c, O 
Sien if we measure OS = c, tke favourable eases 



Fig. 62. 
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occur only when JP is in the triangle SKI ; hence the probability required 

BST _ /g-c\ a 
P ~ OBJ) \ a ) 

In fact this is only performing the integrations in the expression 

i n ry-c 

\ dxdy 

_ e Jp 

P — » n p 

\ dxdy 
Jo Jo 

4. Two points "being taken at random in a line a , to find the chance that no 
one of the three segments shall exceed a given R z ^ N 3) 

length c. 7 T ~7 

Tho segments being as "before, x, y — a - V* / / 

PK = x, BK=a-y, JPI=y-x. There will P/ W 

be two cases : — /M 

H p / 

(1), If c > ~ a; take OXT = BV~BZ—BN—c\ ]/ 

2 /\ 
then it is easy to soo that the only favourable V “7j 
eases are when P falls in the hexagon UZNMJV\ / 

OBI )~3 . VSZ ,( a .ZjY o” A 

pl ~~ OBJ) 3 \ * / ' Fig. 63. 

(2) . If c < - a ; take OU = BY =c, as before ; then the only favourable 

cases arc whon I' falls in the triangle RST; H ^ -7? 


therefore 


' __ i^ c ~ a Y 

> \ a / ’ 



since 22ST- ~JKT 2 , and 22T = FT + 2Uff- / ]/ 

"" 2 Sucli eases of discontinuity in the functions / 

oxnrossing probabilities frequently present them- 
selves. The functions are connected by yery L; 

rciintirhablo laws. Thus, in the present question, O 

if Pi - /(c). n = ■*(«)» w0 llave 

f(o)-f{a-c) = F(c)-B(a-c). 

, A ia niioa with equidistant parallel lines; a rod, shorter than ■ 
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extreme touts are equally probable, the whole number of oases will be repre- 
sented by 


dxdB — va. 


Now if the rod crosses one of tho lines we must have « > c08fl ! 80 ttat tie 
favourable oases will be measured by 


~c coa 9 

dd dx - 2c. 

! : Jo 


. ast? 

Th.ua the probability required isp-~. 

This cmestion is remarkable as having been the first proposed on the subject 
PrXbiktv. It has been proposed, as a matter of curiosity, 

to determine the value of tt from this result, by making a largo number oi trials 
to determine me Yaiuuux however, hero consists m ensuring that 

r« roVtoU faS g reany at mndom The ohcumsWces under which it is thrown 
may^ be “ toll" positions of tho rod than others Though we 
may bo unablo to tako account d prion of tho causos oi Huch a loudoncy, it will 
bolound to rovoal itself through the medium of repeated trials. 

240. Sometimes a result depends upon a vana_ble (or 
variables) all tho values of which are not equally probable, but 
are such that the probability of a certain value for a variable 
depends, according to some law on the magnitude of that 
value itself (and also, perhaps, on the values of other-variables) . 
Thus a point may he taken in a straight line so that all 
positions are not equally probable, but the probability of the 
distance from one end having the value x, being proportional 
to s itself. This would be in fact supposing the series o± 
points in question as ranged along the line with a density 
proportional to * ; as, e. g., if they were the projections on the 
line of points taken at random in the space between the line 
and another line drawn through one of its extremities, lo 

give an example ...... 

Two points are taken in a line a, with prohabihties 
varying as the distance _ from one end A ; to find the chance 
of their distance exceeding a length c. 

Let x, y, he the distances from A, and suppose y > x. 
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Here the probability of a point falling between oo 
is not proportional to dx, but to xdx ; and the rest 



The mean values of the three divisions of the 
same case, will be found to be 




i 

- a . 

5 


The above value of p is also the value of the c 
the difference of the altitudes of two points uithir 

shall exceed a given fraction - of the altitude of t 


Examples. 

i. Two points being taken on the sides OA, OB, of a square 
of their distance being less than a given value b is easily seen, w 

tion to be provided b < a ; as it is the chance of a point take 
4a 2 

the square falling within a quadrant of a given circle. Suppose 
points are taken on OA, and two on OB, and that we take X , Jf, 
furthest from 0 on each side, to find the chance that their dista 
than a given length b ; (b< a). 

Here the probability of X falling between x and x + dx is 
xdx ; likewise for y ; hence 

| j xydxdy 

P ~~ ra j»a 9 

xydxdy 

Jo Jo 

h * 

the upper integral being limited by x~ +y z < b 2 ; hence p - 

Thus it is an oven chance that the point determined by the < 
shall fall within the quadrant - 7 ra 2 . 
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2. In a circular target of area A the area of the hull’s eye is a If a 
shot is heard to strike the target, the chance of its having hit the bull’s eye is 

of course ■—.* If, however, two shots have been fiiocl, to find the chance that 

the best of the two has hit the bull’s eye. 

This is easily solvod by elementary considerations , as the chance of both. 
missing the bull’s eye is 

- ( A - a Y 

/; ' 

Hence tho required chance of the best shot having hit it is 

a ( a\ 

1 - p = a( 2 -a) 

3. Lot it be proposed, however, to find the chanco of the best of the two 
shots (i. 0. that nearest tho centre) having hit any given area a y traced out on 

the target. , 

The number of cases in which the worst shot falls on any element »o, at a 
distance r from tho centre, is measured by v r 2 dS , hence the chance of the worst 
shot striking the area a is 

J 7 r 2 dS (over a) __ *n 
P ~~ Jj r 2 dS (over A) M 9 

where If, m are the moments of inertia of A, a round the centre of the target. 
Now, the probability of both shots missing a is 

hence that of a being hit (by one or both) 1^ 

and tho ohanoo of both hitting it is But tho ohanco of « being hit is 

chanco of best ohanco of worst — chance of both , 
hence if jpi bo tho required chanco, viz., of the best shot staking a, 




• * Pi ~ 2 a~ m 9 


where m, M are tho moments of inertia above. . , , ,, , . 

Or, we might havo considered the numbor of cases in which the best sho 
falls on the element dS, viz., tt {It 2 - f)dS 9 where 22 = radius of target. Ihis 
would have given the required probability 

_R l cc — m _ 

Pl ~~ Ii 2 A ’ 


which is easily shown to ho identical with the above value. 


♦ That is, disregarding tho effect of the aim directing it with greatoi proba- 
bility to tho centre of the target. This would bo practically correct in the case 
of a very bad marksman, who frequently misses the taiget altogether. 
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2 ^\i C ’? rvc ® f ^yeqnency. — In questions relating to 

a /r? le ^ any value of which is a function 

of that value _ itself, it is often 

useful to consider what is called 
a curve of frequency. Thus, if 
the probability of a given value 
of x is proportional to <j>(x), and 
we draw a curve y = C<j>(x), 
then when a great number 
of values for x are taken, the 
number in any element dx is 
proportional to the area of the curve standing on that 
element ; the ordinate at any point P representing the 
density or frequency of the points at P : the abscissas of all 
points taken at random in the area of the curve are equally 
probable. 

v ^ points X, Y are taken at random in a straight 

j anc *- mearis always that nearest to A, the curve 
ot frequency. for Y will be a straight line through A ; that 
or Jl a straight line through B. This will often simplify 
questions : e. g. suppose we have to find what is sometimes 
called the most probable value for AY, i.e. such a value 

t- AY ls et l u ally likely to exceed or to fad short of it. 

bince the curve of frequency for 
T" is a line AC, we have only to 
find P, bo that PD bisects the 

triangle ABC ; i. e. AP = ~ 

, V z 

because as many values of AY 
exceed AP as fall short of it. 

The most probable value is not 

the mean value, viz., - AB, being the horizontal distanoe of 

the centre of gravity of ABC, from A. 

A point Y is taken at random in a line AB = a, and 
then a point X is taken at random in AY (or a rod may he 
supposed broken in two at random, and one of the pieces 
then broken m two) to find the chance of the length of AX 
falling within given limi ts. 

Let x, y , be the distances from A ; for any assigned value 




o p x 

Fig. 65. 
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chance of X falling between 

2© the chance of X falling between 
id x + dx, and of Y falling between 
id y + dy , is measured by 


dxdy 



the whole chance of X falling 
sreen x and x + dx is 


C a dy 


dx a 

~-log- = -dxlogiv, 



>x simplicity we put a = i . 7 ' 

Thus the curve of frequency for X is a logarithmic curve 
> whose ordinate is 


* “ " log x, 

frequency at A being infinitely great. 
The area of this curve from o to x is 


*log^; 

this is the probability of AX being between o and * ; 
whole area, when x = x, being i, as it ought to be, as 
i certain that X falls in AB. The chance of X falling 
veen given limits x r 9 x" is of course 


a'log J-*"log4 

tU 

1o find the most probable value of x we should have to 
e the equation 

x( i - log x) = 

b gives x about one-fifth of the line AB. 



t500 


\JH JXLVlhll/ V whw 


if - 


The mean value of x is 


xzdx 


3f = ; 


o 

nf 


= one-fourth of AB> 


idx 


This last result might have been foreseen : because if we 
take a point at random in each of the segments AY, YB, 
the line AB is divided into four parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others; the sum of the mean 
values being AB. 


Examples. 

i A line is divided at random, and one of the parts again divided at random 
as above, to find the eliance that no one of the three parts shall exceed the sum 
of the other two (i.e. that a triangle might he formed by them). ( Cambridge 

Math. Tripos , 1854.) , 

The probability that Z, Y shall be taken in two assigned elements dx, dy 

is (taking a = 1), 

dxdy 


This differential being integrated throughout any limits gives the sum of the 
probabilities of Z, Y being found m each pair of values for dx and dy which 
enter into the summation . —that is, the cases being mutually exclusive, the 
probability that Z, Y will be found in some one of those pairs. 

In the present case the limits are equivalent to 

1 1 

x<-<y< 1, x>y -- 


Hence 


All 


udx 


£ Jy-£ V 


= log 2 • 


2. An urn contains a large number of black and white balls, the proportion 
of each bemg unknown if on drawing m 4- n balls, m are found white and 
n black, to find the probability that the ratio of the numbers of each colour lies 
between given limits -y 

The question will not be altered if 
we suppose all the balls ranged in a line 
AB, the white ones on the left, the 
black on the right, the point Z where 
they meet being unknown, and all posi- 
tions for it in AB being a priori equally £ ^ 3 

probable; then m + n points being taken, p* ^g 

at random in AB, m are found to fall on 

AX, n on XB. That is, all we know of Z is, that it is the [m + 1)** in order, 
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m ^4, of m + n + r points falling at landom in AB. If AX = x, 
number of cases for X between x and x + dx is measured by 

\M-\-n 

- — : — x m (i — x) n dx .* 
m \n 

3 probabibty that the ratio of the white balls m the um to the 
r lies between any two given limits a, 3— that is, that the distance 
5 point X lies between a and — is 

fj 3 

x m (x ~x) n dx 


x m (i—x) n dx 
J o 

of frequency for the point X will be one whose ordinate is 


y~x m {i~ x) n . 


cnnm ordinate IT occurs at a point JT, dividing AB in the ratio 
is of course what we should expect the ratio of the numbeis of 
xte balls is more likely to be that of the numbers drawn of each 
The value for p above is simply the area of the above curve 
r a,lues a, fi, of x , divided by the whole aiea. 
ppose, for instance, that 3 white and 2 black balls have been 


-d. the chance that the proportion of white balls is between -and ~ 

5 5 

—that is, that it diffeis by loss than + - from its most natural 

~ 5 5 


f * x* (1 — x)*dx , . 

; 2256 18 

? 56 
J 0 


nearly. 


e lesults will apply to any event that must turn out in one of 
ich are mutually exclusive, this being the whole of our a prion 
ith regard to it — the ratio of the black, or white balls to the 
sx% meaning the real piobabihty of either event, as would be 
r an infinite number of trials. We will give one more example of 


«nt has happened m times and failed n times in m + n trials. To 
ability that, on p + q further trials, it shall happen p times and 


specified set of m points, out of the m 4 n , falling in AX, the 

| m + n 

(1 - x) n dx ; the number of such sets is 

' \m In 
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Tbrt is that p + q more points being taken at random in AS, p shall fall in 
iffij’milX The whole nnmber of cases is as before 


j ~ m 4 ft 
j ~m\n 


(AB) ** q X " 1 ( 1 “ x ) n dx ~ 


j ~m 4 - w f 1 


x m (i — x) n dX. 


When any particular set of p points, out of the p + g additional trials, falls in 
AX, the number of favourable cases is 


#m+P (i - #) n+ « dX. 


1 . 2.3 


. • ( p + g) 

.1.2.3. 


4>> 


+n r 1 

KcJ. 

But the number of different sets of p points 19 j _ 2 . 3 . . . p 
Hence the probability is, putting as before \p for 1 . 2 . 3 • • 

_ f 1 (1 _ x) n *adx 

[P + 1 Jo . 

[P'\JL f *»(i — *)*dk 
J 0 

By means of the known values of these definite integrals (p. H 7 )> we 
[p + q [m p [ n + q [~ w + n + 1 
[ ~m\^n 




JPi = - 


"C 23 ^ * [ w [n [ tm-n + jH-g+i 

Bor instance, the chance 'that m one further trial the event shall happen is 
m + I .. This is easily verified, as the line AS has been divided into m + n + 2 

i ..... w ar • P 1 Q 


. JLJJU.0 XO CO.DXXJ , 

HHe 7 one lore% + omt ' Sn^raSSTm e^Uyl^y tofell inly 
section , and m + i sections out of the entire number are favourable. 

4. Trace the curve of frequency of the ratio - ; a and b being numbers taken 

at random within the limits + I . 

If we measure the values of 
the ratio as abscissas along an 
fnrifi OX % and make OA — i , 

OA' «- 1, AB=A f B \ ;- i; , 
then the hne whose ordmates h. 
are proportional to the fre- 
quency will be, for values of 

^comprised between the limits 
4. 1 the straight hne SB' ; hut, for values beyond these limits, will consist of 
the ’arcs SC, S'C' of the curve a -?y=l. 

It is thus an even chance that the ratio \ lies itself between the limits t 1 : 
this would also appear by a construction such as that given in the next Article. 
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242. Errors of Observation. — One of the most im- 
portant, practically, as well as the most difficult, departments 
of the theory of Probability is that which treats of Errors of 
Observation. We will give here an example of the simplest 
description. 

Two magnitudes A and B are measured ; each measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limits being 
supposed equally probable* To determine the probability 
that the error in the sum, A + B, of the two magnitudes, 
shall lie within given limits ; also its mean value. 

Thus the horizontal angular distance of two objects A , 0 
is sometimes found by measuring the angle between A and B , 
an intermediate object ; and afterwards that between B and 
0 , and adding the two angles. If each measurement is liable 
to an error ± 5', all values being equally probable, to find the 
probability of the error of the result falling within assigned 
limits : its extreme limits being of course ±10'. 

The question is more easily comprehended by means of 
a geometrical construction than by B - K 

integration. 

Take AB = 2a ; then all the values 
of the first error are the distances 
from 0 of points P taken at random 
in AB ; positive when in OB ; h 

negative when in OA. Make also 
A'Jf = 2 a ; the values of the second 
error are given by points in A'B\ 

Take any values, OP = x for the first, 

OP' « x for the second : these values ?° 

taken as co-ordinates determine a point V corresponding to 
one case of the compound error x + x' ; and such points V 
will be uniformly distributed over the square IIK, The value 
of the compound error e corresponding to the point V is 

c = x -t- x' = OS, 

if VS be drawn at 45 0 to the axes. Now all values of the 

* This supposition must not ho taken to be practically corroct The Theory 
of Errors shows that the probability of an error of magnitude % is proportional 
to <r*» 9 . 

[ 24 ] 



JPiK* 7 ° 




errors x, x' which give x + x the same, give the same value 
for e ; hence all points on the line JI correspond to com- 
pound errors of amount OS. Take Ss = ds ; the number of 
compound errors between g and e + ds is the number of 
points between JI and a parallel to it through s. Now the 
area of this infinitesimal strip is evidently 

( 2a - s) ds. 

Hence the probability of the error being between * and 
g + ds is 

( 2ct “ g) ds 
4 a 

This holds for negative values of g, provided we only oonsider 
their arithmetical magnitude. 

Thus the frequency of an error of magnitude g = OS is 
proportional to JI, the intercept of a line through S sloping 
at 45 0 . The probability of the error g falling between any 
two given . limits . OS, OS' is found by measuring those 
lengths (with their proper signs) from 0 , along AB , and 
dividing the area intercepted on the square by parallels 
through S, S' sloping at 45 0 , by 4a 2 , the area of the whole 
square. 

Thus the chance of the error falling between the limits 
± a (those of the two component errors) is ~ . 

The mean value of the error, strictly speaking, is o ; but it 
is evident that for this purpose we ought to consider negative 
errors as positive ; and consequently take the mean of the 
arithmetical values of all the errors, which is the same as the 
mean of the positive errors only ; lienee the mean error 
required is 

M( s ) =±- a . 

3 

The most probable value, sucb that it is an even chance that 
the error exceeds it (since the triangle JKI must he - of the 
■whole square, for that value of OS), is 4 

± a (2 - 2) = ± .586 a. 
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Let it be now proposed to find the probability of a given 
error in tlie sum of A and B , assuming, according to the 
modern theory of errors, that the probability of an error be- 
tween x and x + clx in either is 

i x 3 

p = — = e dx ; 

Cy/ 7 r 

the coefficient ■—*— being determined by the necessary con- 

C*/7r 

dition that the differential, being integrated from oo to - oo, 
must give unity ; as the error must lie between these limits .* 
Eeferring to the above construction, the number of values 
of the first error between x and x + dx being proportional to 


<* < a dx, 

and the number of values of the second between x and x r + dx 
proportional to 

X* 

f<*dx\ 

the corresponding number of values of the compound error is 
proportional to 

' ,a dxdx' . 

Hence the number of points, corresponding each to a case 
of the compound error, in any element dS of the plane at a 
distanoe r from the origin, is measured by 

e~ e *dS ; 

which shows that the points have the same density along any 


* It is of course absurd to consider infinite values for an error; but the 
£» 

curve y = e teuds so rapidly to coincide with its asymptote, the axis of 
that the cases where x has any large values are so trifling iu number, that it ir 
indifferent whether we include them or not. 

[24 a] 


circle whose centre is 0 . Now the probability of this com- 
pound error being between e and e + da is proportional to the 
number of points between JI and the consecutive line; making, 
as before, OS = e, Ss = de. But this number is the same 
as when the strip JI is turned round 0 through an angle of 
45°, because the points lie in concentric circles of equal den- 
sity. Hence the number is proportional to 


e 2o *d 



X a 

dx = 



2 


0 




rffi, 


as the perpendicular from 0 on JI is — 

Thus the probability of a compound error between e and 
€ + de is proportional to 

c® 

e de; 


and as this, when integrated between the limits ± oo , must 
give the probability i, the value of p is 

i . il 

p = — c 2c “ de. 

C*/ 2 7T 

It thus follows the same law as the two component errors, 
e yJz taking the place of c. 

243. Yarious artifices have been employed for the solution 
of different interesting questions on Probability, which would 
be found extremely tedious, or impracticable, if attempted 
by direct integration. For example : 

Two points are taken at random within a sphere of radius 
r ; to find the chance that their distance is 
less than a given value c. 

Let F = number of favourable cases, 

W = whole number ; then 

p ~w- w ~ (%’"*)'■ 

Let us consider the differential dF, or - . 

the additional favourable cases introduoed by giving r the 
increment dr, c remaining unchanged. 



fig. 71. 
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If one of the points A is taken anywhere (at P) in the 
infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c , all positions of the second 
point, B, in the lens ED common to the two spheres, are 
favourable ; let L = volume ED, then the number of favour- 
able cases when A is in the shell is 

47 rr 2 dr . L : 

doubling this, for the cases when B is in the same shell, 
clF = &TrrLdr. 


Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 


i = 


27 r , 7rc 4 

— & ; 

3 4 r 


hence 


P = 87 r 2 


\9 




8 


+ C 


0 being an unknown constant ; i.e. involving c, but not r ; 


therefore 


F c z 9 e 4 9 0 

® 16 r z 16 ' r 4 + 2 r 6 * 

— 7 rV 
9 


Now the probability = 1 if r = 


1 



therefore 1=8-9 + 9x64 — ; 

y 2 c 6 2 64 


therefore 


c 3 9 c 4 1 c 6 
r 3 i6r 4+ 32f 6 * 


If the two points be taken within a circle, instead of a 
sphere, it may be proved by a similar process that 




uuu 


Kjiir iZLVwn r if nil u/tti j t vuiunf wy , 


It is a very remarkable fact, pointed out by Mr. 8. Roberts, 
that if we draw the chord El), the probability is, in the ease 
of the circle, 

_ 2 . segment EQD -t- segment EE I) _ 

^ ~ area of oirclo EIID ’ 

and also, in the case of the sphere, 

2 . volumo J?Q2) + volume EE I) 

^ ~ volume of sphere El LI) 

These results evidently suggest that there must be somo 
manner of viewing the question which would conduct to 
them in a direct way. 


Examples. 


i. Three points being taken at random within a sphere, to find the chaun* 
that tho triangle which they determine shall ho acute-anglod. , 

As tho probability is independent of tho radius of the sphere, it in ishhv to 
see that wo may take tho farthest from tho centre of tho throo points as fixed nit 
tho surface of tho sphere. For if p bo the probability of an acute-angled tuunglo 
in this ease, p will also bo the probability of an acute-angled triangle for mck 
position of tho farthest point, as it travels over the whole volume of the sphere* 
Honco p will bo tho probability when no restriction is put on any of the points 
Take then A, ono of tho points on tho surface of the sphere ; two elbow, A, ( \ 
being taken at random within it, and lot us find tho 
chaneo of ABC being obtuse-angled : to do this, wo 
will find separately tho chance of the angles A, 7?, C 
being obtuse; tho events being mutually exclusive, 
tho probability required will bo tho sum of those 
throo. 

(i). To find the chance that A is obtuse, lot us fix 
B ; then, drawing tho plane A V perpendicular to AB, 
tho chance required is 

volumo of segmen t AB V 

volume of sphere ' Fig, 72 . 

Lot r = OA , tho radius of sphere, p = AB, 0 « 4 OA B ; then tho volumo of 
the segment AS V is 

J Try 3 ( x - cos 0) 2 (2 -y cos 0) ; 
therefore when B is fixed tho ohaneo is 



1(1 - cos 0) 2 (2 + cos 0). 
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Now let B move over the whole volume of the sphere, and we have for the 
probability Pa, that A is obtuse 

Pjl = ^ 008 9)2(2 + cos8) ‘ fr 


•2 |» J p2r cos $ 

= ~ (2 - 3 cos 0 + cos 3 0) p- sin 6 dQ dp. 

or 3 J 0 Jo 

Hence P A = ~ . 

70 

(x). To find the chance, Pb, ‘that B is obtuse Fix B as before , then the 
chance that B is acute is 

segment MSN 
sphere 


Now, volume MSN = + I - cos 0^ ^2 + cos 0 — ^ ; 

1 ( p p 2 p 3 ) 

- 1 2 ~ 3 cos 0 + cos 3 0 + 3 ~ (1 — cos 2 0) + 3 cos 0 — ^ 5 j . 


so that the 


chance is 


Hence the whole probability (x - Pb) that B is acute is 


X 

8r» 


n 'Zri'wQt n , n 

< a - 3 cos 0 + cos 3 0 + 3 - (x - cos- 


) + 3 7 , cos 




sm 0 d 6 dp. 


17 

Performing the integrations, we find Pb = — 

The probability for G is, of course, the same as for B , hence the whole pro- 
bability of an obtuse-angled triangle is 


P = Pa+Pb + Pc = 




£7 

70 


37 

7° 


Hence, the chance of an acute-angled triangle is — - 

For three points within a circle the chance of an acute- angled triangle is 

4 1 

1? 8* 


2. Two points, A, B, are taken at random m a triangle. If two othoi points, 
0 , JO, are also takon at random m the triangle, find the chance that they shall lie 
on opposite sides of the line AB. 
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The sides of the triangle ABC produced divide the whole trianglo into seven 
spaces. Of these, the mean value of 
those marked (a) is the same, viz., the 
mean value of ABC] or, -fa of the 
whole triangle, as we have shown in 
Art. 236 ; the mean value of those 
marked ( 0 ) being f of the triangle. 

This is easily seen : for instance, 
if the whole area = 1, the mean value 
of the space PBQ, gives the chance 
that if the fourth point X) be taken 
at random, B shall fall within the 
triangle ABC : now the mean value 
of ABC gives the chance that B shall 
fall within ABC ; but these two 
chances are equal. Fig*. 7 3 . 

Hence we see that if A^ B, C be 

taken at random, the mean value of that portion of the whole trianglo which 
lies on the same side of AB as C does is of the whole ; that of the opposite 
portion is tr* 

Henoe the chance of C and B falling on opposite sides of AB is iV 

244. ftandom Straight Lines. — If an infinite number 
of straight lines be drawn at random in a plane, there will 
be as many parallel to any given direction as to any other, 
all directions being equally probable ; also those having any 
given direction will be disposed with equal frequency all 
over the plane. Hence, if a line he determined by the co- 
ordinates p, w, the perpendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis ; then 
if to he made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series of 
random straight lines. Thus the number of lines for which 
jp falls between p and p + dp , and to between w and to + <&o, 
will be measured by dpdu, and the integral 

JJ dpdw, 

between any limits, measures the number of lines within those 
limits. 

It is easy to show from this that the number of random 
lines which meet any closed convex contour of length L is 
measured by L. 

n ta king 0 inside the contour, and integrating first 

ior j?, trom o to p, the perpendicular on the tangent to the 
contour, we have $pda> : taking this through four right angles 
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for -we have by Legendre’s theorem (p. 232 ), N being the 
measure of the number of lines, 

N = f pdto = L, 


Thus if a random line meet a given contour, of length L , 
the chance of its meeting another convex contour, of length /, 
internal to the former, is 


If the given contour be not convex, or not closed, N will 
evidently be the length of an endless string, drawn tight 
around the contour. 

Examples. 

I. If a random, line meet a closed convex contour, of length. X, the chance 
of it meeting another such contour, external to the foimer, is 



where X is the length of an endless band / \ \ r \ r 

enveloping both contours, and crossing ^ 11 

between them, and Y that of a band also H I 0\\ ^ / 

enveloping both, but not crossing j / 

This may bo shown by means of J/ r 

Legendre’s integral above , or as fol- V 
lows ; — 

Call, for shortness, N (A) the number r „ 

of lines meeting an area A, N{A,A r ) iJ -£* /4 * 

the number which meet both A and A ' , then 

N{SROQPII) + JST(S'Q'OR'P'H') = NiSROQPH + S'Q'OR’P'IP) 

+ n(sroqpij:, s'QOR'nr), 

lance in the first member each line meeting both areas is counted twice. But 
the number of lines meeting tho non-convex figure consisting of OQPHSR and 
OQ'S’II'P'R' is equal to tho hand Y, and the number meeting both these areas 
is identical with that of those meeting the given areas a, of, hence 

Y+JY(a t Of). 


Thus the number meeting both the given areas is measured by X - Y. Hence 
the theorem follows. 
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2. Two random chords cross a given convex boundary, of length X, and area 
H ; to find the chance that their intersection falls inside the boundary. 

Consider the first chord in any position : let G be its length ; considering it 
as a closed area, the chance of the second chord meeting it is 

20 \ 

and the whole chance of its co-ordinates falling in dp, dco, and of the second 
chord meeting it in that position, is 


2 0 dp dec 
L H dp dec 


X 2 


C dp dec. 


But the whole chance is the sum of these chances for all its positions 


therefore prob. Cdp dec. 

Now, for a given value of the value of J* Cdp is evidently the area Xi ; then 
taking ec from tt to o, 

required probability = 

The mean value of a chord drawn at random across the boundary is 

jir — /J ' & dp dec _ wfit 
l\dpdec L ' 


3. A straight band of breadth e being traced on a floor, and a circle of radius 
r thrown on it at random, to find the mean area of the band which is covered by 
the circle. (The cases are omitted where the circle falls outside the band.)* 

If S be the space covered, the chance of a random point on the circle falling 
on the band is w 

p-XW 

* TIT 2 * 

This is the same as if the circle were fixed, and the band thrown on it at 
random. Now let A be a position of the 
random point : the favourable cases are when 
ZT-2T, the bisector of the bandy meets a circle, 
centre Ay radius \c ; and the whole number 
are when UK meets a circle, centre O y radius 
r + §0 ; hence (Art. 236) the probability is 

2ir . \c C 

p — £ — . 

2 ir(r + ^c) 2 r + c 

This is constant for all positions of A ; 
hence, equating these two values of p , the 





a <,,Z£ r . the i fl ?°! 1 ma ? be supposed painted with parallel bands, at a distance 
asunder equal to the diameter ,* so that the circle must fall on one. 
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mean area required is 


M{S) = 


2r + c 


The mean value of the part of the circumference which falls on the hand is 

the same fraction — - — of the whole circumfeience. 

2 r + c 

If any convex area n, of penmetei X, be thrown on the hand, instead of a 
circle, the mean area covered is 


M(S) = 


TTC 

X + ire 


n. 


245. Application to Evaluation of Definite Inte- 
grals. — The consideration of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + 1 points are taken at random in a line, l , and 
we consider the chance that one of them, -X, shall be the last, 
beginning from the end A of the line, the number of favour- 
able cases, when X is the element dx, is, calling AX , x, 

x n dx. 


Hence 


x n dx 


P = 


jn+l 


but the chance must be — — : we thus have an independent 
n + 1 

proof that 

* r* l n+1 

x n dx = , 

Jo 

when n is an integer. 

Again, if m + n + 1 points are taken, to find the chance 
that X shall be the (m + i) th in order ; the number of favour- 
able oases, when X falls in dx, and & particular set of m points 
falls to the left of X , is 

x m (1 - x) n dx ; taking l = 1 ; 
hence the whole number of favourable oases is 
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this is the required probability, since l 


+ 1 __ 


But the 


as every point is equally likely to fall in 


value is , 

m + n + i 

the (m + i) th place : we thus deduce the definite integral 

\m [n 


x m (i - x) n dx = 
Jo 



| m + n + i 

when m, n are integers. (See Art. 92.) 

246._ To. investigate the probability that the inclination 
of the line joining any two points in a 
given convex area £2 shall lie within 
given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to which it leads, and Q 
which is not easy to deduce otherwise. 

Pirst, let one of the points, A, be 
fixed ; draw through it a chord PQ = C, 6 

nt an inclination 6 to some fixed line ; 1)3 * 

-A Q = ; then the number of cases for which 

the mrection of the line joining A and A B lies between 0 and 
o + dd is measured by 

1 (ft)' 

Now, let A range over the space between PQ and a 
paranel chord distant dp from it, the number of cases for 
which ^ lies in this space, and the direction of All 

trom V to 0 + d6, is (first considering A to lie in the 
element dr dp) 

i d P d6 (r 2 + r' 2 ) dr = \C Z dp dd. 

Let p be the. perpendicular on G from a given origin 0, 
he in „ clination of P (we may put dw for dd), then 

001WW +t glv f n , f unctl0 1 n oi P> <» 5 ®id integrating first for w 
constant, the whole number of cases for which o> falls between 
given limits o> , a/ , is 

*j„ dw j ° s d 2>; 

the integral J C 2 dp being taken for all positions of C between 
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^\vo tangents to the boundary parallel to PQ. The question 
thus reduced to the evaluation of this integral ; which, 
oourse, is generally difficult enough : we may, however, 
deduce from it a remarkable result ; for if the integral 

-jJ'J C'^dpduj 

\>e extended to all possible positions of ( 7 , it gives the whole 
ximber of pairs of positions of the points A, B which lie 
iraside the area ; but this number is Or ; hence 


JJ < 7 3 dp dbi = 3a 3 , 


the integration extending to all possible positions of the 
^Hord C ; its length being a given function of its co-ordinates 


<*). 

Cor. Hence if Z, Q, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a chord 

L ’ 


<bLrawn across it at random is 


It follows that if a line cross such a contour at random, 
th.© chance that three other lines , also drawn at random, shall 

Xneet the first inside the contour , is 24 


Some other cases of definite integrals deduced from the 
theory of Probability are given in a Paper in the Philo- 
sophical Transactions for 1868, pp. 181-199. See also Pro- 
ceedings London Math . Soc., vol. viii. 

Several Examples on Mean Values and Probability are 
amnexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are taken from the 
IPapers on the subject in the Educational Times , by the Editor, 
JMr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Ool. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented our 
giving the solutions in the text. 

We may refer to Todhunter’s valuable History of Pro- 
bability for an account of the more profound and difficult 
questions treated by the great writers on the theory of Pro- 
bability. 
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Examples. 


1. A chord is drawn joining two points taken at random on a circle :_find the 
mean area of the lesser of the two segments into which it divides the circle. 

Trr 1 r 3 
Ans. . 

4 7 r 

2. Find the mean latitude of all places north of the Equator. 

Ans, 32 0 .704. 

3. Find the mean square of the velocity of a projectile in vacuo , taken at all 
instants of its flight till it regains the velocity of projection. 

Ans, F 3 cos 2 a + i F 2 sin 2 a : where F= initial velocity, and a = angle 
of projection. 

4. If x and y are two variables, each of which may take independently any 
value between two given limits (different for each), show that the mean value 
of the product xy is equal to the product of the mean values of x and y. 

5. If X, Y are points taken at random in a triangle ABC, what is the 
chance that the quadrilateral AJJXY is convex ? 


For, it is easy to see that of the three quadrilaterals ABXY, AOXY, BCXY , 
one must be convex, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at 
random on the circumference of a circle. 

■2 

Ans . (area of circle). 

71 '** 

7. A class list at an examination is drawn up in alphabetical order ; the num- 
ber of names being n. If a name be selected at random, find the chance that the 
candidate shall not be more than m places from his place in the order of merit . 

Ans. jj. (N.B. — This is not, of course, the value of the 

n n 2 v 77 

chance after the selection has been made : this may easily he found.) 


8. A traveller starts from a point on a straight river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as before. Find the 
chance of his reaching the river again in the second day’s journey. 

Ans. 1 . 

4 

9. Two lengths, b, b\ are laid down at random in a line a, greater than 
either : find the chance that they shall not have a common part greater than c. 


[a — b - V + c 
(a- bj(^Jf 
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10. A person in firing 10 shots at a mark has hit 5 times, and missed 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 


Am. 


27 - 4-7 
19. 17. 13 


, 756 
' 4199 * 


If the first 10 shots had not been fired, so that 


nothing was known as to his skill, the chance would he — * if he 

11 

had been found to hit the mark half the number of times out of a 
large number, the chance would be 

256 


11. If a lino l be divided at random into 4 paits, the mean square of one 
of the parts is — ^ : but if the line be divided at random into 2 parts, and 
each part again divided mto 2 parts, then the mean square of one of the 4 parts 

is -Z* 

9 

12. Three points are taken at random in a line l. Find the mean distance 
of the intermediate point from the middle of the hne. 

Ans. -~r l. 

16 

13 A ceitain city is situated on a river The probability that a specified 
inhabitant A lives on the right bank of the river is, of course, -J, in the absence 
of any further information But if we have found that an inhabitant B lives on 
the right bank, find the probability that A does so also. 

2 

Am. (N.B. — It is here assumed that every possible partition of the 

number of inhabitants into 2 parts, by the river, is equally probable 
a priori.) 


14. If A, B, G , D, are four given points m directum , and 2 points are taken 
at random in AI), and one is taken in BC: find the chance that it shall fall be- 
tween the former two. 

Ans. | ^ BC* + BO {AS + CD) + 2 AS . 00 j • 

15. If z as x 4- Vi where x may have any value from o to a , and y any value 
from o to^i : find the probability that z is less than an assigned value c (suppose 
b < a). 

c* 

Am. (1) If c < i, pi = — - 
2 ao 

(2) If a > c > b } p 2 = 

(3) if o > <*> 

If we denote the functions expressing the probability m the three 
cases by /i(«, b, <?), f 2 {a, b, c), fi (a, b , c), we shall find the rela- 
tion 

fi (a, b , e) +f z {a, b , c) =f 2 {a } i, c) + /s(&, a, c). 



1 6. In the cubic equation 


a£+jM?-H£ = o ? 


p and q may have any values between the limits ± i . Find the chance that the 
three roots are real. 

Ans. — 's/ 3 

4-5 

17. Two observations are taken of the same magnitude, and tho mean of the 
results is taken as the true value. If the error of each observation is assumed to 
lie within the limits ± a, and all its values to be equally probable, show that it 
is an even chance that the error in the result lies between the hunts ± 0.293 a. 

18. A point is taken at random in each of two given plane areas. Show 
that the mean square of the distance between the two points is 

*» + #* + A 2 ; 


where A is the distance between the centres of gravity of the areas ; and k, M 
are the radii of gyration of each area round its centre of gravity. 

19. The mean square of the area of the triangle formed by joining any throe 

points taken in any given plane area is ~ ; where h, k are the radii of gyra- 

tion of the area round the two principal axes of rotation in its plane. 

If one of tho pomts is fixed at the centre of gravity, tho value is ^h 2 k % . 
(Me. Woolhouse.) 

20. A line is divided at random into 3 parts. Find the chance — (1) that they 
will form a triangle , (2) an acute-angled triangle. 

Ans (ih 

(2). y> 2 = 3log2~2. 

21. A line is divided into n parts. Find the chance that they cannot form a 
polygon. 


22. If two stars are taken at random in the northern hemisphere, find tho 
chance that their distance exceeds 90°. 

Ans. 

7t 

23. The vertices of a spherical triangle are points taken at random on a 
sphere. Find the chance — (1 ) that all its angles are acute ; (2) that all are obtuse- 

w-l-i 


24. Show that the mean value of where p is the distance of two point® 

A 

taken at random within a circle, is — . 

3 irr 


X 
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25. Two equal lines of length, a include an angle 9 : find the chance that if 
two points JP, Q are taken at random, one on each line, their distance JPQ shall be 
less than a. 

. , . 7 r 7 r %9 — Tt 

Ans. (1). When - > 6 > - ; p\ = + 2 costf. 

w 2 3 * 2 sm 6 


(2). When 0 > ~ , 


P2 ~ 


7T — 9 
2 S1U0 


Here the functions are connected by the relation F(9) + F(ir - 9) =f(9) +/(?r~0) . 

26 The density of a city population varies inversely as the distance from a 
central point. Find the chance that two inhabitants chosen at random within a 
radius r from the centre shall not live further than a distance r from each other. 


, 1 r 2 / V3\ 1 f 2 9d9 f 3 f 2 

r 3 4 7T \ 2/ 27rJo smd 27T Jtt 


8 9d0 

S1U0 5 


whence p = 0.7771. This result is easily obtained by employing 
the values given in Question 25. 

27. Four points are taken at random within a circle or an ellipse. Show 

35 

that the chance that they form a re-entrant quadrilateral is - — -. 

1 2 7T 6 


28. Find the mean distance of two points within a sphere. 


36 

Ans. — r. 

35 


29. Thiee points A, JB, G are taken within a circle, whose centie is 0. Find 
the chance that the quadrilateral AJBCO is re-entrant. 

. 1 4 

Ans. - + — r. 

4 3^ 

30. Find the chance that the distance of two points within a square shall not 
exceed a side of the square. 

Ans. p — 7T — 

6 


31. In the same case, find the chance that the distance shall not exceed an 
assigned value c ; a being the side of the square. 

c 1 f 3 1 \ 

Ans. (1). When c<a ; p- yra 2 — - ae + ~c 2 J . 


(2). When c>a\p~ 4^ sin” 1 - - 


7T 


e 2 4 2<j 2 4 a 2 

d l "^3 a z 


V<? 2 -a 2 — 2 


c 2 c 4 1 

d 2 2cfi 3* 


32. Three points are taken at random on a sphere; the chance that in 
the spherical triangle some one angle shall exceed the sum of the other two 

is Also the chance that its area shall exceed that of a great circle is 
2 0 


33. If a line be divided at random into 4 parts, show that it is an even chance 
that one of the parts is greater than half the line. 



€ is 


34. Prove that the mean distance of a point within a triangle from the vertex 


it 


a + b (a • 
2 


.b)(a*~P) 

2 C 2 


h“ , <2 -| ^ | e 

log / 

C 0 tf, .| /; — 6* 


where A is the altitude of tho triangle. (Soe Ex. 6, p. 347.) 

35. The moan value of tho distance between any two points in an equilateral 
triangle is 

H*(! + i 1083 )- 


This question may be solved by proving that M ™ ^ M 0f where Mo w the 

mean distance of an angle of tho triangle from any point within h. For, let 
ifo = /xA*, where ju is constant, and A = area of tho triangle. Takes now any 
element dS of the tuangle; draw Xiom it parallels to tho sides to meet the haw* ; 
let 5 be the area of the equilateral triangle so fanned: the sum of the whole 
number of cases will be equal to 


6 



dS = 


if dS is made to rango over tho whole triangle : if we call tho whole triangle 
unity, and put dS= 2 dadp as in Ex. 3, p. 344, 5 - a 3 , and tho integral be- 
comes — a = M. The result then follows from 34. 

rr\ r "" 


36. Erom a towor of height h particles are projected in all directions in 
space with a velocity duo to a falHJirough h. Show that tho mean value of 

the range is Jf = 2h | . dx. 

(Prof. Wolrtbnholmb.) 


37. In n quantities a, b, c, d . . . , oach of which takes independently a 
given series of values «i, . . ; h } b 2, £3, . . . &c. (the number of value- 

13 different for each), if we put 

2 a =- a + b + c -}- d + . . . . &c., 

and for shortness denote “the mean value of %” by Mx f prove that 


M2a as Ma + Mb + Mc + . , .. &o. - 2 Ma, 
M{2af = (2Maf-2{MaY+ 


38. Two points are taken at random in a triangle. Find the mean area of 
the triangular portion which the line joining them cuts off from the whole 

triangle. J>is. i of tho whole. 

9 



39 * A. ship at A observes another at JB, whose course is unknown. Sup- 
posing their speed the same, prove that the chance of their coming within a 

2 d 

given distance d of each other is always - sin' 1 whatever the course taken 

tt a £ 

by A ; provided its inclination to AJB is not greater than cos' 1 - : where 
AB-a. ( Gamb . Math . Tripos , 1871. Prop. Miller.) 


40 A random straight line crosses a circle Pind the chance that two 
points taken at landom m the circle shall lie on opposite sides of the hne. 

Ans. This is deduced at once from the value of M , the mean dis- 

45 1 

2jM 

tance of the two points ; as the chance = If two random lines 

are drawn, the chance that loth lines shall pass between the points 
1 


41. A point 0 is taken at random in a triangle. What is the probability 
that if threo other points are taken at random, one shall lie m each of the tri- 
angles AOJ3 , BOC i CO A ? 

Ans . — . This may easily be found to depend on the integral JJ afiy . 2 da dp, 
10 

where a, fi, 7 are the three triangles above. 


42. A line crosses a circle at random , find the chance that a point taken 
at random in the circle shall be distant from the line by less than the radius of 

th0 circle - Am. i-l. 

3 ^ 

43. Two points are taken on the circumference of a semicircle. Pind the 
chance that their ordinates fall on either side of a point taken at random on the 


diameter. 


Ans 


44. In any convex area which has a centre 0 , let an indefinite straight line 
revolve round 0 , and the locus of the centre of gravity of either half into which 
it divides the area be traced. Show that the mean distance of 0 from all points 


in the area is equal to - the perimeter of this locus. Also, ~ of the area enclosed 

by this locus = moan area of the triangle 0 XY\ where X, Pare points taken at 
random in the given area. (Cropton, Broceedtngs , Lond. Math. Soc., vol. viii.) 


45. The probability that the distance of two points taken at random in a 
given convex area shall exceed a given limit (a) is 


p = — j J (C 3 - 3« 2 0+ 2 a 2 ) dpd<a , 

whore 0 is a chord of the area, whose co-ordinates are p, a, the integration 
extending to all values of p } which give a chord C> a. 

[25 a] 
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i. If a be the sagitta of a circular segment whose base is prove that, the 
area of the segment is, approximately, 


2 

3 


+ 


IS 


2. Find the area of the inverse of a hyperbola, the centre being the polo of 
inversion ; and show that the area of the inverse of an ellipse, under tho name 
circumstances, is an arithmetic mean between the areas of the circles described 
on its axes as diameters. 


3. Find the integral of 


4. Prove that 

£/(*) to -(«—)/«) log g~), 
where £ lies between X and xq. 

5. In a spiral of Archimedes, if P, Q, and P', Q' be the points of section with 
any two branches of the curve made by a line passing through its pole ; prove 
that the area bounded by the right line and by tho two branchos is half the aim 
of the ellipse whose semiaxes are PF and T'Q. 


dx la 2 — x 1 

. . Id 2 — x l a , b Id* — x l 

Am. tm-i + - tan- 1 - 


6 . Find the yalue of [ 

J x + c x + b 

7. If an ellipse roll upon a right line, show that the differential equation of 
the locus of its focus is 


(; y 3 + 5 2 ) ~ = \/ { 2 ay + y~ + b 2 ) (iay - y l - W). 

8. A circle rolls from one end to the other of a curved line equal in length 
to the circumference of the circle, and then rolls hack again on the other side of 
the curve : prove that, if the curvature of the curve be throughout less than 
that of the circle, the area contained within the closed curve traced out by the 
point of the circle which was first in contact with the fixed curve is six times 
the area of the circle. ( Carnb . Math. Tripos , 1871.) 

9. In the same case show that the entire length of the path described is 
eight times the diameter of the circle. 

10. Prove that the area of the locus formed by the points of intersection of 
normals to an ellipse, which cut at right angles, is tt (a — £) a . 
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n Prove that the area between two focal radii of a parabola and the curve 
ishllf the area between the curve, the corresponding perpendiculars on the 
directrix, and the directrix. 


12. Evaluate the following integrals : 

f % (v 

x J 


' sec x — i 


J V tan#' 

13. If JR = (a; 2 + axf + lx, and u = log 


f (1 + xfdx 
] (1 + x z ) (1+0*) ‘ 

a,"- + ax + V S flnd the relation 


between the integrals 


f dx P 

J Vf’ J 


x 1 + ax 
x dx 

7 %' 

Ans 


Vie 


! x dx _ a r 
Vl“ 3 J ; 


a [dx u 

V 5 + 3 


14 If a curve be such that the area between any portion and a fixed nght 
lme it proportional to the corresponding length of the curve, show that it is a 
catenary. 

15. Prove that the volume of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 : W3. 


16. Prove that f -,====■ = ( 7 t=^* wh “* “ ' $ = ' " “ 

Jo V I - K 2 sin 2 d j 0 V/c 2 - Sin 2 9 

17. If any number of triangles he inscribed in one ellipse, and circumscribed 
to another ellipse, concentric and similar, prove that these triangles have all the 
same area. 


1 8. Show that the value of the integral j 


dy 

J a VV"»-T 


maybe exhibited by the following geometrical construction. Let the curve 

whose equation is A* cos = l roU 0,1 tie “ is ° f * ; ^ th<5 P ° illtS 

(x h yx ) (X 2 , y*) on the roulette described by the pole, such that yi = a, y 2 = l; 
then 

f dy — = x % - xi . (Mr. Jbllbtt.) 

J a vV m — 1 

iq If a be the length of the arc of a spherical curve measured to any point 
i> and t be the intercept on the great circle touching at JP, between the point of 
contact and the foot of the perpendicular from the pole, prove that 

sinjp do) . 

The proof is similaxto that of the corresponding theorem in piano. See Art. 158. 
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20. Prove that the volume of a polyhedron, having for bases any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is ex- 
pressed by the formula 

jP+jr + iBT); 

where H is the distance between the parallel planes, B and B f the areas of the 
polygonal bases, and B" the aiea of the section equidistant from the two bases. 

21. If S be the length of a loop of the curve r n ~a n cos n 8 , and A the area 
of a loop of the curve r — a 2n cos in 9 , prove that 


Ax3 = 


fra? 
2 n * 


22. Find approximately the area, and also the length, of a loop of the 
curve = efi cos y . (See Biff. Calc., Art. 268.) 

Ans. area = a 2 x 0.56616 ; length —ax 2.72638. 

23. Show from Art. 134 that if a parabola roll on a right line, tho locus of 
its focus is a catenary. 


24. If A be the area of any oval, B that of its pedal with respect to any 
internal origin 0 , and C that of the locus of the point on tho perpendicular 
whose distance from 0 is equal to the distance of tho point of contact from 0 ; 
prove that A, B } C are in arithmetical progression. 

25. The arc of a curve is connected with the abscissa by tho equation j 3 « Am: ; 
find the curve. 


26. If the co-ordinates of a point on a curve he given by the equations 
z = c sin 2 9 (1 +cos 20), y = c cos 20 (i - cos 2$), 


prove that the length of its arc, measured from its origin, is ^ 0 sin 30. 

3 

... ? 7 * Show how tojffind the sum of every element of the periphery of an ellipse 
divided by any odd power (2r + 1) of the semi-diameter conjugate to that which 
passes through the element, and give the result in the case of the fifth power.— 

(Mr. W. Roberts.) 

r 

4ns. cos3 6 + ^ 0) r “ 1 

This gives ^~~Vhen r = 2. 
cFtP 

28. A sphere intersects a right cylinder ; prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
e cylinder into the perimeter of an ellipse, whose axes are equal to the greatest 
ana least intercepts made by the sphere on the edges of the cylinder. 
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29. Show that the equations of the involute of a circle are of the form 

'c = a cos <p + a<p sin <j> t y = ct sin <j> — ci<p cos 0, 

and prove that the length of the arc of this involute, measured from £ = o, is 
one half of the are of a circle which would be described by a radius equal to the 
arc of its e volute moving through the angle <p. 

30. Show that the area of the cassinoid 

r 4 — 2#V 2 COS 20 + « 4 = ft 

is expressed by aid of an elliptic arc, when b > a , and by a hyperbolic arc, 
when a > b. 

11. A string AB, of given length, lies m contact with a plane convex curve 
with its end A fixed, the string is unwound, and A is made to move about . A 
till the string is again wound on the curve, the final position of is being B , 
prove that for variations of the position of A, the arc traced ou * j 

maximum or a minimum, when the tangents at ii and B are equally me 
to the tangent at A , and will be the former or the latter, according as the <mrv- 
ature at A is greater or less than half the sum of the curvatuies at B and B . 
(Camh. Math. Tripos, 1871.) 


32. Find the value of j 


dx - 11 -/ 3 * 

— — t * 

0 V* 


Ans , 




33. Find the length, and also the area, of the pedal of a cissoid, the vertex 
being origin. 


8 a 


Ans ^ log (2 + V 3 ) - 4 ® - 


24 


34. Prove that the length of an arc of the lemniscate ? ,s - a 2 cos id is repre- 
sented by the mtegial 

a r d(p * 

V 2 J V 1 — am 2 <J> 


35. Integrate the equation 

cos B (cos B — sin a sin 0) dd + cos 0 (cos <j> — sin a sin 0) d<f> — o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of (0, *), show that the equation is satisfied by 
putting 6 + <j> = a. 

26 Each element of the surface of an ellipsoid is divided by the area of the 
parallel central section of the surface; find the sum of all the elementary quotients 
extended through the entire ellipsoid. - a ”‘- *• 


37. Hence, show that 


'h * (^ — v 2 ) dfxdv 

l 0 , h V fj? - A 2 V h 2 - V 1 V A 2 - V 1 


v 

2 
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This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon’s Geometry of Three 
Dimensions, Art. 4x1. This proof is due to Chasles (. Ziouville , tome iii- p. 10). 

38. Hence, prove the relation 


F(m) F{n) + F(n) F(m) - F{n) F(m) = • 


where 


, f 2 dd fo - 

F(m) - F(m) — Vr - m 2 sin 2 6 dQ, 

J°Vi-w 2 sm 2 0’ Jo ’ 

and m 2 + w 2 = 1. 

Let v— h sin 6 , and y. ~ \/A 2 sin 2 $ + A 2 cos 2 <p, in the preceding, and it 


v 7 r 

f 2 f* h 2 sin 2 <b ■+ 


0, 


■ A 2 sin 2 0 


0 Jo VA 2 sm 2 <£ + A 2 cos 2 <£ V A 2 - A 2 sin 2 0 


dB d(p 


' V A 2 sin 2 cf> + A 2 cos 2 (p 
Va 2 — A 2 sin 2 6 




sin 2 6 


VA 2 sin 2 <p + A 2 cos 2 rp 


T <#0 


- 0 , 


Wa 2 sin 2 0 + A 2 cos 2 «/> Va 2 - A 2 sin 2 0 * 

This furnishes the required result on making A = wA. 

The preceding formula which is due to Legendre, gives a general relation 
between complete .elliptic functions of the first and second species, with com- 
plementary moduli. (Compare Ex. 7, 8, p. 331,) * ’ 

. J&J f i hree ° Ur ? S b , e desc ? )ed 011 &e surface of an ellipsoid, along the first 
J he P r P e ^ cular the , ta "g« nt P^ne makes the constant angle 7 with 
the axis of z, along the second /3 with the axis of y, and along the third a with the 

axis of x, and if the angles be connected by the relations = tan ^ _ tan T . 

then, i(A h At, A h he the included portions of the ellipsoid surface, prove that 


~ A2 t A\ — A% A2 — A1 

~ + ~ *+ —3— = 


(Mb. JT BLIiBTT. ) 


4°- Show. that the results given in Arts. 161 and 162 hold good for 
spherical conics, where the tangents are arcs of great circles on the sphere. 


41. Prove that 

1: 


dx 


i-L 


(b-x) (<?-«)}* J-00 {(a- 

where a, l, c are in the order of magnitude. 


dx 


■*)(£- #) (0 — x) }*’ 
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42* If w be an imaginary cube root of unity, show that, if 

dy __ (co — to 2 ) dec 

“ (l - a; 2 )* (1 -Tco 

(Peopessoe Cayley.) 


(cu — co 2 ) X 4 * co 2 # 3 

^ I - or {to ~ CO 2 ) it 2 * 011 (1 — jy 2 )i (I 4- «oy 2 )& (l - # 2 )4 (i + cox 2 )^’ 


43* Provo that the value of 

! * cos lx sin ax 
0 x 

according as b is >, =, or < a. 

44. Provo that j 
numbers a and l. 


dx is o, or - , 
4 2 


00 sink*; sin c?& _ 7 r , A , 

— — ax = - multiplied by the lesser of the 


4$. If £? bo the eccentricity of an ellipse whose semiaxis major is unity, and 
M the length of its quadrant, prove that 


Ec de 


ttIi 


(1 — e 2 ) */)& - & 2 */ 1 — A 2 


(W Eobeets.) 


46. If 8 represent the longth of a quadrant of the curve r m = a m cos md, and 
81 tho quadrant of its first pedal, prove that 

S. Sl = H±l„, 

2 m 


Hero (Ex. 3, Art. 156), we have 

a\/ 1 r 


£ = - 


\ zm ) 


hn j- A 

\ 2M ) 


Also, since the first pedal {Biff. Calc. Art. 268) is derived by substituting 
instead of m, 


Si = 


(m + 1) a*/ 7 r ^ j 

f m -j- i\ 

^ 2 m ) 

2m r | 

[r + E) 

2 mj 


.. SSl Jn±lh£ 

4 


r(-M 

\2Mj 

777 T) 

\ a mj 


(m -f l)7T« 2 
2 m 
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47. In general, if 8 n 1 )© the quadrant of the 
prove that 


Sn-\ $ti — 


win 4 " 1 
2 m 


n th pedal of the curve in the last 
ra l . 


tn 

Here it is readily seen that the n th pedal is got by substituting — — in- 
stead of m in the equation of the proposed; &c. (' W . Roberts, Ziouville, 

1845, p. 177.) 

48. If an endless string, longer than the circumference of an ellipse, he passed 
round the ellipse and kept stretched by a moving pencil ; prove that the pencil 
will trace out a confocal ellipse. 

49. If two confocal ellipses be such that a polygon can be inscribed In one 
and circumscribed to the other, prove that an indefinite number of such polygons 
can be described, and that they all have the same perimeter. (Chasles, Comp . 
Bend. 1843.) 

50. To two arcs of a hyperbola whose difference is rectifiable correspond 
qual arcs of the lemniscate which is the pedal of the hyperbola. (Ibid.) 

51. Prove that the tangents drawn at the extremities of two arcs of a conic, 
whose difference is rectifiable, form a quadrilateral whose sides all touch the 
same circle. (Ibid.) 

52. In the curve 

x% + = J, 


prove that any tangent divides that portion of the curve between two cusps into 
two arcs which are to each other as the segments of the portion of the tangent 
intercepted by the axes. 

53. If two tangents to a cycloid cut at a constant angle, prove that their 
sum bears a constant ratio to the arc of the curve between them. 


54. li AB, ab, he quadrants of two concentric circles, their radii coincid- 
ing ; show that if an arc Ab of an involute of a circle be drawn to touch the 
circles at^t, b, the arc Ab is an arithmetical mean between the arcs AB and ab. 


55. If ds represent an infinitely small superficial element of area at a point 
outside any closed plane curve, and t , if the lengths of the tangents from the 
point to the curve, and 0 the angle of intersection of these tangents : prove that 

the sum of the elements represented by taken for all points exterior to 

the curve, is 27 r 2 . (Prof. Croeton, Bhil. Trans., 1868.) 


56. Show that, for all systems of rectangular axes drawn through a given 
point in a given plane area. 


III (x* - y 1 ) dx dy + 4 | 1 1 W dy j , 


taken over the whole of the area, is constant ; and that for a triangle, the point 
being its centre of gravity, this constant value is 

(* A) 2 (« 4 4 -** + «*- W - - aH*), 

Mr. J. J. Walk.br,) 
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57 . If db = db\ prove that 

r r <t> («g + fy) - 1 ( a ' x + <to dy 

Jo Jo *y 

= log (|) log (jj {<)>(» )-<f>(°)>. 

provided the limits <p (o) and <p (» ) are both definite. 

(Mr. Elliott, Proceedings, Loud Math Soc., 1S76.) 

58. If S' denote the surface, and V the volume of the cone 0“, *he 

focal ellipse of an ellipsoid, and having its vertex at an umbihc , prove t 

S=Tra (i 3 - c % )l, F= & ™ c (& 2 ~ c *)> 

where a, b, c are the principal semiaxes of the ellipsoid. 

59. Prove that, if p he positive and less than unity, 


" p smjpTr p 2 


and 


C 1 . dx 

j o (^ + ^)log(i + *) — = 

( 1 . dx 7T I 

(*» + x-p) log (1 - a) — = - ootjpir - 


( 0 . 


where (i) may he deduced from (2) by putting s 2 for *. 

w 1 (Prof. V OLSTENHOLMB.) 

60 If u v bo the elliptic co-ordinates of a point in a plane, prove that the 
area of any portion of the plane is represented by 


II 


(p? - v 2 ) djidv 


taken between proper limits. 

61. Prove that the differential equation, in eUiptic co-ordinates, of any tan- 
gent to the ellipse p = pi is 

*£ ± ; dv =o. 

V(/? - C l ) 0? ~ pf) V (e 2 - v 2 ) (/XI 2 - V 2 ) 

62. Hence show that the preceding differential equation in p and v admits 
of an algebraic integral. 

63. Prove that the differential equation of the involute of the ellipse p = pi is 




dv -* o. 
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64. Show that, for a homogeneous solid parallelepiped of any form and 
dimensions, the three principal axes at the centre of gravity coincide m direction 
with those of the solid inscribed ellipsoid which touches at the six centres of 
gravity of its six faces ; and that, for each of the three coincident axes, and 
therefore for every axis passing through their common centre of gravity, the 
moment of inertia of the parallelepiped is to that of the ellipsoid m the same 
constant ratio, viz., that of 10 to 7 r. — (Prop. Townsend.) 

65 Show that the volumes of any tetrahedron, and of the inscribed ellipsoid 
•which touches at the centres of gravity of its four faces, have the same principal 
axes at their common centre of gravity; and that their moments of inertia for all 
planes through that point have the same constant ratio (viz. 18 V3 : it),— (I bid.) 

66. A quantity M of matter is distributed over the surface of a sphere of 
radius a , so that the surface density varies inversely as the cube of the distance 
from a given internal point S, distant b from the centre ; prove that the sum of 
the principal moments of inertia of M at S is equal to 2.M(a 2 -b 2 ). 

(Camb. Math. Tripos , 1876.) 

67. If (i-2ax+a 2 )^=i+aX l + a 2 X 2 . . . , prove that 

! +i r -*- 1 7 . 

X n X m dx = o, Xn-dx = — — . 

-1 J-l 2W+1 

68. A closed central curve revolves round an arbitrary external axis in its 
plane.* Prove that the moments of inertia I and J, with respect to the axis of 
revolution and to the perpendicular plane passing through the centre of inertia, 
of the solid generated by the revolving area, are given respectively by the 
expressions 

I=m{a 2 -\- 3& 2 ), J-m ; 


where m represents the mass of the solid, a the distance of the centre of the 
generating area from the axis of revolution, h and h the radii of gyration of the 
area with respect to the parallel and perpendicular axes through its centre, and 
l the arm length of its product of inertia with respect to the same axes. 

(Pboe. Townsend, Quarterly Journal of Mathematics, 1879.) 

69. If TT= | (%-z) n ’ l f(z)dz, find the value of J. ins . /(*). 

70. Prove that the superficial area of an ellipsoid is represented by 


2 irc 2 4- 2 irab 


r 


(1 - e 2 e , 2 x 2 ) dx 


J o V(i - e 2 x 2 ) (1 - e' 2 x 2 ) 
where a 2 — b 2 = a 2 e 2 , b 2 — c 2 — e n b 2 . 


(Mr. Jellett, JECermathena , 1883.) 


71. Eindthe mean distance of two points on opposite sides of a square whose 
side is unity. 

Ana. 2 + log (1 4* Va). 


3 
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72. A cube being cut at random by a plane, wbat is tlie chance that the 
section is a hexagon? — (C ol. Clarice.) 


An,. oWj = . 04 6 46 . 


72. Three points are taken at random, one on each of three faces of a tetra- 
hedron : what is the chance that the plane passing through them cuts the tourtH 
face ? — (Col. Clarke.) 

Am. 

4 

74. Two stars are taken at random from a catalogue : what is the chance 
that one or both shall always be visible to an observer m a given latitude, X t 
—(Ibid.) t l 

Ans. - versin A + -sm\. 

2 4 

7c. Find the chance that the centre of gravity of a triangle lies inside the 
triangle formed by three points taken at random within the tnangie. 


Ans. — (2+-^ log 4 ) • 

27 V 3 / 


, 6. Two points are taken at random in a triangle, the line 
dividing the triangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 

Ans - (470 + — log 4) = .6967, triangle being unity. 
3 6 \ 3 / 

The mean value of the greater of the two portions is L + - log 2 = .6987. 

77. Show that the mean distance M of a point in a rectangle from one angle 
is given by 

lr a + d a z . b + d 
3^,7 + _l og __ + _ log — 


a and b being the sides, d the diagonal. 

78. Show that the mean distance M of two points within a rectangle 
given by 

a z p l $ b*\ 5 /b 2 . a + d 

^4 + ^'(34-^) + H« l0g “ + ‘ 8 ")' 

This result may he deduced from the preceding ; for if fi = mean distance of a 
p*it within the rectangle whose sidos are x, y, from one of its angles, it is easy 
to see that 

a*p 4 ^ | xyfidxdy ; &c. 
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79. Show that if M he the mean distance of two points within any cony ex 
area n, we have 

if j j 22' dp da, 

where 2, 2' are the segments into which the area is divided by a straight line 
crossing it ; the co-ordinates of the line being p, o> 5 and the integration ex- 
tending to all positions of the line. ^ 

This may be seen by considering that if a random line crosses the area, the 

chance of its passing between the two points is where L is the length of the 
boundary. Again, for any position of the line, the chance of the points lying 
on opposite sides of it is ^ ; therefore the whole chance is ^ if (22’), where 
Jf (22') is the mean value of the product 22' for all positions of the line. 

8 0. In the same case we also have 

Af=^j | Wdpda, 

C being the length of the intercepted chord. Hence we have the remarkable 
identity // ^dp da, = 6 JJ 22' dp da. 

(Chopton, Proceedings, Lond. Math. Soc., vol. 8.) 

8 1. Show that if p be the distance of two points taken at random in the 
same area, 

*(;) - sji 0 ’®*'- 

This may be applied to the circle. (See Ex. 24, p. 376.) 

82. Show that the mean area of the triangle determined by three points 
chosen at random within any convex area is 

where 2 = either segment cut off by the chord C ; but throughout the integra- 
tions, as the direction of the chord alters, 2 means always the segment on the 
same side of the chord as at first. 
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Alimak, on properties of paraboloid, 
268, 281. 

Amsler’s planimotor, 214. 

Annular solids, 261. 

Approximate, methods of finding 
areas, 211. 

Archimedes, on solids, 264. 

spiral of, 194, 380. 
area of, 194. 
rectification of, 227. 

Areas of plane curves, 176. 


Definite integials, principal and gene- 
ral values, 132. 
singular, 134. 
differentiation of, 143, 147. 
deduced by diffeientiation, 144 
integration under the sign J, 148. 
double, 149, 313. 

Descaites, rectification of oval of, 239. 

Differentiation under the sign of inte- 
gration, 107. 

Dirichlet’s theorem, 316. 


Ball, on Amsler’s planimeter, 216. 
Bernoulli’s senes, by integration by 
parts, 128. 

Binet, on principal axes, 312. 

Buffon’s problem, 352. 

Cardioid, area of, 192. 

rectification of, 227, 238. 
Cartesian oval, rectification of, 239. 
Catenary, equation to, 183. 
rectification of, 223. 
surface of revolution by, 260. 
Cauchy, on exceptional cases m defi- 
nite integrals, 128. 
on principal and general values of 
a definite integral, 132. 
on singular definite integrals, 134. 
on hypeibolic paraboloid, 271. 
Chasles, on rectification of ellipse, 234, 
248, 386. 

on Legendre’s formula, 384 
Cone, right, 266. 

Ciofton, on mean value and probabi- 
lity, 333-379, 387, 390. 
Cycloid, 189. 

Definite integrals, 30, 115. 
exceptional oases, 128. 
infinite limits, 131, 135. 


Elliott, extension of Holditch’s theo- 
rem, 209. 

on Erullam’s theorem, 157, 387. 
Ellipse, arc of, 226. 

Ellipsoid, 266. 

quadratuie of, 282. 
of gyration, 309, 312. 
momental, 309. 
central, 310. 

Elliptic, integrals, 29, 173, 226, 232, 
235, 243, 279, 384, 387 
co-ordmates, 249, 387. 
Epitrochoid, rectification of, 237. 
Equimomental cone, 310. 

Errors of observation, 361. 

Euler, 102. 

theorem on parabolic sector, 198. 
Eulerian integrals, 117, 124, 159 
definition of — 

T(w) andl?(m, n ), 124, 160. 


r (m + n) 


T(n) r(i -#») : 


162. 


value of rg)rg)...r(^) 
164. 

table of log (rw), 169. 
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Fagnani’s theorem, 229. 

Folium of Descartes, 192, 218. 
Frequency, curve of, 356. 

Frullani, theorem of, 155, 387. 

Gamma functions, 124, 159. 

Gauss, on integration over a closed 
surface, 287 . 

Genocchi, rectification of Cartesian 
oval, 240, 242. 

Graves, on rectification of ellipse, 234. 
Green’s theorem, 326. 

Groin, 269. 

Gudermann, 183. 

Guidin’ s theorems, 262, 263, 288. 
Gyration, radius of, 293. 

Helix, rectification of, 244. 

Hirst, on pedals, 202. 

Holditch, theorem of, 206. 

Hyperbola, rectification of, 233. 

Landen’s theorems on, 232. 
Hyperbolic sines and cosines, 182. 
Hypotrochoid, see epitrochoid. 

Inertia, integrals of, 291. 
moments of, 291. 
products of, 291, 306. 
principal axes of, 307. 
momenta! ellipsoid of, 309 . 
Integrals, definitions of, 1, 114. 
elementary, 2. 
double, 149, 313. 
of inertia, 291. 

transformation of multiple, 320. 
Integration, different methods of, 20. 
by parts, 20. 


by successive reduction, 63. 
hy differentiation, 71, 144. 
of binomial differentials, 75. 
by rationalization, 92, 97. 
hy differentiation under sign J, 109. 
hy infinite series, 110. 
regarded as summation, 30, 114. 
double, 269, 313. 
change of order in, 314. 
over a closed surface, 284. 

Jacobians, 323, 326. 

Jellett, on quadrature of ellipsoid, 283, 
388. 


Kempe, theorem on moving area, 210. 

Lagrange’s series, remainder in, 158. 

Lambert, theorem on elliptic area, 196. 

Landen, theorem onhyperbolic arc, 232. 
on difference between asymptote 
and arc of hyperbola, 233. 

Legendre, on Eulerian integrals, 160. 
formula on rectification, 228, 369. 
relation between complete elliptic 
functions, 384. 

Leibnitz, on Guidin’ s theorems, 264. 

Lemniscate, area of, 191. 
rectification of, 384. 

Leudesdorf, 157, 210, 220. 

Limaqon, area of, 192. 
rectification of, 237. 

Limits of integration, 33, 115. 

Mean Value and probability, 333. 

Mean Value, definition of, 333. 

for one independent variable, 334. 
two'ormore independentvariables, 

337. 

Method of quadratures, 178. 

Miller, 345. 

Momental ellipse, 300. 

of a triangle, 304. 

Moments of inertia, 291. 

relative to parallel axes, 292. 
uniform rod, 294. 
parallelepiped, cylinder, 295. 
cone, 296. 
sphere, 297. 
ellipsoid, 298. 
prism, 302. 
tetrahedron, 304. 
solid ring, 305. 

M‘Cullagh, on rectification of ellipse 
and hyperbola, 236. 

Neil, on semi-cubical parabola, 224, 
249. 

Newton, method of finding areas, 177. 

hy approximation, 213. 
ontractrix, 219. 

Observation, errors of, 361. 

Panton, on rectification of Cartesian 
oval, 240. 

Paraboloid, of revolution, 256. 
elliptic, 265, 268. 
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Partial fractions, 42. 

Pedal, area of, 199. 
of ellipse, 190. 

Steiner’s theorem on area of, 201. 
Eaabe, on, 202. 

Hirst, on, 202 
Eobeits, on, 380. 

Planimeter, Amslor’s, 214. 

Popoff, on remainder m Legrange’s 
series, 159. 

Probability, used to find mean values, 
343. 

Probabilities, 349. 

Products of inertia, 301, 306. 

Quadrature, plane, 176. 
on the sphere, 276. 
of surfaces, 279. 
paraboloid, 280. 
ellipsoid, 282. 

Eaabe, theorem on pedal areas, 202. 
Badius of gyration, 293. 

Bandom straight lines, 368. 
Eectification of, plane curves, 222. 
parabola, 223 
catenary, 233. 
semi-eubical parabola, 224. 
of evolutes, 224. 
arc of ellipse, 226. 
hyperbola, 231. 
epitrochoid, 237. 
roulettes, 238. 

Cartesian oval, 239, 247. 
twisted curves, 243. 

Eecumng biquadratic under radical 
sign, 101. 

Beduction, integration by, 63. 

by differentiation, 71, 80 
Boberts, W., on Cartesian oval, 240. 

on pedals, 386. 

Boulette, quadrature of, 205. 

rectification of, 238. 


Simpson’s rules for areas, 213. 

Sphere, surface and volume of, 252. 
quadrature on, 276. 

Spheroid, surface of, 257, 258. 

Spiral, hyperbolic, 191. 

of Archimedes, 194, 227, 380. 

. logarithmic, 227. 

Steiner, theorem on pedal areas, 201 
on areas of i oulettes, 203. 
on rectification of roulettes, 238. 

Surface of, solids, 250. 
cone, 251. 
sphcie, 252. 
revolution, 254. 
spheroid, piolate, 257. 

oblate, 258. 
annular solid, 261. 

Taylor’s theorem, obtained by integra- 
tion by parts, 126. 
remainder as a definite integral, 
127. 

Townsond, on moments of inertia of a 
ring, 305, 388. 

on moments of inertia in 
general, 310. 

Traetrix, aroa of, 219. 

length of, 225. 

Van ITuraet, on rectification, 249. 

Viviani, Florentine onigma, 278. 

Volumes of solids, 250, 264, 286. 

Wallis, value for 7 r, 122. 

Weddle, on aieas by approximation, 
218. 

Woolhouso, on Iiolditoh’s theorem, 
206. 

ZolotarefF, on remainder in Lagrange’s 
series, 158. 


THE END. 



